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S U M M A R Y
There is at present a national concern about basic mathematics, 
particu larly  at school leavers' leve l. In this connection, this  
thesis is an attempt to cope with the problem of the mathematical 
competence of engineering students at the interface between school 
and university. Engineering students were given individual 
diagnosis by means of a test and tu to ria l discussion and by means 
of an approach through thinking aloud combined with observation and 
retrospective interview.
A common characteristic of the two approaches to individual diagnosis 
is that they require the presence of a tutor for the diagnosis. In 
the b e lie f that students can diagnose themselves, i f  they are provided 
with the appropriate tools, a battery of mathematics diagnostic tests 
was developed. The items in this battery were based on the topics and 
level of d if f ic u lty  mentioned by lecturers in a survey carried out 
with the purpose of finding out the mathematics needed in f i r s t  year 
engineering courses at university, particu larly  during the f i r s t  term.
As the battery of tests was being developed, the mathematical needs of 
sixth form school leavers and of newly enrolled engineering students 
were id en tified . I t  was found that both groups of students had 
d iff ic u lty  with those topics which involved the use of formulae, and 
that the knowledge of concepts and numerical values tended to be
forgotten more rapidly than other knowledge.
Following this diagnosis, materials in algebra and trigonometry were 
developed for revision purposes, based on students' actual needs.
These employed the principles of programmed learning, which were found 
to be useful and to have certain advantages over trad itional textbooks.
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CHAPTER ONE
PRESENTATION OF THE -PROBLEM AND METHODOLOGY
1.1 THE IDENTIFICATION OF THE PROBLEM
There is at present a national concern with standards in basic mathematics, 
particu larly  at school leavers' leve l. One of the problems many students 
encounter when they come from school to university is that they do not 
have some of the basic mathematical knowledge and sk ills  which are needed 
to fa c ilita te  the effective learning of th e ir f i r s t  year courses. This 
is particu larly  so in science and engineering courses where mathematics is 
an essential tool to the understanding of the basic techniques of the 
discipline involved. Among the reasons for this situation are:
(1) A b ility  of students, (2) Omission of topics at secondary le v e l, 
and (3} Forgetfulness of what has been learned.
In addition to these, there may be students who are fam iliar with the 
basic mathematics they have studied at secondary school, but who do not 
possess the comprehension to the extent commonly assumed for th e ir  f i r s t  
year courses. The fact that a lecturer attempts to teach something to 
his class carries with i t  the assumption that the students already have 
the necessary prerequisite knowledge and s k ills  to accomplish the learning 
task. This would appear to be in line with the theory of hierarchical
i
learning of Gagne (1962) which states that lower level needs must be 
mastered prior to higher level needs. I f  we compared this situation  
with the trad itional scheme of the process of curriculum development 
(see f ig . 1 .1 ), i t  would appear that the starting point fo r this 
lecturer is the selection of objectives. But i f  there happen to be 
students who do not have the prerequisite knowledge and s k ills , the result 
may be that they w ill be delayed in understanding the new material 
whilst they revise what is assumed to be known. This was found by 
K ilty  (1975) in his study of the problems involved in the change of
stuaents Tram Arts to science.
FIGURE 1.1 : STAGES IN CURRICULUM DEVELOPMENT
S e l e c t i o n  and
of C o n te n t
This situation had already heen predicted by Gagne (19.701 when he. 
pointed out:
"The basic functional unit of a learning hierarchy consists 
of a pair of in te llectual s k ills , one subordinate to the 
other . . .  the theoretically  predicted consequence of a 
subordinate s k ill that has been previously mastered i;s that 
i t  w ill fa c ilita te  the learning of the higher-level s k ill 
to which i t  is related. In contrast, i f  the subordinate 
s k ill has not been previously mastered, there w ill he no 
fa c ilita tio n  of the learning of the higher-level".
Cp .239}.
I
The hierarchial theory of Gagne has given rise to a theory of diagnosis 
and remedial instruction which mainly involves the use of pretests 
designed to test students' knowledge of the various items in the hierarchy, 
and remedial instruction for those who do not have this knowledge, thus 
they overcome th e ir d iff ic u lt ie s  fOrlosky and Smith 1978}. This would 
appear to suggest that a new stage should be included in the process of 
curriculum. The revised scheme might then be seen as in Fig. 1 .2 .
ruuJK^ i .z : ^Lyiinu ur iml ur uuKiuuuLum
Selection and
of Methods
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As fa r as the lecturer is concerned, two questions emerge from this 
revised scheme: (a) What kind of mathematics performance is required
to deal with a new particular course ? (b) Will students have this
mathematics performance at the level required by the course before they 
actually start i t  ?
These questions are usually answered by lis tin g  those topics whtch are 
needed to deal with the new course and assuming that students have 
mastery of these topics, but when one speaks of mathematics in terms of 
topics, without a clear defin ition of the performance to be observed in 
each one, there is always the possib ility  that d ifferen t people in terpret 
the same topics in d ifferen t ways. Psychologists working on mathematics 
learning point out that:
"To find out what kinds of mathematics performances are needed, 
find out what people do with these performances -  that is , what 
more general aims they serve. Does the individual use the 
mathematics performances he has in order to learn certain specified 
kinds of advanced mathematics ? I f  so, the particular performances 
required for such advanced learning are the ones he needs. Does
uujc per sun use uue mstnema'cics pertormances to solve problems 
concerning the normality of chemical solutions ? I f  so, 
the particu lar performances required for the chemical problems 
are the ones he needs. Does the individual use his performances 
in mathematics to compute the resistances in e lec tric  circu its ?
I f  so, that particular set of performances is the one he needs."
(Gagne 1972, p .169).
These views have originated the need for studying the process of 
Diagnosis and Remedial instruction in mathematics for engineering students.
1.2 PURPOSE AND SCOPE OF THE RESEARCH
Based on the theory of diagnosis and remedial instruction originated as 
a consequence of the theory of hierarchichal learning, I have suggested 
in the previous section a revised scheme of the process of curriculum 
which includes a stage of Diagnosis and Remedial instruction. This 
stage is made up of (a) prerequisites for a new course, which involve 
the level of performance required, (b) the means to ascertain whether 
the students have these prerequisites, and (c) the remedial work suggested 
accordingly. This stage is diagrammatically represented in Fig. 1.3.
The students' actual needs, besides being the basis for the suggestion 
of appropriate remedial work, a\Talso the basis for the construction of 
new materials for subsequent groups of students. This scheme originated 
the aims of this research. These were to:
1. Identify  those topics in mathematics which are needed by f i r s t
year engineering students in th e ir f i r s t  year courses, particu larly  
during th e ir f i r s t  term at university, and the level at which these 
topics are needed to fa c ilita te  the effective learning of the 
material in the courses.
2. Develop approaches to give individual diagnosis in mathematics.
ribUKL i.o  ; ur ittc itmuKi ur uinqwuiw m u
REMEDIAL INSTRUCTION
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Construction of
3. Find out to what extent engineering university entrants and
secondary school leavers have mastery of the topics mentioned in aim 1.
4. Study schemes of revision work in mathematics for students entering
engineering courses.
5. Develop revision materials in mathematics for the scheme mentioned
in aim 4.
Fig. 1.4 shows a diagram of the d ifferen t ac tiv itie s  undertaken for the 
attainment of these aims and the interconnections among them.
The people who participated in the experiences described in th.i,s thesis 
were of three kinds, namely engineering undergraduates who were in th e ir  
f i r s t  term at university, sixth formers who were doing th e ir second year 
of A-level mathematics, and s ta ff lecturing f i r s t  year engineering courses 
at universities and polytechnics. I should note here that rather than 
follow the engineering students involved throughout th e ir course,
FIGURE 1.4 : INTERCONNECTION OF THE ACTIVITIES UNDERTAKEN
IN THE RESEARCH
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The key to this diagram is the following:
ID: Individual diagnosis
SRW: Specific Remedial Work
CMRP: Construction of Materials for Revision Purposes
PSSU: P ilo t Survey at Surrey University
PSDU: P ilo t Survey at Durham University
TFD: Test for Diagnosis
TT: Try out of Test
COR: Construction of the test of Open-ended short Responses
MS: Main Survey
CBDT: Construction of Battery of Diagnostic Tests
RBDT: Revision of the Battery of Diagnostic Tests
C S T ;  Construction of a Single Test
I investigated the situation at the point of entry (including th e ir  
f i r s t  term at university) on the basis of any information that could 
be obtained then.
1.3 OUTLINE OF THE THESIS
A review of the lite ra tu re  on general aspects of the mathematical 
education of non-specialists is presented in Chapter 2. This chapter 
also presents specific aspects of the mathematical education at the 
transition between school and university.
Due to the characteristics and interconnections of the d ifferen t 
ac tiv itie s  of this research, the main body of the thesis is based on 
the diagram in f ig . 1.3 , that is , Chapter 3 is concerned with the survey 
carried out to find out the mathematical performances prerequisite 
for engineering courses. Chapters 4 and 5 are concerned with the means 
employed to ascertain whether the students involved had these pre­
req u is ites  - Chapter 4 deals with a battery of diagnostic tests developed 
during the research, and Chapter 5 deals with individual diagnosis in 
mathematics by means of a test and tu to ria l discussion (the T.T. method) 
and by means of the thinking-aloud approach in combination with 
observation and retrospective interview (the T .A .O .I. method). Chapter 5 
is also concerned with the study of schemes of revision work carried 
out by the students involved in the T.T. and T .A .O .I. methods.
Chapter 6 presents the mathematical needs of students at the interface  
school-university. These needs were identified  by means of the d iffe ren t
versions of the mathematics test developed during the three years of the 
research, that is , each group of students was given a d iffe ren t version 
of the test being developed. In this chapter (Chapter 6) I tre a t  
each version of the test independently from the others. The way I
constructed one version from the previous one is treated in depth in 
Chapter 4.
Chapter 7 deals with, the development of the materials for revision 
purposes. The format of these materials were d ifferen t from the 
format of trad itional textbooks.
Chapter 8, the la s t, is concerned with the general conclusions of the 
research and with, recommendations fo r further work. The rest of the 
present chapter deals with the methodology employed in the conduct of 
th is research.
1.4 METHODOLOGY
One of the characteristics of educational research that includes 
developmental ac tiv ities ' is that there may exist an overlap between 
method and aim of the research in some area [Johnson 1977). This 
is so for some of the aims and methods of the present research. The data 
gathered by means of a mathematics diagnostic test fu lf i l le d  two aims, 
namely i t  enahled me to get information about the students’ mathematical 
needs at the same time that I t  enabled me to develop the diagnostic test. 
Since one o f the aims of this research was to develop a battery of 
mathematics diagnostic tests for students entering engineering courses, 
the description of the process involved in its  development represents 
part of the research and not of the methodology employed in i t ;  therefore, 
this process is treated in the chapter concerned with the development of 
the battery of tests ( i .e .  Chapter 4 ). The same phenomenon 
occurs in the development of the T.A .O .I. method for individual diagnosis 
( i .e .  the thinking aloud approach combined with observation and interview) 
where observation and interview are parts of the method. The corresponding 
process of this method is treated in depth in Chapter 5.
In order to achieve the aims of th is  research, I used d ifferen t methods: 
Questionnaires, Interviews, Observation and Documentary Sources. What 
follows is a description of each of them.
1.4.1 Questionnaires 
I used questionnaires in th is  research fo r the following purposes:
(a) To gather lec turers ’ opinions about the mathematics pre­
requisite fo r engineering courses (the SV questionnaire).
(b) To gather lecturers’ opinions about the contents of the booklet 
on Algebraic Manipulation that I should construct (the AM 
questionnaire).
(c) To gather students' opinions about the scheme of diagnosis and 
revision work in which they took part (the DRW questionnaire).
(d) To gather students' comments about the booklets specially  
written for revision purposes (the T questionnaire and the A 
questionnaire).
1.4.1.1 The SV-questionnaire
The knowledge of what mathematics a lecturer needs for his course can be 
obtained by simply asking him about the mathematics he thinks he needs 
for his course. This is what is  usually done in practice. In this 
research, I was concerned with what mathematics a lecturer actually  
needed at the beginning of the engineering course that he himself was 
giving to f i r s t  year engineering students in his department and the level 
at which th is mathematics would be used rather than with the mathematics
the lecturer thought he would use.
With th is idea in mind, I designed a questionnaire in which I asked 
the lecturer to state precisely the topics of his course in which he 
needed mathematics and to give an example, taken from his own course, 
which showed how th is mathematics was used.
The questionnaire (see Appendix A) consisted of two columns - column A: 
'Engineering Topics', and column B : 'Example of maths, needed'. In 
column A there was a l is t  of nineteen mathematical topics which were 
derived from a preknowledge test given to students a t the University 
of Southampton (see section 3 .2 . ) The respondent was asked to l is t
in the space provided under each topic those engineering topics in which 
the mathematical topic was needed, i f  i t  was needed, and then give in 
column B an example of a specific situation showing how the mathematical 
topic was used in his own engineering course. At the end of the 
questionnaire the respondents were also invited to add topics i f  they 
wished to do so. Two main issues emerged in the p ilo t study of the 
questionnaire, namely (1) some lecturers found f i l l in g  in the question­
naire hard and time-consuming because they had to go through a ll  topics 
of th e ir own courses in order to look for any b it of mathematics, and
(2) the questionnaire enabled me to detect the level of mathematics 
performance needed in each topic ( i .e .  column B) (see section 3 .2 .3 .)
Since any busy lecturer could develop a negative attitude towards the 
questionnaire because i t  was 'time-consuming' ,  I decided to change 
the format in such a manner that I could gather the same information I 
was interested in , and that the respondent spent less time f i l l in g  i t  
in . With this idea in mind, I decided not to ask the respondent to l is t
the engineering topics in which he needed each of the mathematical 
topics but to draw his attention to the level of d iff ic u lty  of the 
mathematics he needed. The fin a l version of the questionnaire (see 
Appendix B) consisted of four columns - column A: 'Mathematical top ics ', 
column B: 'Example of the level of d i f f ic u lty ',  column C: 'Term in 
which the topic is needed', and column D: 'Example of the level of 
d iff ic u lty  expected'.
Column A was very sim ilar to the one in the previous version of the 
questionnaire and i t  included the additional topics mentioned in the 
p ilo t survey (a l is t  of these topics is given in section 3 .2 .3 .) .
Column B consisted of examples of the level of d iff ic u lty  of each 
topic lis ted  in column k  (these examples were given by respondents in 
the p ilo t survey and are summarised in Tables 3.1 and 3 .2 ). Column C 
was introduced in order to determine the term in which the respondents 
needed each topic, i .e .  Autumn term, Spring term or Summer term. F inally  
in column D the respondents were asked to give examples of the level 
of d iff ic u lty  they expected in th e ir courses. The fact of having given 
in column B an example of each topic in column A fa c ilita te d  the 
respondents to answer the questionnaire because he knew what was 
expected of him. The answers in column C enabled me to know exactly  
what topics they particularly  needed in the f i r s t  term of th e ir courses, 
and column D gave me information about the level of d if f ic u lty  of each 
topic.
The main feature of this questionnaire is column D because i t  allows one 
to co llect information which is rarely sought in studies concerned 
with prerequisite knowledge and s k ills . The details of how the
questionnaire was actually developed are given in Chapter 3.
1.4 .1 .2  The AM-questionnaire
In order to id en tify  the topics I should include in the booklet on 
routine algebraic manipulation (see section 7 .1 ), I designed a 
questionnaire to co llect this information from f i r s t  year engineering 
lecturers.
The questionnaire (see Appendix C) consisted of a l is t  of basic routine 
algebraic manipulation covering eight topics that students normally 
study at secondary school (see section 7 .3 .1 .2 ). Most of these topics 
were illu s tra ted  with examples in order to give the respondent an idea 
of what they meant. Respondents were asked to tick  the appropriate boxes of 
those topics they thought students should know for th e ir courses, but 
sometimes do not, and to add topics to the l i s t  i f  they wished to do so.
The fact that most of the respondents were kind enough to add new topics 
to the l is t  led me to design a complementary questionnaire with those 
topics added by one or two respondents. This questionnaire only had 
four topics and should be completed as the former questionnaire.
1 .4 .1 .3  The DRW-questionnaire
This questionnaire was given to f i r s t  year engineering students at the 
University of Southampton in 1976 and 1977 a fte r they had completed 
the revision work in mathematics they carried out during th e ir  f i r s t  
week at University.
(a) The 1976 version
Basically the questionnaire (see Appendix D) consisted of open-ended 
questions which aimed to gather students' opinions about the following
aspects of the testing and revision work scheme:
1. D iff ic u lty  o f the preknowledge test.
2. Material forgotten or new to students.
3. The testing-discussion session.
4. The revision m aterial.
The questionnaire had also an open-ended question which asked the 
students for suggestions and recommendations fo r the improvement of 
the revision material they used. Questions regarding aspects 1 and 2 
above had a l is t  of mathematical topics derived from the mathematics pre- 
knowledge test. I derived this l is t  because I was interested in knowing 
what specific topics students had found d if f ic u lt  in the pre-knowledge 
te s t, what specific topics they had forgotten and what specific topics 
they had not met at school.
To f i l l  in the questionnaire, the students had only to tic k  the boxes 
appropriate to th e ir answers; however, in those questions related  
to the testing-discussion session space was provided for students 
to give comments i f  they wished to do so.
(b) The 1977 version
This questionnaire had the same questions as in the 1976 version and 
also questions which aimed to gather students' opinions about the 
tests they were given at the end of the revision work, and about the 
whole scheme of diagnosis and revision work (see Appendix E).
* 1 . 4 . 1 . 4  The T - q u e s t i o n n a i r e  and t h e  A - q u e s t i o n n a i r e
These questionnaires were given to students who used the booklets on 
Trigonometry and Algebraic Manipulation during the week of revision 
work in mathematics at the University of Southampton in 1977.
Basically, the questionnaires (see Appendices F and 6) consisted of 
closed-ended questions which aimed to get feedback from students in order 
to improve the booklets. Each questionnaire mainly focused the following 
aspects:
(a) Usefulness of the booklet.
(b) Understanding of the instructions.
(c) Items fa iled  in the pre-test included in the booklet.
(d) Comments about wording, presentation of the m aterial, advantages, 
disadvantages.
Aspect (c) was included in the questionnaire because i t  would enable me 
to know what specific parts of the booklet each student had consulted.
1.4 .2 Interviews
I used unstructured interviews in four facets of this research for 
d ifferen t purposes. These are described below.
1.4.2.1 The survey
I interviewed respondents in the p ilo t survey of the questionnaire in 
order to (1) discuss with them my own interpretation of the data 
collected in the p ilo t survey, and (2) gather th e ir reactions to the 
format of the questionnaire. This set of interviews enabled me to 
validate the data gathered in the p ilo t survey of the questionnaire and
gave me mTormacion wmcn T a c in ta c e a  xne re-aesign ot cne questionnaire.
1.4 .2 .2  The revision work
The main purpose of this set of interviews was to gather from students 
information related to the scheme of testing and revision work in order 
to design a questionnaire. Such interviews were held in three 
opportunities, namely (1) immediately a fte r students had completed the 
pre-knowledge te s t, (2) immediately a fte r the discussion of the 
tes t, and (3) when students were doing th e ir revision work in the 
Reading Room. Tutors were also interviewed a fte r the discussion of the 
test in order to gather the ir impressions about the testing scheme.
1 .4 .2 .3  Development of materials
During the process of development of the booklets on Trigonometry and 
Algebraic Manipulation (see Section 7 .1 ), 1 interviewed lecturers and 
students for the following purposes:
Lecturers: To discuss with them: (1) the outline of the contents
and the objectives of the booklets, and (2) th e ir reactions to the 
f i r s t  draft of the two booklets.
Students: To gather the ir comments about the booklet on Trigonometry
during the t r ia l  stage of the f i r s t  d ra ft.
1 .4 .2 .4  Development of the test
I held individual interviews with six of the students who had taken 
part in the exercise of individual diagnosis in mathematics described 
in W - 5.3 The purpose of these interviews was to explore:
(a) what mathematics these students had actually used in th e ir  
engineering courses during th e ir f i r s t  term at university, and (b) 
what changes they would lik e  to see in the test used in the exercise.
1 .4 .3  Observation
In this study observation was used in the scheme of testing and revision 
work carried out by students at the University of Southampton. I t  was 
used to observe: (a) the discussion session of the test and (b)
how students did th e ir revision work.
1.4 .4 Documentary Sources
In this study documentary sources refer specifica lly  to: (a) A-level
mathematics syllabuses of the Joint Matriculation Board (1976), The 
Associated Examining Board (1976), The University of London Examining 
Board (1978), and the Oxford and Cambridge School Examination Board 
(1978); and (b) Lecture notes of f i r s t  year e lectrica l engineering courses 
at the University of Surrey.
The former are kept by the corresponding Examining Board and the la t te r  
by the Surrey University Library.
1.5 Conclusions
T should like  to conclude this chapter by adding some comments about 
research which involves development, like  the one presented in this  
thesis.
The term research and development is encountered frequently in studies
concerned with educational innovation in curriculum (Harris et al 1975). 
The term is rather vague and can be defined in various ways. According 
to Havelock (1971) in Research, Development and Diffusion Model of 
Curriculum Development:
"R & D can be a process whereby ideas and tentative  
models of innovations are evaluated and systematically 
reshaped and packaged in a form that ensures benefit 
to users . . . "  (p .85).
In general, research and development involves the researcher in studying 
the problem over a period of time. I t  involves both research and 
developmental activities-and attempts to link research findings with 
educational practice (Johnson 1977). Developmental a c tiv itie s  may 
be directed to preparation of tests , programmes, e tc ., used in 
instruction and in the research a c tiv itie s . These research a c tiv itie s  
lead to further improvements of the tests curi<i‘programmes which in turn 
could lead to more research. In the research presented in this thesis 
the development of a mathematics diagnostic test was used for determining 
students' needs at the transition between school and university. This 
induced to improvement of the test and to further research. Studies of 
this Kilcnd could involve a variety of methods for data collection but these 
have the characteristic of building the process, that is , an experience 
is based on research of previous experience. The order in which 
ac tiv itie s  are carried out is important and therefore lim its  the study 
in time. I f  a c tiv ity  X must precede a c tiv ity  Y, or a c tiv ity  A is  
going to be used in a c tiv ity  B, or d ifferen t a c tiv itie s  should be carried 
out in p a ra lle l, the researcher has to look well ahead. In my own case, 
since I had to develop revision material in mathematics fo r engineering 
students before the beginning of the academic year 1977-78, the f i r s t  
version of the material was tried  out with sixth form students and
revised accordingly.
Usually, the research that includes development involves d ifferent students 
and teachers during its  d ifferen t stages. This implies that the 
information has to be collected under d ifferen t sets of conditions and 
that any experience could contribute valid information. In this research, 
sixth form students and f i r s t  year engineering students were involved 
with th e ir  particu lar sets of conditions.
CHAPTER TWO
LITERATURE REVIEW
z .l u\lrvUUUUl luit
There has in recent years been a growing concern about the problems of 
teaching mathematics to engineering students. In 1965 the Organization 
for Economic Co-operation and Development (OECD) published a report of a 
seminar on "The Mathematical Education of Engineers" held in Paris with 
the participation of engineers and mathematicians from Europe, North 
America and Japan (Organization for Economic Co-operation and 
Development 1965). This report included two alternative curricula for 
core courses in mathematics for engineers - a long curriculum and a 
short curriculum, which in view of the participants, represented the 
essential mathematical studies which are to be followed by a ll 
engineering students during the f i r s t  two or three years of th e ir  
university courses.
One of the most important points which emerged from the OECD study in 
this country was that some of the university courses in the United 
Kingdom were paying less than adequate attention to the mathematical 
education of engineers (Kerr 1970). For this reason, in 1968 the 
Council of Engineering Institutions and the Joint Mathematical Council 
of the United Kingdom set up a Committee on Mathematics in Engineering 
which was to investigate the relevance of mathematics in solving 
engineering problems. This Committee produced a questionnaire designed 
to obtain reactions to the recommendations of the OECD report. This 
questionnaire was then circulated to institutions in which engineering 
was taught as a degree subject throughout the United Kingdom, The 
report produced by the Committee (Bajpai and Francis 1970) gives 
recommendations which are basically based on syllabus content.
Since then, much of what has been written about the Mathematical 
Education of Engineers consists of a body of opinions about 'what
should be taught', ‘who should teach i t ' ,  'how i t  should be taught' and 
'why i t  should be taught'. Regarding this matter, Scott (1972) points out 
that:
" . . . i t  is not what is taught but how i t  is taught what rea lly  
matters. But before answering the question "How?", an even 
more fundamental question "Why?" has to be considered. In 
other words, before any progress in the development of a 
course can be made we must determine the objective of the 
course" (p. 239).
S im ilarly , McLone (1971) points out that;
"...w e need f i r s t  to decide what are our aims and objectives 
in teaching and what qualities in a student's (mathematical) 
a b ility  we are seeking to develop" (p, 344),
This would appear to indicate that both Scott and McLone suggest that 
the teaching of mathematics to non-specialists should be focussed on the 
aims and objectives rather than on anything else. This certain ly is the 
viewpoint expressed by the OECD (1965), Elton (1971) and Bajpai e t al 
(1975) who have stated aims and objectives of teaching mathematics to 
engineering students.
The kind of competence in mathematical s k ills  with which I am concerned 
here is a necessary but not a su ffic ien t condition for the achievement 
of these aims and objectives, that is , the competence in mathematical 
s k ills  that newly enrolled engineering students bring to th e ir f i r s t  year 
courses.
students, Allanson (1973) points out that;
"The main d iff ic u lt ie s  in the f i r s t  year arise from the variety  
of experiences, knowledge and sk ills  the new students bring 
to the course. The fact that nearly a ll have passed ‘A1-level 
examinations ensures some uniformity but this does not extend 
to an acquaintance with any particular sections o f the sixth- 
form syllabuses" (p. 37).
On the other hand, he also points out that;
"All types of engineering courses face certain problems.
The f i r s t  year of a course has to be constructed as an 
interface between school and university . . . "  (p. 36),
Although Allanson restric ts  his suggestion to engineering courses, this 
seems to be applicable to any university course in which the student 
needs to use and apply some of the knowledge and s k ills  he has learned 
at secondary school. Two studies that give evidence of this are the 
studies carried out by K ilty  (1975) and the Research Project in 
Accelerated Teaching of Higher Level Mathematics (Tagg 1970),
K ilty  in his study of the problems involved in the change of students 
from Arts to Science concluded;
" ...th e y  found d iff ic u lty  at an early stage in th e ir  
Mathematics course in using and applying some of the 
knowledge and s k ills  they had learned at school, in 
understanding the new concepts of the course and solving
trie cuursewurK. e xe rc is e s , mese u m i c u i u i e s  re su ite u  
in the students often being delayed in understanding the 
material of the course whilst they revised elementary 
knowledge assumed in the course" (p. 80),
The other study (Tagg 1970) tried  to meet the d iff ic u ltie s  experienced 
by students with 0-level mathematics who intended to read subjects such 
as Biology and Economics. I t  was found that among the d iff ic u lt ie s  
experienced by students in the new work were: (a) slowness and lack of
certainty in the use of algebraic symbols; and (b) lack of knowledge due 
to forgetting and not having met various topics at school. One of the 
conclusions of the Committee of Mathematics in Engineering report (Bajpai 
and Francis 1970) which .relates to the transition between school and 
university is that many institutions had provided remedial courses in 
mathematics fo r students with ONC, OND or poor A-level grades. This 
finding highlights the need for a matching of the end of the secondary 
education to the beginning of the f i r s t  year at university; that is ,  
the transition from school to university is also an important phase which 
needs attention. For this reason, I carried out a review of the 
lite ra tu re  with the purpose of finding out factors that have influence on 
the transition and d ifferen t approaches that have been used to bring weak 
students in mathematics up to the mathematical level of th e ir university  
courses. The remainder of this chapter is the result of this review, 
starting with the factors.
2.2 FACTORS THAT INFLUENCE THE TRANSITION FROM SCHOOL TO UNIVERSITY
2.2.1 A b ility  of Students
Sneed (1971) surveyed sixth form science students in 40 grammar schools 
to find out th e ir  attitude towards engineering. He found that there
existed a widespread prejudice among the ablest boys against engineering, 
as a career. According to the result of the survey, no engineers appeared 
in the f i r s t  six of either prestige, pay, or intelligence ranking. A 
sim ilar finding was obtained more recently at Loughborough Technical 
College (1977) where i t  was found that no engineers appeared in the f i r s t  
ten of e ither salary, status or intelligence ranking.
I f  at present, students who intend to follow university courses are also 
prejudiced against engineering , as a career, this w ill probably reduce 
the number of applicants to courses and hence give l i t t l e  choice to 
engineering departments which w ill have to admit students who may be 
academically weak in mathematics. This had been previously hypothesized 
by Byrne (1975) in his investigation of the aspects of the transition  
between school and university when he pointed out that; •
"The present decline in the popularity of science courses in 
recent years, w ill probably, in my opinion, have led to the 
admission of more students who are academically weak as 
judged by th e ir 'A '-leve l grades. Therefore, if . the standards 
of the course they enter has not altered, one might expect 
that the fa ilu re  rate w ill not have been reduced since that 
time" (p, 7),
All these facts and opinions would appear to indicate that a factor which 
influences the transition from school to university mathematics is that 
engineering departments are now admitting more students who might not 
belong to the group of the ablest students,
I t  may be conjectured that such students are particu larly  lik e ly  to have 
been through courses which deliberately omitted parts of a syllabus and
w ill now be taken up.
2,2 ,2 Omission of Topics at Secondary Level
In a study conducted at the Universities of Durham, NewcO-sUev and 
Nottingham (Cornelius 1972), a total of 224 students who were taking a 
mathematics degree, completed a questionnaire, at the beginning of th e ir  
careers in October 1971, whose purpose was to identify  problems 
encountered by students during the transition from school to university  
mathematics. One of the conclusions that emerged from analysis of 
replies was that there were some students who had not met several pieces 
of mathematics at school, A quote from a student which is given in the 
paper by Cornelius (1972) was;
"The worst problem is not having done some topics which 
are considered to be done. To improve this I think the 
individual examining boards should be abolished and replaced 
by a national one. This would mean that universities would 
have a much clearer idea about the topics candidates had 
covered" (p, 210),
The problem that I try  to highlight here is not the discrepancy that 
there may exist among the wide variety of mathematics A-level syllabuses, 
but the fact that some students did not cover some |f>cu4s, of mathematics 
at school. This fact may obviously result in the students not 
understanding the material of th e ir  courses in which this part of 
mathematics is involved.
that was designed to meet the requirements of three courses -  mechanics of 
partic les, structure of atoms and mathematics, and gave i t  to about 135 
students of science and engineering in the f i r s t  week of th e ir f i r s t  term 
at university. In this survey, the students had to associate certain  
symbols, formulae and concepts in a column with a matching one in a second 
column. The survey showed that the basic rules of calculus were 
effec tive ly  known by a ll students whereas about a half of the students 
were unfamiliar with certain topics - exponentials, dot notation, and 
distinction between a defin ite  and indefin ite  in tegral, and even more, only 
a few students had met partial d ifferen tia tion  at school. Sutton (1977a) 
also found that students €rite-W\g : physics degree courses did not cover 
at school of mathematics which are prerequisite for th e ir university
courses.
I f  students knew what parts of mathematics are required by th e ir courses 
and the level at which this mathematics is needed, i t  would be of benefit 
to them because i t  would give them an idea of what th e ir university  
lectures may assume is known at the start of th e ir f i r s t  year courses.
Budden and Gil bart-Smi.th (1973), as a consequence of a survey of Oxford 
teachers and science and engineering students in the spring term in 1972, 
pointed out that there was a confusion among the respondents to the 
survey over what should be classed as 'p re -req u is ite ', and came to the 
conclusion that:
"On the whole, undergraduates are of the opinion that any 
topic included in th e ir course should already have been 
encountered at school . . . . .  whereas the university s ta ff  
tend to d iffe r  on this point" (p. 74),
transition from school to university mathematics is that not a ll 
students have met at school certain pieces of mathematics that are 
regarded as pre-requisites fo r th e ir  f i r s t  year university courses.
In the past, some mathematics departments have been able to assume that 
nearly a ll th e ir students w ill have studied mathematics as a'double 
subject (Mathematical Education Committee 1976), but engineering 
departments normally demand a single A-level in mathematics as an 
entrance requirement, and even more, engineering departments are now 
recruiting students with ONC and HNC qualifications(Bajpai 1970).
Here again, there may be some students who either have not covered at 
school pieces of mathematics regarded as pre-requisites for th e ir f i r s t  
year university courses, or may be weak in certain topics.
Allanson (1973) regarding National Certificates and Diplomas points out 
that;
"They are designed for the education of technicians but 
some of the successful students use them to gain admission 
to degree courses, mainly in engineering" (p, 35).
Due to the fact that National Certificates and Diplomas are not 
specifica lly  designed for students who intend to enter university courses, 
i t  would appear that those students who get these qualifications and do 
enter university might encounter d iff ic u ltie s  in coping with the 
mathematics needed in th e ir courses, A reason for this may be that 
certain mathematical topics have not been treated at school at the level 
required by the courses the students are entering, Rees in her study of 
the d iff ic u lt ie s  experienced by c ra ft and technician students (Rees 1973)
ana r irs c  year engineering stuaents wno naa a DacKground of UNC, OND,
HNC and HND (Rees.1974) found that there was a group of mathematical 
topics with which the students had d iff ic u lt ie s , and that the main 
reasons for these d iff ic u lt ie s  were: lack of understanding of concepts,
and lack of knowledge and understanding of formulae.
Bajpai (1970) regarding students with National Certificates and Diplomas 
suggests that:
" I t  might be advisable to provide such students with a 
separate course in mathematics in the f i r s t  year to bring 
them up to the required standard" (p. 400).
In fact this kind of course was provided for students with ONC and HND 
qualifications by the Department of Engineering Mathematics a t the 
University of Technology, Loughborough, but had to be discontinued due 
to lack of resources in terms of s ta ff time (Bajpai 1979). A course with 
a sim ilar purpose was also taught a t King's College, London, in the 
autumn term of 1971 to overcome the deficiencies in mathematics of f i r s t  
year science and engineering undergraduates (Baker et al 1973). In the 
work presented in this thesis, s ta ff who teach f i r s t  year engineering 
students were surveyed with the purpose of finding out what topics in 
mathematics they considered as pre-requisite for the courses given and 
the level at which these topics are needed. (This matter is treated in 
detail in Chapter 3 .) Apart from providing students with separate 
courses, other alternatives have also been used to overcome the 
deficiencies in mathematics of students entering new courses. These are 
described further in this chapter (Section 2 ,3 ).
2.2.3 Forgetting What has been Learned
According to the School Council (1973), some students spend a year on 
a c tiv itie s  quite d ifferen t from th e ir studies between school and 
university, and some others go to further education institutions to attend 
a two or three year course a fte r leaving school at 16, Allanson (1973) 
regarding the break between school and university points out:
"...some of the students w ill have interpolated a year in 
industry, or perhaps in voluntary service overseas, between 
school and university and w ill thus have become rather out 
of practice in handling mathematical problems" (p. 37)
This was confirmed by Cornelius and Marsh (1977) who found that the 
students who had done mathematics as a single subject at secondary 
school and had taken a break between school and university, 
experienced more d iff ic u lty  with th e ir  mathematics course than the 
direct entrants.
On the other hand, Elton (1979) gave to two small groups of newly 
enrolled physics students a f if ty - ite m  multiple-choice test which 
covered the main mathematical needs of entrants to physics degree 
courses. He found that one of the main reasons why students may have 
fa iled  to answer the test items correctly was that they had forgotten 
the relevant m aterial. This was so even for students who had taken 
A-level e a rlie r  in the same year.
The fact that students had forgotten much of th e ir mathematical 
knowledge and s k ills  from th e ir leaving of school to th e ir entry to 
university may have some connection with the view expressed by the
assistant masters association [ w / J )  wnen i t  points out tnat:
"Students tend to forget topics fa ir ly  rapidly. While 
there is not s ta tis tic a l evidence to support the theory 
i t  has been found useful to assume that the sequence of 
'remembering time' is roughly in geometric progression"
(p. 164),
Cornelius and Marsh (1977) go on to suggest that:
" ...an y  student who intends to spend a substantial 
period of time in industry between school and university  
should be advised-to take a further course in 
mathematics in parallel with his industrial training"
(P« ID -
I f  such students actually took such a course as Cornelius and Marsh 
suggest,.one would expect that they w ill not become out of practice in 
handling mathematical problems and, therefore, w ill not encounter much 
d iff ic u lty  in dealing with the mathematics of th e ir university courses 
when they enter university.
To summarise, the break that fo r many students does exist between 
school and unviersity is another factor that influences on the 
transition from school to university mathematics.
2,2 .4 Discussion
Much of what has been written about the mathematical education of 
engineers consists of approaches to teaching particular topics of the
syllabus at university. As a consequence of this not much lite ra tu re  
is devoted to the problem of the transition between school and 
university.
Three factors that do have influence on the mathematical education 
(competence of students) in the transition between school and university 
were id en tified . These factors are: f i r s t ly ,  engineering departments are 
now recruiting students with National C ertificates and Diplomas - who 
might not have studied certain mathematical topics at the level 
required by th e ir university courses - and students who have done A-level 
in mathematics but who might not belong to the group of the ablest 
students; secondly, not a ll students have met at school a ll the 
mathematics that is regarded as pre-requisite for th e ir university  
courses; and th ird ly , students may become rather out of practice in 
handling mathematical problems due to the fact that many of them spend a 
substantial period of time on ac tiv ities  quite d ifferen t from th e ir  
studies, between school and university.
In. the present study, the mathematical knowledge and s k ills  pre-requisite  
for engineering students were identified  by means of a survey of s ta ff  
lecturing f i r s t  year engineering courses at institutions of higher 
education. These pre-requisites were used to construct and develop a 
battery of mathematics diagnostic tests whose purpose was to ascertain 
what the mathematical needs of a student entering engineering courses are. 
The details of the survey and the development of the tests are 
discussed in Chapters 3 and 4 respectively.
In the next section, I discuss d ifferen t approaches which have been 
used to diagnose students' d iff ic u ltie s  in mathematics and the means 
used to bring weak students up to the level required by th e ir university  
courses.
l .o  u in c u iU s J A o  n i 'u  rvt-nc.u i
The review carried out so fa r  included only English studies because i t  
was concerned with matters specific to the situation in this country but 
from now onwards, comparisons w ill be made also with relevant pieces of 
work related to the matter of revision and remedial work in mathematics 
which has been carried out elsewhere.
2.3.1 Remedial Courses
An approach which has been used to give students revision work in 
mathematics is by means of lectures. For example, at the Papua and 
New Guinea In s titu te  of.Technology, students entering engineering courses 
were given a 'two week crash revision course' at the beginning of th e ir  
courses(Deakin v 1972). This revision course was common fo r a ll students 
and was based on the students' performance on a test given to them at 
the beginning of the academic year. —
In spite of the efforts of the teaching s ta ff , the revision work was 
found not to have been very e ffec tive , as Deakin (1972) points out;
" .. .th e  effectiveness of the course is severely restricted  
by the fact that the students believe themselves to know 
the material already. Despite the best efforts of a high 
calibre teaching s ta ff , they are bored. They do not 
realize what they do not know - even when i t  is demonstrated 
to them that there are areas of weakness in th e ir  
mathematical background" (p. 230).
Another scheme which has been used with students entering engineering
courses is that used at the University of Technology, Loughborough, 
with students who are on sandwich courses ( i .e .  students entering 
mechanical engineering, transport technology, and production engineering 
courses), and whose academic courses s ta rt in January instead of October. 
This scheme consists of giving some remedial work in parallel with the 
standard mathematics course. This remedial work is provided by means of 
a lecture of one hour's duration each week during the f i r s t  term at 
university (Bajpai e t al 1975). This remedial work would apparently be 
profitable for the students only i f  they revise the topics involved 
before they actually encounter them in th e ir university courses.
A th ird scheme which has also been used to give revision work in 
mathematics to students-entering engineering courses is that used at 
the University of Durham. This scheme consists of giving students a
short optional revision course at the beginning of th e ir courses
(Cornelius and Marsh (1977). In addition to this optional course, 
students are also provided with a booklet which contains a set of 
problems for the students to solve. The topics in this booklet are 
based on a note prepared by the Professors of Mechanical Engineering in 
the Northern Universities (1976). This note provided a l is t  of topics 
in sixth form mathematics which were considered essential for students 
intending to enter a three year course leading to an honours degree 
course in engineering (see Section 3 .1 ),
To summarise, according to these schemes a ll students were given the
same instruction, that is , a ll of them had to attend common lectures and 
therefore no one could go either faster or slower in any particular 
topic. Regarding the matter of the same instruction for a ll students, 
Bloom et al (1971) points out that:
" I f  instruction for a ll students starts at the same point
the results can be tnat tnose who already mastered 
objectives well beyond this point fast become bored 
and disinterested while those who do not yet possess 
the pre-requisite fast become discouraged and 
frustrated" (p. 93).
This was what might have happened to students in the scheme used by 
Deakin (1972), though no conclusion can be drawn from the information 
given in his paper.
2.3 .2 Diagnosis and Specific Remedial Work
Another approach which -has been used to give students revision work in 
mathematics is that in which they are assigned revision work on the basis 
of th e ir performance on a pre-test. The schemes under which this 
approach has been used are very sim ilar in several respects, but d iffe r  
in others. Among these schemes are the following:
At King's College, London, science and engineering students were given 
a 'crash course in calculus' when they arrived at university in 
October 1971. According to Baker et al (1973), the course was given for 
one whole day in each week of the f i r s t  six weeks of the term and the 
students involved were chosen as needing intensive revision in calculus 
on the basis of th e ir performance on a mathematics pre-test of fo rty  
multiple-choice items. Since the morning sessions of the course were 
devoted to individual revision work and the afternoon sessions were 
devoted to stimulate the students' in terest, I shall concentrate on the 
former.
In the morning sessions, the students were expected to: (a) study a
ce rta in  numuer ut Traiiies in  a prugrouunea te x t  wmcn naa Deen previously  
selected fo r the revision work, (b) work on a set of supplementary 
problems they were given, and (c) consult any of the three tutors 
available in the lecture room i f  they encountered d iffic u ltie s  (these 
tutors were postgraduate mathematics students). In general, students 
said, in a questionnaire given to them, that due to the characteristics  
of the scheme they could work at th e ir own speed and could also go back 
over the text i f  they did not understand i t .
K ilty  (1975) in his study of the problems involved in the change of 
students from Arts to Science developed a scheme of revision work which 
besides involving a pre-test, also had the following features; (a) the 
test was accompanied with references to parts of a textbook appropriate 
to each item, (b) the test was marked and discussed with students 
(indiv idually or in groups) immediately a fte r they had completed i t ,
(c) each individual student was then advised to do revision work 
according to his performance on the te s t, and (d) a fte r the students had 
done the revision work, they were given a post-test whose items were 
sim ilar to those they fa iled  in the pre-test, and a procedure sim ilar to 
that described in (b) was adopted.
According to K ilty , the scheme 'was found to be a very valuable 
introduction to the course by the majority of the students who were 
identified  as needing the "remedial w ork".,.' (p. 81). As a result of 
this experience, the scheme was integrated into the mathematics course 
formally.
At the University of Texas at Austin, a 60-item multiple-choice test on 
very basic algebra, geometry and trigonometry was devised to gather 
information about the mathematical competence of f i r s t  year engineering
students ^rowier et ai iy /o j. ims test was given to a group or 
students in a normal class period and they were asked to retake i t  at 
home, using any reference material they wished, but without help from 
anyone else. I t  was found that there was a considerable difference 
between the scores on the test in the two opportunities and that almost 
a ll students improved th e ir scores when they were allowed to use 
reference material to complete the test. The authors concluded that no 
attempt had been made to develop formal individualised remedial work 
programmes. Although the authors only intended to gather information 
about the mathematical competence of the students, i t  would appear that 
the fact of having asked the students to retake the test at home might 
have required them to revise part of the topics. This revision work has 
the characteristic th a t the students had to find out by themselves 
textbooks covering the topics involved.
At the Middlesex Polytechnic, students entering Social Science and 
Business study degree courses have been given since 1968, a remedial 
course in mathematics pre-requisite for th e ir courses. According to 
Romiszowski et al (1976), the scheme employed involved the following:
(a) Two diagnostic tests. Each one covering eleven moduli of the 
remedial course m aterial.
(b) Individualised self-teaching materials. These consisted of 
branching programmes on teaching machines, linear programmes and non­
programmed booklets.
(c) Individual tu to ria ls . These were available by telephone 
appointment in the tutors' offices at appointed hours.
(a) une post-test tor each or the modulus or the course ( i .e .  22 
post-tests).
The procedure adopted was basically as follows:
(1) Students took one of the diagnostic tests on th e ir f i r s t  day on the 
course» and the second whenever they had completed the necessary study of 
the f i r s t  eleven moduli.
(2) Each of the diagnostic tests was marked by tutors, i f  possible in 
the presence of the student, in order to discuss any problems inmediately.
(3) As a result of this discussion the student was then advised to 
study, in the remedial maths room and within the month of October, the 
necessary moduli of the course.
Students had to study in the remedial maths room on a "learning by 
appointment" system at any convenient time of the day. Although they 
were expected to complete the necessary remedial work during the month 
of October, some students continued working on the course during 
November and early December.
A scheme which apparently intends to cope with the problem of the 
mathematical competence at the transition between school and university  
is that developed by the Physics Interface Project (PIP). According to 
Sutton (1977a), the students entering Physics degree courses at the six 
PIP universities are given one or more tests from a battery of five  
covering mathematics (two alternative te s ts ), e le c tr ic ity , mechanics and 
Physics.
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work to students but to know what they can do and what they cannot do, 
as Sutton points out the purpose of the test is:
1 . . . t o  enable th e ir teachers to discover how many 
students are unable to do w hat..." (p. 93).
Then, regarding what the students should do, he points out that:
"They are asked to make two copies of th e ir answers, one
in the question booklet and one on an answer grid to be
handed in for analysis. At the end of the time a llo tted
for a te s t, depending on local preferences, the correct 
answers are either issued in immediate exchange for the 
students’ answer sheets, or they are made available at 
the next tu to r ia l. In any event the students are 
encouraged to consult th e ir  tutors about the results, and 
differen t departments make th e ir own arrangements for 
handling this part of the exercise" (p. 93),
I t  would appear that the PIP gave more importance to the analysis of 
the students’ performance on the test(s ) rather than to individual 
diagnosis of students. In spite of the PIP having devised a number of 
self-teaching materials for the students, these would appear to have been 
used only by those students who actually consulted th e ir tutors about 
th e ir results in the test. No numerical account was given of the number 
of students who actually consulted either th e ir tutors a fte r the 
completion of the te s t, or the self-teaching material (Sutton 1972, 1977a, 
1977b; Taylor 1973).
At the University of Surrey, one of the PIP universities, the procedure 
adopted with the students entering the Physical Science degree in 1974 
and 1975 la id  emphasis on the individual diagnosis of students.
According to Elton (1979), the students were given the PIP mathematics 
test and as soon as each student had finished, he went to an adjoining 
room where he met a tu tor, who f i r s t  marked the test against a key and 
then discussed i t  with him. As a result of th is , each student was then 
advised to use, during the following two or three days, certain  
programmed materials which were available in a th ird  room.
Elton concluded that the test and the tutors were important for the 
successful carrying out of the exercise, the former because i t  had a 
diagnostic motivational- ro le , and the la tte r  because without the tutors 
there is a risk that the data gathered in the test may be misinterpreted 
either by the students or by th e ir tutors. ^
This procedure overcomes the inconvenience that may arise in the case 
described by Sutton (1977a), that is , the student does not have to wait 
for a future tu to ria l period to meet his tutor and discuss the results 
of the test with him.
To investigate the mathematical competence of students entering university  
to take Physics at the University of Waikato, New Zealand, a mathematics 
test was constructed and given to newly enrolled Physics students in the 
f i r s t  week of th e ir courses in 1977 (Osborne 1979a), As a consequence 
of the students' performance on this te s t, a self-teaching booklet on 
basic mathematics for Physics students was produced and given, in 1978, 
to a ll students entering Physics and who were considered to be weak in 
mathematics. This group of students was made up of students who scored 
less than 50% in a mathematics test they had been given before they
actually entered university (usoorne iy/yb), me paper by Osborne 
concludes saying that:
"A detailed analysis of subsequent test results showed 
however that this had no obvious effect on the problem 
and hence that this measure alone is inadequate. Perhaps 
another alternative is to try  to persuade the 
mathematicians to place greater emphasis on these s k ills .
At least to be aware of the problem is a f i r s t  step1 (p. 21).
In my opinion, there might have been several reasons why this approach 
had no obvious e ffect on the problem. One which would appear to be 
obvious is that the students were advised to study the booklet but not 
asked to show that they had done so. Another reason might have been 
that there were some students who did not rea lly  need to study the whole 
booklet and, because of th e ir not knowing exactly what they should revise, 
they simply did not bother with the revision. There might have been 
several other reasons but no further investigation was done in this sense.
2.3 .3 . Counselling
In 1971, the Department of Freshman Engineering at Purdue, U.S.A., 
started a project called "The Counselling-Tutorial Program” ( ‘C-T program1) 
whose main aim was to support and encourage students who were re la tiv e ly  
poorly prepared to pursue engineering, and to help students who had been 
out of school for some time or whose mathematics and science backgrounds 
were inadequate. According to Deputy (1978), the newly enrolled students 
take, during th e ir  f i r s t  term at university, a daily one-hour tu to ria l 
course plus any college preparatory course needed to strengthen th e ir  
academic s k ills . In this tu toria l course the students receive a course
canea -matn-bcience Krooiem boivm g', which:
“ ...introduces no new m aterial, but shows the student 
how to solve problems that relate to material learned in 
other courses. Sometimes the material presented in a 
chemistry or math class is presented again but from a 
d ifferen t point of view. Other times the hour is spent 
revising material and exchanging questions and answers 
or workirtg problems students might have" (p. 314).
In addition to this course, the students also receive individual 
counselling sessions which are designed to help them to develop s e lf-  
confidence, especially in solving tough engineering problems, and to 
decide whether they should remain in the 'C-T program1 through the 
spring, to use only the individual tutoring and counselling sessions, or 
not to participate at a l l .
This 'C-T program' is of a complex nature in the sense that, on the one 
hand i t  requires the student to spend an extra semester at university to 
receive the engineering degree, ansi on the other hand i t  requires time 
from the members of s ta ff involved.
2.3.4 Discussion
The schemes of diagnosis and revision work in the lite ra tu re  reviewed 
here vary from simple ones like  those in which students are given 
remedial lectures to more complex ones lik e  that in which each student 
takes daily tu to ria ls  in mathematics during his f i r s t  semester at 
university.
I f  our aim is to bring weak students in mathematics up to the level 
required by the courses they intend to enter, one has to bear in mind 
that d iffe ren t students may be weak in d ifferen t topic areas and 
therefore, need to do d ifferen t revision work. I f  this is the case, i t  
would appear that i t  is d i f f ic u lt  to achieve this aim by means of 
lectures because those students who already know the material might 
become bored or uninterested and those who do not know i t  might like  to 
spend longer time on i t .  An example of this situation would appear to be 
what happened in the scheme described by Deakin (1972). The approach 
in which students were just given a booklet with the mathematics that 
they should know (Osborne 1979a) was found to have been inadequate and 
the reason for this would appear to have been that the students did not 
get motivated enough as- to study the booklet without any guidance, except 
that they should study a ll the material in the booklet.
Most of the schemes described here attempt to give diagnosis by means of 
a pre-test and then suggest revision work according to the students' 
performance on the test. In the scheme described by Baker et al (1973) 
although students were given a pre-test, the revision course was based 
on the overall students' performance on the tes t. The students could cover 
the material corresponding to any particular session as they pleased 
because they worked individually during each session. However, a ll of 
them had to do the same revision work because this was a course fo r a ll 
students rather than a programme to remedy individual deficiencies.
In the scheme described by Sutton (1977a), i t  would appear that what was 
important was that the teacher knew the areas of weaknesses of the 
students rather than that each individual knew his own areas of weakness. 
The answer grid the students handed in were used for the analysis of the 
test and not fo r the analysis of each student's performance on the te s t.
Since the students were le f t  to themselves as regards th e ir decisions 
about attendance at th e ir next tu to ria l fo r the discussion of the results 
of the te s t, the result could have been that some students did not 
attend the tu to ria l and therefore, did not know the areas in which they 
needed to revise. Some schemes overcame this problem by carrying out 
individual discussions of the test immediately a fte r each student had 
completed i t  (K ilty  1975, Romiszowski et al 1976, Elton 1979), and then 
as a result of this advice each student had to do the pertinent revision 
work. Since in these schemes each individual student was advised to 
revise the topics in which he needed revision, one would expect them to 
have been of more benefit to the students than those in which a ll 
students had to do the same revision work.
Although students had to do the same revision work in the scheme 
described by Deputy (1978), this case d iffers  from the others in the 
sense that in the daily individual tu toria ls  the emphasis could be put 
on those areas in which the students needed more work, and therefore, the 
individual needs Of each student could be attended.
In the study reported here, a scheme sim ilar to that used by Elton (1979) 
was used to give individual diagnosis and suggest revision work to a 
large number of students entering engineering courses at the University 
of Southampton. This is treated in detail in Chapter 5.
2.4 SUMMARY
I carried out a review of the lite ra tu re  with two purposes in mind. 
F irs tly , to find out the main factors that have influence on education 
in mathematical competence of engineering students in the transition  
between school and university (mainly at the point of en try), and
secondly, to Tina out what approaches have been used to bring weak 
students in mathematics up to the level required by th e ir  university 
courses.
According to the lite ra tu re  reviewed here, there are three factors that 
have influence on the mathematical competence at the interface between 
school and university -  the a b ility  of students, omission of topics at 
secondary leve l, and forgetting what has been learned.
The approaches that have been used to bring weak students in 
mathematics up to the level required by the courses they intend to 
enter have been classified into three groups - remedial courses (by means 
of lectures); diagnosis-and specific remedial work (usually based on a 
pre-tes t); and counselling ( i .e .  diagnosis and revision work based on 
tu to ria ls ).
In the present work, the factors mentioned above have been taken into  
consideration for the study of the mathematical knowledge and s k ills  
pre-requisite for engineering courses, A scheme of individual diagnosis 
and revision work sim ilar to some in the second group was used. In 
addition to th is , a battery of diagnostic tests based on knowledge and 
s k ills  pre-requisite for engineering courses, and a new approach which 
intends to overcome the d iff ic u lt ie s  encountered in the schemes of 
diagnosis mentioned above .was;, developed.
CHAPTER THREE
PREREQUISITE MATHEMATICAL 
KNOWLEDGE AND SKILLS: THE SURVEY
3.1 INTRODUCTION
Students entering engineering courses are required to have mastery of 
certain specific topics in mathematics. A l is t  of such topics is given 
in the note prepared by the Professors of Mechanical Engineering in the 
Northern Universities (1976). This note provides a l i s t  of topics in 
sixth form mathematics which 'should have been covered by students before 
starting a three year honours course in mechanical engineering or 
engineering science'.
A tes t, which aims to diagnose the mathematics performances which students 
entering engineering courses should have for dealing with th e ir f i r s t  
year courses, could not be based on the l is t  of topics mentioned above 
because of the following two reasons: (a) the l is t  does not specify 'when' 
during the three year course students w ill need to use the topics, and
(b) i t  does not say the specific performance expected from students on 
each topic. As.I have said e a r lie r , the la t te r  factor is of great 
importance for diagnosis because d ifferen t people may in terpret d iffe ren t 
topics in d ifferen t ways and therefore, the interpretation of the topics 
could be misleading (see Section 1 .1 ).
This situation led me to survey s ta ff lecturing to f i r s t  year engineering 
students, whom from now onwards I shall call 'le c tu re rs ', in order to 
have detailed information on the use of mathematics by f i r s t  year 
engineering students. The information gathered by means of a 
questionnaire developed for this purpose (see Section 1 .4 .1 .1 ) enabled 
me to know what mathematics students entering engineering courses should 
know at the point of entry, i .e .  what mathematics was used throughout each 
respondent's (lec tu rer's ) course, and the level at which he would use i t  
in his f i r s t  year course.
ims cnapter aeais witn ine details ot tne survey ana tne results tnat 
came out of i t .
3.2 THE PILOT STAGE OF THE SURVEY
A p ilo t study was carried out in two universities by means of a 
questionnaire. This exercise had the intention of finding out the 
v a lid ity  and r e l ia b il i ty  of the questionnaire. The contents of this 
questionnaire were based on the mathematics prerequisite for the f i r s t  
year mathematics course for engineering students at the University of 
Southampton with which I had worked in a scheme of diagnosis and revision 
work in 1976 and 1977 (see Chapter 5). The topics in the questionnaire 
were the following:
1. Algebraic Manipulation
2. Solution of quadratic equations
3. Solution of inequalities
4. Binomial Theorem
4.1 For positive integral exponent
4.2 For fractional and negative exponent
5. Trigonometry
5.1 Use of formulae for sin(x ± y ); cos(x ± y );  tan(x ± y)
f
5.2 Use of formulae for s in x±  s iny; cos x± cos y; ta n x ± ta n y
5.3 Sine and Cosine rules
5.4 Sine and Cosine of angles expressed as a fraction or 
multiple of tt
5.5 General solution of equations such as s in e=
6 . Evaluation of lim its
7. D ifferentiation  of trigonometric functions
8 . Integral Calculus
o .i in tegration oy parts
8.2 Integration by substitution
8.3 Integration by partia l fractions
9. Logarithms
10. Exponentials
Copies of this questionnaire were given, in the f i r s t  instance, to three 
lecturers (who taught Hydraulics and Measurement in the Department of 
Civil and Electrical engineering at the University of Surrey) in order to 
get feedback on the format of the questionnaire and of the wording. These
three lecturers were asked to state whether the topics in the
questionnaire were needed in th e ir own courses (by lis tin g  the engineering 
topics in which the mathematical topics were used), and to give examples 
taken from th e ir own courses that showed the level of d iff ic u lty  
expected in each topic. The questionnaire also invited the lecturers to 
add new topics to the original l is t .  After the three copies of the 
questionnaire were returned, I held individual interviews with the 
respondents with the purpose of discussing my interpretation of the data 
collected. As a result of these discussions, a revised outline of the 
topics for the questionnaire was agreed and no criticism  was made to the 
format of the questionnaire. The changes introduced in the questionnaire 
can be summarised as follows:
(a) The term 'Algebraic Manipulation' was changed for Polynomial 
factorisation and sim plification of rational functions because the 
meaning of the former ( i .e .  Algebraic Manipulation) was 'too wide'.
(b) The topic 'Solution of linear equations' was included.
Copies of the revised version of the questionnaire (see Appendix A) were
Engineering at the University of Surrey, and to a member of the 
Department of Engineering Science at the University of Durham (6 copies) 
to d istribute them among lecturers in his Department who were w illing  to 
complete the questionnaire. In the meantime, I carried out a review of 
lecture notes of f i r s t  year engineering courses of the Department of 
Electrical Engineering at the University of Surrey in order to find out 
those engineering topics, in the corresponding courses, in  which 
mathematics was needed e ither for understanding the new material of the 
course or for solving the coursework exercises, and the level at which 
this mathematics was used.
The notes reviewed were of the courses of E lectrical Machines and Power 
(EMP), Electronics (E), Energy Sources (ES) and Measurements (M). Since 
these notes were not very intensive in content, I was unable to 
ascertain whether the mathematics involved was needed for understanding of 
new material or for problem-solving. The mathematical topics in 
question.and the engineering topics associated with them can be 
summarised as follows:
T r i gonometry
(a) Definition of sine and cosine of an angle:
Reactive Voltampers (EMP)
(b) Sine and cosine graphs;
Development of c ircu its : representation of sine waves (EMP) 
Production of rotating magnetic fie lds (EMP)
Three phase wave form (EMP)
Waves (ES)
Development of c ircu its  (EMP)
Use of formulae to expand sin(x ± y) and cos(x ± y ):
Developments of c ircu its : Analysis of readings - the two Wattmeter 
method (EMP)
Production of rotating magentic fie lds  (EMP)
Harmonics in three phase transformers (EMP)
Waves (ES)
Use of formulae for s in x ± s in y  and cos x± cosy :
Harmonics in three phase transformers (EMP)
Superposition of waves (ES)
Dynamometer instruments (M)
Algebra
Transposition of formulae 
Direct current motors (EMP)
Direct current measurement (M)
Solution of linear equations:
The Carnot efficiency (ES)
Solution of simultaneous linear equations;
Permanent Magnet Movil Coil meter (M)
Exponentials
Thermonic Emission (E)
Radioactive decay in atoms (ES) 
Debye Length in a plasma . (ES)
Properties of logarithms
Voltage and Current gain of Amplifiers (E)
D ifferen tia l Calculus
(a) General rules of d ifferen tia tion :
Triode valves: Calculation of gain for small signal (E)
(b) D ifferen tia l of sine and cosine:
Production of rotating magnetic fie ld  (EMP)
Evaluation of Simple Integrals
Diodes (E)
Plasma oscillations (ES)
Debye Length in a plasma (ES)
3,2.1 The Surrey University Group
Of the 15 copies of the questionnaire distributed at the University of 
Surrey only 5 were returned by lecturers of the E lectrical Engineering 
Department (in April 1978). There would appear that the main reason for 
this poor return was that no lecturer of the C ivil Engineering 
Department returned the questionnaire ( i .e .  7 lecturers) apparently 
because th e ir  courses (Architectural Forms, Computing, Geology,
Structural Design, Surveying) do not require mathematics above the G.C.E. 
0- le v e l.
The courses taught by the 5 respondents from the Electrical Engineering 
Department were the following: C ircuit Theory, E lectrical Machines and 
Power, Electronics, Energy Source and Semiconductor Electronics. This 
would appear to indicate that although there were few respondents, the 
data collected came from lecturers who actually needed A-level mathematics 
for th e ir courses and this was the kind of lecturer to whom the 
questionnaire was addressed.
After I had gone through the returned copies of the questionnaire, I 
interviewed four of the respondents individually. In these interviews,
I discussed with them my own interpretation of the data gathered (by 
means of the questionnaire and the review of the lecture notes) with the 
purpose of c larify ing  any misunderstanding of the level of d iff ic u lty  of 
the topics involved. Furthermore, some feedback on the format of the 
questionnaire was given.
As a result of the discussions, the topics needed and the level of 
d iff ic u lty  expected in each of them was agreed. These are summarised in 
Table 3.1.
The analysis of the data gathered showed that there were:
(a) Names changed. Although the topic 'solution of linear equations' 
was mentioned by some lecturers, when they gave examples to illu s tra te  
the level of d iff ic u lty  expected, they gave examples of.'Transposition of 
formulae' rather than of linear equations. This fact confirms what I said 
e a rlie r  in Section 1.1 , that is , when one speaks of mathematics in terms of
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topics, without a clear defin ition  of the performance to be observed in 
each one, there is always the possib ility  that d ifferen t people in terpret 
the same topics in d ifferen t ways. I f  I had only asked the lecturers to 
say whether they needed the topic ‘ solution of linear equations', they 
would have said ‘yes' and then the information would not have been valid  
because what they rea lly  meant was 'transposition of formulae1. This 
fact reinforced the idea of asking people to give examples showing how 
they actually used the topics concerned. The variety of examples of this  
topic lis ted  in Table 3.1 would appear to have more or less the same level 
of d iff ic u lty  because a ll of them require the application of the basic 
rules to transpose terms and factors.
(b) Topics not mentioned. There were certain topics which were not 
mentioned by the respondents despite th e ir  being considered prerequisite 
for the f i r s t  year mathematics course at the University of Southampton, 
from which the in it ia l  l i s t  of topics was derived (see Section 3 ,2 ), This 
is not surprising because these lecturers may expect students to use 
d ifferen t mathematical topics than a lecturer who teaches mathematics.
The topics in question were the following;
1.0 Algebra
1.1 Polynomial factorisation
1.2 Simplification of rational functions
2.0 Trigonometry
2.1 General solution of equations such as s ine=  J
3.0 Binomial Theorem
3.1 For positive and integral exponents
4.0 Limits
5.0 Exponentials
This topic was mentioned but only in connection with integral calculi
to the original l i s t  were mainly topics which are covered by 0-level 
mathematics courses. However, these topics seem to be necessary for 
dealing with the lecturers1 courses involved. These topics were:
1.0 Algebra
1.1 Operations with fractions
1.2 Operations involving algebraic expressions
1.3 The summation symbol
2.0 Complex Numbers
2.1 Modulus of a complex number
2.2 Basic operations with complex numbers
3.0 Trigonometry
3.1 Definition of the trigonometric functions in a right 
angled triangle
3.2 Sine and cosine graphs
4.0 D ifferen tia l Calculus
4.1 General rules of d ifferen tia tion
During the interviews with the lecturers some feedback about the format 
of the questionnaire was gathered. The lecturers said that the 
questionnaire was time-consuming to f i l l  in because they had to l i s t  the 
differen t topics of th e ir courses where they used each of the 
mathematical topics presented to them. According to them this exercise 
required a lo t of time because they knew what mathematics they used but 
not exactly where in th e ir courses.
3 .2 .2 The Durham University Group
The copies of the questionnaire distributed at the University of Durham
were returned in ouiy is/o, mese.were 1 meu. m uy su* (cuuuicr^ yvmu 
taught Applied Electronics, E lectrical C ircuit Theory, Electronics, 
Engineering Thermodynamics, Fluids and Mechanics. My interpretation of 
the data collected was discussed with three of the respondents. Table 3.2 
shows the resulting topics and the level of d iff ic u lty  expected in each 
of them.
The analysis of the data collected showed that there were:
(a) Omission of examples. There were certain topics.in which no examples 
showing the level of d iff ic u lty  expected were given. However, additional 
information provided by respondents implied this level of d iff ic u lty .
(b) Topics not mentioned or added to the l i s t . As i t  happened with the 
Surrey University Group, there were certain topics which were not 
mentioned by respondents in the questionnaire or were added to the 
original l is t .  The reasons fo r this would appear to have been the same as 
for the Surrey University Group (see (b) and (c) in Section 3 ,2 .1 ) , The 
topics in question were:
( i )  Not mentioned:
1.0 A1gebra
1.1 Solution of linear equations
1.2 Polynomial factorisation
1.3 Simplification of rational functions
( i i )  Added to the l is t :
2.0 Complex numbers
2.1 Basic operations
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3.0 D ifferen tia l Calculus
3.1 General rules of d ifferen tia tion
3.2 Double integral
4.0 Vectors
4.1 Addition and subtraction
4.2 Scalar product of two vectors
3.2.3 Conclusions of the P ilo t Survey
The p ilo t survey was carried out with the purpose of finding out how 
valid and re liab le  the information gathered by means of the 
questionnaire would be. On the other hand, as l i t t l e  was known about the 
possible effects of the format of the questionnaire on the respondent, 
some feedback of this kind was also expected.
The v a lid ity  of this questionnaire is judged in terms of the kind of 
examples given in Column B by the respondents, and the r e l ia b i l i ty  is 
judged by the interpretation given to the mathematical topics presented, 
that is , the interpretation given to each mathematical topic should be 
the same for a ll the respondents. Only one topic was found not to have 
been re liab le  (solution of linear equations) because lecturers gave an 
interpretation d ifferen t from the one expected. However, the degree of 
s im ila rity  among the given examples showed that the interpretation of the 
topic was uniform. This seems to indicate that in this type of 
questionnaire, where examples are asked fo r, the va lid ity  of an item 
implies its  r e l ia b il i ty .  This seems to be in line with what Oppenheim 
(1966) says about v a lid ity  and re l ia b il i ty  of an item in a
psycno iugic<u test.
" . . . i f  we find that a measure has excellent v a lid ity , then 
i t  must be re lia b le ."  (Oppenheim 1966, p. 70)
Through the interviews held with some lecturers and the reviewed lecture 
notes (see Section 3 .2 ), i t  was possible to ascertain whether the 
examples given in the questionnaire matched the right level of d iff ic u lty  
expected in the lecturers' courses. I t  was found that these actually  
matched. The mathematics topics mentioned as being used in f i r s t  year 
engineering courses either for understanding of new material of the 
course or for solving coursework exercises are the following:
1.0 ALGEBRA
1.1 Operations with fractions
1.2 M ultip lication of brackets
1.3 Laws of exponents
1.4 Transposition of formulae
1.5 Solution of linear equations
1.6 Solution of sets of simultaneous linear equations
1.7 Solution of quadratic equations
1.8 The summation symbol
2.0 INEQUALITIES
2,1 Solution of inequalities in one variable
3,0 LOGARITHMS
3.1 Properties of logarithms
^.U LUrlrLLA WUNDtKa
4.1 Basic operations
4.2 Use of notation e ^
4.3 Modulus of a complex number
5.0 TRIGONOMETRY
5.1 Definition of the trigonometric functions in a right 
angled triangle
5.2 Values of sine and cosine of V 6 , V 4 , V 3  etc.
5.3 General solution of the equations sine = n and
cose = n, where -1 s n £ 1
5.4 Use of formulae to expand sin(x ± y ) ; cos(x ± y)
5.5 Use of formulae for sin x ± s iny; cos x ±cosy
5.6 Sine and cosine rules
5.7 Sine and cosine graphs
6.0  BINOMIAL THEOREM
6.1 For positive and integral exponent
6.2 For fractional exponents
7.0 DIFFERENTIAL CALCULUS
7.1 D ifferentiation of trigonometric functions
7.2 D ifferentiation of algebraic functions
7.3 D ifferentiation of functions involving exponentials and 
logarithms
7.4 General rules for d ifferen tia tion
7.4.1 Sum of two functions
7.4 .2 Product of two functions
7.4 .3 Quotient of two functions
7.4 .4 Function of a function
8,0 INTEGRAL CAL.CULU5
8.1 Integration of algebraic functions
8.1.1 Functions involving trigonometric functions
8 .1 .2  Functions involving eax
8.1 .3  Functions involving Inx
8.2 Techniques for evaluating integrals
8.2.1 Integration by substitution
8.2 .2  Integration by parts
The degree of d iff ic u lty  of each of these topics is illu s tra ted  by the 
examples lis ted  in Tables 3,1 and 3,2, I found that the examples 
lis ted  fo r each topic by d ifferen t respondents either were of the same 
kind, or they involved the same complexity.
As fa r as the format of the questionnaire is concerned, i t  was found 
that the lecturer needed to spend quite a lo t of time on f i l l in g  in the 
questionnaire. In order to avoid that this happened to future lecturers, 
the format of the questionnaire was changed, the examples given by 
lecturers were used in the new version to fa c ilita te  the process of 
f i l l in g  in the questionnaire, and lecturers were not asked to l i s t  the 
engineering topics in which they used the mathematical topics 
presented but to draw th e ir attention to the illu s tra t iv e  examples (see 
Section 1.4.1.1 and Appendix B).
3.3 THE MAIN SURVEY
<
The new version of the questionnaire (see Appendix B) was ready by the 
Autumn term of the academic year 1978-79. The main survey was lim ited to 
institutions of higher education in which students entering engineering 
courses were lik e ly  to have only a single A-level in mathematics, or an
equivalent,. The reason for this criterion  of selection was that students 
who have done a single A-level in mathematics are lik e ly  to have more 
weaknesses in th e ir mathematical knowledge than those who have done 
double A-level in mathematics (Gonzalez-Leon 1979),
3,3,1 Departments and Lecturers Involved
Ten institutions (see Appendix H) were approached by means of a le t te r  
sent to 10 lecturers at the corresponding Engineering Faculty of each 
in s titu tio n . This le t te r  contained:
(a) A paper which explained the purpose of the survey and asked the 
lecturer's collaboration in the distribution of copies of the 
questionnaire among colleagues in his department,
(b) A copy of the fin a l version of the questionnaire,
(c) A form which the lecturer should return indicating whether he was 
w illing  to complete the questionnaire, and the number of copies of the 
questionnaire that he might distribute to colleagues in his department.
Three institutions did not request additional copies of the questionnaire 
and only one did not participate in the survey (the lecturer did not 
reply to the le t te r ) ,
A total of 50 copies of the questionnaire were requested and a fte r  two 
months 25 copies had been returned. The breakdown of the numbers of 
copies requested and returned is given in Table 3,3 ,
TABLE 3.3
Numbers of Copies of the Questionnaire 
Requested and Returned in the Main Survey.
INSTITUTION
No. Copies of the Questionnaire
Requested Returned
A 15 4
B 11 4
C 6 5
D 6 4
E 6 2
F 3 3
G 1 1
H 1 1
I 1 1
TOTAL 50 25
The courses taught by the 25 respondents in th e ir Departments were the 
following:
1. Department of Aero/Mechanical Engineering
(a) Engineering Thermodynamics
(b) Fluid Mechanics
(c) Mathematics
(d) Numerical Methods
(e) S tatistics
(f) Strength and Materials
Department of C ivil Engineering
(a) Applied Mechanics
(b) Basic Mathematics
(c) Statistics
(d) Strength and Materials
( f )  Structures and Materials
(g) Water Supply
3. Department of Electrical and Electronic Engineering
(a) E lectrical and Electronic Principles
(b) E lectrical Theory
(c) Electronics
(d) Mathematics
4. Department of Engineering Science
(a) E lec tric ity
(b) Logic
(c) Semiconductor Science
5. Department of Mechanical Engineering
(a) Dynamics
(b) Mathematics
(c) Mechanical Engineering Principles
(d) Mechanics
(e) Thermodynamics
6 . Department of Mineral Resources Engineering
(a) Fluid Mechanics
(b) Thermodynamics
3,3 .2 The Results of the Questionnaire
Since the copies of the questionnaire were sent upon request to the
lecturers approached in each in s titu tio n , i t  is not possible to know the
size of the sample that, actually received the questionnaire, This means
that one cannot be sure of whether the number of copies returned 
represents the whole group who received the questionnaire. Nevertheless, 
my main concern in the survey was with the level of d iff ic u lty  that 
lecturers expected in the topics they mentioned as needed in th e ir  
courses ( i .e .  column D in the questionnaire) rather than with the 
tabulation of the responses given in the questionnaire. For this reason,
I shall simply present the essence of the responses ( i .e .  the contents of
column D in the questionnaire). This allows one to judge the meaning of
the topics mentioned as used.
The resulting l is t  of topics and th e ir corresponding level of 
d iff ic u lty  are summarised in Table 3.4. An analysis of this Table showed 
that:
(a) The fact that one example was provided in column B for each topic 
in column A made the respondents have uniformity in th e ir interpretation  
of the topics. All examples given by them in column D corresponded to the 
mathematical topics in column A,
(b) In a ll topics the level of d iff ic u lty  required could be id en tified . 
There were cases in which the examples lis ted  for a particular topic 
apparently had d ifferen t levels of d iff ic u lty . This was so fo r the example 
in the topic 'Solution of Inequalities' where the examples given by
3 X  -  i
d ifferen t respondents were: Solve for x : 3 -  2x > 4 and — 3 <
This would appear to indicate that the level of d iff ic u lty  expected in the
topic depends on the course the lecturer teaches,
(c) There were examples in some of the cells in column D which could 
have been given to illu s tra te  the level of d if f ic u lty  of other topics in 
column A. For example the problem : Find ^  i f  y = te  was given to
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General Functions', however, i t  also illu s tra tes  the level of d iff ic u lty  
expected in the topics 'D ifferen tia tion  of the Product of two Functions1 
and 'D ifferen tia tion  of the Function of a function'.
(d) The topic 'Integration by Partial Fractions' was added to the l is t  
by some respondents.
3.4 CONCLUSIONS
The main purpose of this survey was to ascertain those topics in 
mathematics which are actually used in f i r s t  year engineering courses at 
institutions of higher education, particu larly  during the f i r s t  term, and 
what is more important, to determine the level at which such topics are 
used.
The l i s t  of topics and the level of d iff ic u lty  expected are summarised in 
Table 3.4. By comparing these topics with the A-level mathematics 
syllabuses analysed in the survey carried out by the Mathematical 
Education Committee (1976), I found that there were certain topics 
required by engineering lecturers which do not appear in the 
mathematics syllabuses of some Examining Boards (see Tables 3,5 and 3 ,6 ). 
The c r it ic a l topics seem to be Solution of Inequalities, Binomial Theorem 
for Fractional Exponent, and Basic Operations with Complex Numbers, A 
conclusion that can be drawn from the above fact is that Engineering 
Departments might expect some of th e ir newly enrolled students to know 
some mathematical topics, needed to understand the material in the course 
or for problem solving, which the students have not studied at school, 
because of the particular examination syllabus for which they had been 
prepared.
TABLE 3-5 M»
MATHEMATICS SYLLABUSES AND EXAMINING BOARDS
BOARD SYLLABUS TITLE SYLLABUSab3REVIATI0N
The Associated Examining Board Mathematics (pure and applied) AEB PA
Mathematics (modern) AEB M
University of Cambridge Local Examination 
Syndicate
Mathematics Syllabus A CL A
Mathematics Syllabus B CL B
Joint Matriculation Board
Mathematics Syllabus A j :-3 A
Mathematics Syllabus B JMS B
Pure Mathematics with Statistics JMB S
School Examination Department, 
University of London
Mathematics Syllabus C LC
Pure Mathematics with Statistics LS
Nothern Ireland GCE Examination Board Mathematics Syllabus 3 NIB
Oxford and Cambridge Schools Examination 
Board
Mathematics O&C
Welsh Joint Education Committee Mathematics W
TABLE 3 -6 ( I )
TOPICS MISSING IN SOME SYLLABUSES
■ 1 ' ' " — " ■■■■ ■ ■ ■ - - —  ■ i ■■
TOPIC
Syllabuses which do not co n ta ir  
the given to p ic .
AE
BP
A s :
CO
UJ
c
<
o
CO
_ i
(_> JM
B 
A
JM
B3
JM
BS o
— i
to
C2 o
OS
o
S o lu tio n  o f in e q u a lit ie s X X
Basic operations w ith  complex numbers X X X X X (X)
T rigo n om etric  equations X X X
Use o f  form ulae fo r  s ln x^siny  and 
cosx^cosy _ X X X X X X X
Binom ial Theorem fo r  f ra c t io n a l  
exponent X
(x ) o p tio n a l
(1 ) This Table is  p a rt o f a Table th a t  appears In  the paper by 
The M athem atical Education C om m 1ttee(l976).
(2 )  This Table is  based on a s im ila r  Table th a t appears in  the 
paper by The M athem atical Education Committee (1 9 7 6 ).
By contrasting the results of the survey summarised m Table 3,4 with 
the l is t  In the note prepared by the Professors of Mechanical Engineering 
in the Northern Universities (see Section 3 .1 ), the following issues 
emerged:
(a) Some topics mentioned in the l is t  in the note do not appear in the 
Table,
(b) Some topics mentioned in the survey do not appear in the l i s t  in 
the note.
Issue (a) seems to be logical because the l i s t  in the note covers those
topics in sixth form mathematics which w ill be used by students sometime
during th e ir three year course whereas Table 3,4 only covers the 
mathematical topics used particu larly  during the f i r s t  term of the f i r s t  
year courses ( I  should point out that respondents to the survey also said 
that a ll the topics in Table 3,4 were also used during the second and 
third terms of th e ir courses).
Issue (b) seems to be ju s tif ie d  by the following reasons:
(i.) The l i s t  in the note includes only those topics which are needed by
students entering courses in mechanical engineering and engineering 
science and therefore does not include those topics which are needed by 
students entering courses in other engineering departments,
( i i )  Some of the topics in Table 3.4 , such as operations with fractions  
and laws of exponents, do not appear in sixth form mathematics syllabuses 
but they are very elementary and are very lik e ly  to be in 0-level 
mathematics courses.
( i i i )  Some of the topics in Table 3,4 are im p lic it in other topics 
mentioned in the l i s t  in the note (e,g, modulus of a complex number is 
not mentioned in the note but is im p lic it in the topic ’ Conversion of 
Complex Numbers from Rectangular to Polar Form' which actually is in the 
note).
Those topics mentioned in the survey and which do not appear in the note 
prepared by the Professors of Mechanical Engineering of the Northern 
Universities are the following:
Algebra
(a) M ultip lication of brackets
(b) Laws of exponents
(c) Operation with fractions
(d) Solution of linear equations
(e) Transposition of formulae
( f )  The summation symbol
(g) Solution of inequalities with one variable 
Trigonometry
(a) Numerical values of the sine and cosine of 7 / 4 ,  V 3  etc
(b) Trigonometric equations
Logarithms
Properties of logarithms 
Complex Numbers
(a) Modulus of a complex number
(b) Addition and subtraction of complex numbers
Binomial Theorem
Binomial Theorem for fractional exponent
Integral Calculus
(a) Integration
(b) Integration  
■(c) Integration
I should note here that to know what is expected in each of the topics 
lis ted  above i t  is necessary to refer to Tables 3 .1 , 3.2 and 3 .4 , and to 
the l i s t  of objectives given in Section 4 .7 ,1 ,
Two d ifferen t levels of d iff ic u lty  were found in the examples given by
lecturers in the questionnaire. In one case, the level of d iff ic u lty
expected in a topic depended on the mastery of the knowledge and/or s k ill
regarded by the topic; for example, the solution for x of the inequalities  
3x - 13 - 2 x  > 4 and < 4 basically depends on the s k ill in solving
inequalities. In the other case, the level of d iff ic u lty  expected in a
topic involved a prior mastery of a prerequisite knowledge and/or s k il l;  
for example, the problem; Find ^  i f  y = te  was given as an example 
to illu s tra te  the level of d iff ic u lty  expected in the topic 'D ifferen tia tion  
of General Functions'. However, i t  requires the prior mastery of the 
knowledge of the d ifferen tia tion  of the product of two functions and of
the d ifferen tia tion  of the function of a function.
The data gathered by means of this survey was used in the development of 
a battery of mathematics diagnostic tests for students entering 
engineering courses. This is the subject of the next chapter.
of algebraic functions
9  Yof functions involving e 
of functions involving logarithms
CHAPTER FOUR
A BATTERY OF MATHEMATICS 
DIAGNOSTIC TESTS
One of the aims of the present work was to design a mathematics 
'diagnostic te s t1 based on the mathematical knowledge and s k ills  that 
students entering engineering courses are expected to have by the time 
they actually s ta rt th e ir university courses, i .e .  based on the 
prerequisite mathematical knowledge and s k ills . The purpose of this  
chapter is to discuss how such a test was developed over the past three 
years. Before going into the details of how this test was developed, I 
shall present some general aspects of tests which are relevant to the 
design of the 'diagnostic te s t ',
4.2 DEFINITION OF THE TEST
The test required should have the following three characteristics;
I t  should:
(1) Cover those aspacts in mathematics which are prerequisites for the 
attainment of the objectives of the f i r s t  year engineering courses..
(2) Pinpoint the causes of deficiencies in each of the prerequisites 
mentioned in (1 ),
(3) Enable us to give a description of what a student can and cannot 
do without reference to the performance of others.
According to the lite ra tu re  on tests, the test to be developed had the 
functions of a placement test and of a diagnostic te s t, and the 
interpretation of the results should be criterion-referenced due to the 
following reasons;
(a) I t  had the function of a placement test in the sense that a
placement test e itner attempts to ascertain tne extent to which 
students possess the s k ills  and a b ility  that are needed to succeed in a 
particular task -  Readiness te s t, or i t  attempts to ascertain the 
extent to which students have already achieved the intended objectives 
of the planned instruction -  Advanced Placement Test (Brown 1976,
Gronlund 1977, Chase 1978). In this case, aspect (1) above is in line  
with the purpose of a Readiness Test.
(b) I t  has the function of a diagnostic test in the sense that the 
purpose of a diagnostic test is to determine the underlying causes of a 
student's learning d iff ic u ltie s  in a particular area of the subject- 
matter of a course (Thorndike and Hagen 1969, Bloom et al 1971, Collins 
et al 1976, Mehrens and Lehmann 1978) and this is what is stated in 
aspect (2 ) above.
(c) The interpretation of the test results should be criterion^  
referenced because the function of this type of interpretation is to 
ascertain a student's status with respect to some e x p lic it criterion  
(Popham and Husek 1969, Ebel 1972, Gage and Berliner 1975, Gronlund 1 9 7 7 ). 
The tests that are interpreted using this method are called Criteron- 
referenced tests (CRTs) in contrast with Norm-referenced tests (NRTs),
Since the primary function of the test to be developed is to diagnose,
I shall refer to i t  by simply saying a ‘diagnostic te s t ',  but i t  should 
be borne in mind that this test is extensive in coverage of content and 
may therefore be called extensive diagnostic test in contrast with the 
common diagnostic test which may well be called intensive diagnostic 
test due to its  coverage of content being more restricted and intensive 
( i .e .  the test has a large number of items on each topic area).
With these observations m mind, I  gathered from the lite ra tu re  on 
placement, diagnostic and criterion-referenced tests those aspects that 
seemed to be particu larly  relevant to the design and development of the 
mathematics diagnostic test. These aspects are discussed in the 
following section. Since the bulk of the lite ra tu re  on CRTs usually 
examines the characteristics on CRTs by contrasting them with the 
characteristics of NRTs, I shall discuss in the same manner the 
aspects mentioned above.
4.3 THE CONSTRUCTION OF THE TEST : PRELIMINARY CONSIDERATIONS
4.3.1 V a riab ility
The v a r ia b ility  of a set of scores refers to the extent to which the 
scores are spread out or dispersed from the average score of the group. 
With NRTs the more v a ria b ility  in the scores the better, but with CRTs, 
v a ria b ility  is irre levant because in CRTs the meaning of the score is not 
dependent on comparisons with other scores (Popham and Husek 1969, Smith 
1974, Chase 1978), I f  the whole group of students meets the crite rion  
(as i t  is hoped in a CRT), the v a ria b ility  w ill be very small and this  
does not mean that the test is poor.
In our own case, i t  is expected that students have a grasp of the 
material in the test because i t  tests very basic prerequisite 
knowledge, that is , the v a ria b ility  of the scores is expected to be very 
smal1 .
4 .3 .2  V alid ity
In a very general sense, the va lid ity  of a test is concerned with the 
extent to which the test measures what i t  is supposed to measure. Of the
great varieties or van an y  (see tDei iy /z j most auinors agree tnat 
'content v a lid ity ' is of prime importance for CRTs because a CRT requires 
items which are constructed from objectives expressed in behavioural terms
and the content v a lid ity  is concerned with the degree to which the test
adequately assesses the behaviour as specified in the objective.
The content v a lid ity  of a test is defined as;
'a way of estimating how adequately the content of 
the test actually samples the behaviour or content 
domain about which inferences are to be made,'
(Popham 1978, p. 34)
Two principal techniques for determining the content v a lid ity  of a CRT 
have been suggested: One of these techniques suggests the use of the
test designer as a judge (Popham and Husek 1969, Klein 1974, Gronlund 
1977, Chase 1978). According to this technique, the designer of the test 
should; (a) identify  the subject-matter topics and behavioural outcomes 
to be measured, :(b) judge re lative importance of each topic, (c) build a 
table of specifications which specifies the sample of items to be used, 
and (d) construct a test that closely f i ts  the table of specifications.
The other technique suggests the use of judges other than the designer 
of the tes t, i .e .  people who are fam iliar with the subject-matter topics 
of the test (Bloom et al 1971, Klein 1974, Wedman 1974), These judges 
should be given the table of specifications and as fu ll explanations as 
possible of the meaning of the rows and columns in the table ( i .e ,  the 
subject-matter and the behavioural outcomes). Given this information the 
judges should be asked to match the items in the test to cells in the 
table. I f  the agreement is less than 50 percent, the items should then be 
re-examined.
4 .3 ,3  R e l ia b i l i t y
The r e l ia b il i ty  of a test 'refers to the consistency of test-scores - 
that is , to how consistent they are from one measurement to another' 
(Gronlund 1977, p. 138). With NRTs there are five types of re l ia b il i ty  
indices typ ica lly  used, namely, (1) s ta b ility  (Test-retest method),
(2) equivalence (Equivalent forms method), (3) equivalence and 
s ta b ility  (Test-retest method with equivalent forms), and two indices of 
internal consistency - one is estimated by using the Spearman-Brown 
formula (s p lit -h a lf  method), and the other is estimated by using the 
Kuder-Richardson formulae (Method of Rational Equivalence), Unfortunately, 
these indices are inappropriate for CRTs because of th e ir dependence on 
score v a ria b ility  (Popham and Husek 1969, Smith 1974, Gronlund 1977$
Chase 1978).
Since i t  is hoped that a ll students meet the criterion in a CRT (see 
Section 4 .3 .1 ), a ll students could get perfect or near perfect score on the 
tes t. This means that the test w ill have l i t t l e  or no v a r ia b ility  at a ll 
and therefore, the trad itional procedures for estimating the r e l ia b il i ty  
of a test would produce a zero re l ia b il i ty  coeffic ient, even though the 
test may be very adequate for our purpose,
Popham and Husek (1969), who popularized the use of CRTs, suggest the use 
of indices that re fle c t the a b ility  of a test to produce variation from 
pre-instruction to post-instruction testing, but they do not give any 
concrete procedure for estimating the r e l ia b il i ty ,
A number of attempts have been made to modify or create procedures for  
estimating the r e l ia b il i ty  of CRTs (see Wedman 1974) but a satisfactory  
procedure has not yet been agreed upon (Gronlund 1976). To increase the
r e i i a u i i i u y  ui a u i \ i » vacxiiuuuu ( c^uuumcuus i i iu iu u m y  i ivc items iu i
each specific objective in which a decision concerning mastery-nonmastery 
should be taken. Klein (1974) found in an informal survey of CRTs that 
the usual practice is to construct approximately three to five items per 
objective.
In the early version of the mathematics diagnostic test only one item  
each specific objective was included fo r most objectives because the 
test should be kept as short as possible (see Section 4 .5 .2 ) . However, 
students' performance on an open-ended version of this test (see 
Appendix I )  revealed that there were some items ( i .e .  problems) in which 
i t  was not possible to ascertain whether the reason why students 
answered* them incorrectly was because of deficiency in th e ir knowledge 
or because of carelessness in th e ir working (see Section 4.6,1;). For 
this reason, i t  was decided to increase to three the number of items per 
objective. This is discussed in Section 4 ,7 ,3 ,
4.3.4 Usability
This is another attribute  which has to be considered in the design of 
the mathematics diagnostic tes t, Lyman (1978), regarding usab ility  of a 
test points out;
"We include here a ll the many practical factors that go 
into our decision to use a particu lar test , , ,  Under 
u sab ility , we deal with a ll sorts of practical 
considerations, A longer test may be more re lia b le , 
even more valid; however, i f  we have only a lim ited  
time for testing, we may have to compromise with that 
idea." (Lyman 1978, p, 39)
in our own case, tne zme  to oe spent in completing tne test was 
lim ited to about sixty minutes because this was the length of time of 
a normal class period. Since the subject-matter content of the test was 
quite extensive, i t  was not possible to include a large number of items 
for each specific objective. At this point we should also bear in mind 
that attribute  usability  is also important for our tes t. This matter is 
treated in more detail in section 4 .5 .4 .3 .
I shall now turn to the details of the design of the mathematics 
diagnostic test.
4.4 EARLY EXPERIENCES AT THE UNIVERSITY OF SOUTHAMPTON
Students entering engineering courses at the University of Southampton 
in 1976 and 1977 were given a mathematics pre-knowledge test during th e ir  
f i r s t  week at the University. This test was used in conjunction with 
discussions for the purpose of individual diagnosis (see the T.T. method 
in Section 5.2) but in i ts e lf  i t  did not have a diagnostic function as 
defined in Section 4.2 . However, this test was the starting point of 
the battery of mathematics diagnostic tests that I have developed.
The following sub-sections describe the test used at the University of 
Southampton on both occasions,
4.4.1 The 1976 Experience
The test used in 1976 was a modified version of the test constructed by 
the Physics Interface Project (see Appendix U), The Physics Interface  
Project mathematics test consisted of f i f t y  multiple-choice items which 
had been constructed with the help of a number of university lecturers In
i n  i - 3  b c j b  w f c i c u  m i w o c  m o ,  w  i c i u g , u j u a  w i i i v . u  w c | r
considered to be basic to the study of f i r s t  year physics by the 
lecturers involved (Sutton 1972).
The reason why this test was modified before i t  was used at the University
of Southampton was because, as I said above, i t  had been designed fo r
students entering physics degree courses and i t  would be used at the
University of Southampton with students entering engineering courses. The
modifications were carried out bearing in mind the mathematics considered 
prerequisite for f i r s t  year mathematics course fo r engineers. I should 
point out here that I did not participate in the construction of this  
version because i t  had already been done when I actually got involved in 
the present research work. The test in question dealt with the following 
topics:
TOPIC NO. ITEMS
Algebra 4
Inequalities 1
Binomial Theorem 1
Limits 2
Trigonometry 4
Logarithms and Exponentials 1
Co-ordinate Geometry 1
D ifferen tia l Calculus 2
Integral Calculus 4
Since the main purpose of the test was to test mathematics which was 
considered prerequisite for the f i r s t  year mathematics course, the 
material in the test was compared with the content outline of the 
syllabus of the mathematics course in order to see whether the test
content was va lid , i ,e ,  to see whether the material in the test would 
actually be needed in the mathematics course. From this comparison I 
found that there was a topic - Co-ordinate Geometry, which did not 
appear to be connected with the content outline of the mathematics 
syllabus. Discussing th is matter with the mathematics course lecturers, 
i t  was agreed that what was rea lly  needed was certain knowledge of 
rectangular co-ordinates in order to work with geometrical representation 
of complex numbers in a late unit of the main mathematics course (see 
Section 5 .S .1 ). The overall students’ performance on the test is 
discussed in Section 6 .2 ,1 .
4 .4 ,2 The 1977 Experience
In the lig h t of the 1976 experience, the test was revised,* The main 
aspects taken into account for the revision were the following:
(a) The item on Co-ordinate Geometry was excluded from the test due 
to the reason given above,
(b) Since a high percentage of students had d iff ic u ltie s  with Limits 
because they had forgotten the material or found the material new for 
them (see Section 6 .2 .1 ) , Limits was included in the main mathematics 
course for the following year and those items regarding Limits were also 
excluded from the test.
This test (see Appendix K) was given to a ll students entering engineering 
courses at the University of Southampton in October 1977, Students'
* By Dr, L, Cohen and Dr, R, D'Inverno, the course lecturers, to 
whom the author is indebted for th e ir support,
performance on this test (described in Section 6 .2 .2 ) revealed that 
students had d iff ic u lty  with two items in particular -  one of these was 
on the Binomial Theorem and the other on Trigonometry. Students said 
(in  interviews held with them) that the wording of the stem of the item 
on the Binomial Theorem was unclear. The stem of this item was:
The f i r s t  three terms of the expansion 1
(1 - x ) 4
where 0 < x < 1 , are:
(a lternatives)
A proposed solution to this problem was to re-w rite the stem using the 
following wording:
I f  - r  is expanded as a series in powers of x9 for 0 < x < l ,  then
(1 -  x ) 2
the f i r s t  three terms of the series are:
(alternatives)
The stem of the item on Trigonometry was: 
cos(e + V 2 ) is the same as:
_(alternatives)
and i t  seems that students interpreted cos(e + * /2)  as cos(e u) . This 
misunderstanding could be avoided by changing cos(e + * /2)  to e ither
4 . 4 .J  nummary
The mathematics test used in 1976 and 1977 at the University of 
Southampton was a revised version of the Physics Interface Project 
mathematics tes t. The la t te r  had to be revised because i t  had been 
designed for students entering Physics degree courses and i t  would be used 
with students engineering courses. The revised test was used in 
conjunction with discussions for the purpose of individual diagnosis but iti
it
itself/^did not have a diagnostic function as defined in Section 4.2.
At this point the necessity of constructing a mathematics diagnostic test 
as defined in Section 4.2 emerged. The following sections deal with the 
steps towards the construction of this mathematics diagnostic test.
4.5 TOWARDS A MATHEMATICS DIAGNOSTIC TEST
After the pre-knowledge test mentioned in the previous section had been 
given to students entering engineering courses at the University of 
Southampton in 1977, i t  was f e l t  necessary to construct a mathematics 
diagnostic test as i t  is defined in Section 4 .2 , that is , a test which 
has the functions of a placement test and of a diagnostic te s t, and 
whose results are interpreted as for criterion-referenced tests. In the 
following sub-sections, I discuss how such a test was developed.
4.5.1 The Placement Function
I have said e a rlie r  that a placement test attempts to ascertain the extent 
to which students possess the s k ills  and a b ility  that are needed to 
succeed in a particular task (see Section 4 .2 ), for this reason the f i r s t  
step towards the construction of the mathematics diagnostic test was to
nna out: cnose copies in macneroacics wmcn were accuauy neeaea in tne 
study of f i r s t  year engineering courses other than mathematics. To do this  
I surveyed f i r s t  year engineering lecturers in two universities with the 
purpose of gathering th e ir opinions about the mathematics required by 
th e ir courses and which was assumed to be known by students when they 
entered university (see Section 3 .2 ).
The information gathered in this survey, which is summarized in Table 3 .1 , 
led me to the formulation of the following l is t  of objectives:
The student entering engineering courses should be able to:
1. Apply the correct rules for addition, subtraction, m ultiplication  
and division of two fractions.
2. Apply the correct laws of exponents in expressions involving a 
single variable.
23. Multiply and simplify expressions involving (a + b)(c + d) or (a ± b)
4. Transpose formulae.
5. Solve quadratic equations using the general formula.
6 . Solve inequalities with one unknown.
7. Apply the properties of logarithms.
8 . Find the modulus of a complex number z = a + b i.
9. Find the numerical values of expressions involving the sine and
cosine o t angles expressed as a tra c t io n  o r m u lt ip le  o f  tt.
10. Apply the corresponding formula to expand sin(a ± b) and cos(a ± b).
11. Apply the corresponding formula to evaluate sin a ± sin b and 
cos a ± cos b (in both senses).
12. Expand as a series of powers of x the binomial (1 + x )n, where n 
is a fraction.
13. Apply the general rules for the d ifferen tia tion  of algebraic 
functions.
14. D ifferentia te  functions that involve sine and cosine.
15. Apply d ifferen t techniques for evaluating integrals.
This l is t  of objectives does not include some of the topics in Table 3.1 
because the objectives were written before the p ilo t survey ended.
After the writing of these objectives the next task was to prepare the 
test specifications. This is treated in the following sub-section.
4.5 .2  Test Specifications and Test Length
The relationship between the subject-matter content of the test and the 
objectives lis ted  in the previous sub-section are shown in Table 4.1.
This Table also shows how these objectives are related to Bloom's 
taxonomy (Bloom et al 1971) and the number of items fo r each objective.
In constructing the Table, the length of the test was also taken into
TABLE 4-1
TABLE OF SPECIFICATIONS: A MATHEMATICS DIAGNOSTIC TEST
CONTENTS Objective Level No.
ItemsA1 A3 Cl D2
1.0 ALGEBRA
1.1 Operations with frac tion s- 1 X 1
1.2 Lav/s of exponents 2 X 1
1.3 M ultip lication of brackets 3 X "  1 ' '
1.4 transposition of formulae 4 X r......
1.5 Quadratic equations 5 X i
2.0 INEQUALITIES
2.1 Solution of inequalities 6 X X 2
3.0 LOGARITHMS
3.1 Properties of logarithms
7
X X 2
4.0 COMPLEX NUMBERS
4.1 Modulus of a complex number 8 X 1
5.0 TRIGONOMETRY
5.1 Trigonometric function, values of 
3 W6,Tr/4,etc
9 X 1
5.2 Addition and subtraction formulae 10 X 1
5.3 Sum and difference of sines and 
cosines 1 1 X X 2
6.0 BINOMIAL THEOREM
6.1 For fractional exponent 12 X
1
7.0 DIFFERENTIAL CALCULUS
7.1 D ifferentiation  of algebraic v 
funcions
13
X
1
7.2 D ifferentiation  of trigonometric 
funtions 14 X 1
8.0 INTEGRAL CALCULUS
8.1 Evaluation of standard integrales 15 X
1
0.2  techniques of integration 15 X X 2
TOTALS 3 4 11 2 20
A1: Knowledge of specific facts (Knowledge)
A3: A b ility  to carry out algorithms (Knowledge)
Cl: A b ility  to solve routine problems (Application) 
D2: A b ility  to discover relationships (Analysis)
consideration. There.were three factors that influenced the length of 
the te s t, namely (1 ) the purpose of the te s t, (2) the type of test items,
and (3) the time available for testing.
Id ea lly , the student should be given as much time as he needs to complete 
the test because the purpose of the test is to ascertain whether the 
student has a grasp of the mathematics regarded as prerequisite for his 
engineering courses, but in practice, a normal class period is of about 
f i f t y  minutes. This in turn led me to include only one item per specific  
objective and to use items of the multiple-choice type. This 
particular type of item was selected because of the following reasons:
(a) Multiple-choice items require less time to be answered} than open-
ended items.
(b) Multiple-choice items can be used to measure both knowledge and 
in te llectual s k ills .
(c) Multiple-choice items can be constructed in such a way that they 
have a diagnostic function.
(d) No s k ill is required to mark the test and the marking can be done 
in a very short time. Due to th is , the student himself can mark the 
test i f  he is provided with the answers.
I shall now turn to the actual construction of the items.
4.5 .3  Construction of the Items
Once the specifications of the test had been delineated, the next step was 
to construct the test items to measure the objectives. I took 12 items
i rum urie u:>uu a t  u ie  vm i ytrr  ^i uy uj ouutnaiuptun h i u u tg u er i ? / /
because they were suitable according to the specifications in Table 4 .1 , 
and I constructed a. new items ( i .e .  items 4, 9, 10, 11, 12, 13, 17 and 19 
in Appendix L) according to Table 4.1 and the examples given in Table 3.1. 
Two of the 12 items taken from the Southampton test were s lig h tly  
modified because of the following reasons:
ea h(a) In item no. 14, alternative (c) was orig ina lly  x = /e  and i t  was 
changed to x = ea ~^ to avoid the involvement of algebraic manipulation 
within the item. This change also made the item more homogeneous .
( i .e .  this alternative had been the only one that included e tw ice).
(b) In item no. 15 (Binomial Theorem) a new wording was given in the 
stem because i t  had been found unclear by students (see Section 4 .4 .2 ) .
The other 8 items were constructed using the standard rules for 
construction of multiple-choice items (see for example Ebel 1972,
Gronlund 1976, Mehrens and Lemann 1978, Popham 1978). In order to make 
the distractors plausible responses to the items, they were based on 
common misconceptions or errors that students have (these were based on my 
own experience as a mathematics teacher). The details of how these eight 
items were actually constructed are given in Appendix M.
Before the test was ready for the tr ia l  stage, some additional details  
about its  construction were considered. These are discussed in the 
following sub-section.
4.5 .4  Some Additional Considerations
4.5.4.1 Item D iffic u lty
As was noted e a r lie r , the v a ria b ility  of the scores in our test is  
expected to be very small because the students are expected to have
mastery of the material in the test (see bection 4 .3 .J ). Due to th is , 
the level of d iff ic u lty  of most of the items in our test should be very 
low.
Gronlund (1977) regarding this matter of item d iff ic u lty  points out that
" I f  the test is to be criterion referenced, item 
d iff ic u lty  is determined by the d iff ic u lty  of the 
learning task described in the specific learning 
outcome.o.item d iff ic u lty  should match the d iff ic u lty  
of the task. I f  the task is easy, the test items 
should be easy. I f  the task is d i f f ic u lt ,  the test 
items should be d if f ic u lt .  No item should be eliminated 
simply because most students might be expected to answer 
i t  correctly, or because i t  might be answered:1 incorrectly  
by most students."
(Gronlund 1977, p. 31)
In conclusion, the level of d iff ic u lty  of the items in our test depends 
on the d iff ic u lty  of the task for which the items are designed.
4 .5 .4 .2  The Test Results Interpretation: The C rite ria
Gronlund (1977) regarding the matter of CRTs interpretation points out 
that::
"In both the construction and the interpretation of 
a criterion-referenced te s t, the focus is on the 
specific behavioural objectives the test is intended 
to measure. Each set of items is designed to measure
a particu lar objective as d irectly  as possible, 
and success on the items is interpreted with reference 
to the objectives being measured. Thus, the results 
from a criterion-referenced test are typ ica lly  
organized in terms of the measured objectives."
(Gronlund 1977, P. 117-118)
According to Gronlund, an individual's success on the items of a CRT 
depends on the level of proficiency obtained with respect to the 
achievement of the objectives on which the test is based.
In a CRT, the level of proficiency for the success with the items 
designed to measure a particular objective ( i .e .  the crite rio n ) might 
be set at 90% and then use an 'o n -o ff1 approach, that is , e ither 90% 
minimum has been achieved or i t  has not (Popham and Husek 1969). Although 
Popham and Husek (1969) regard 90% as the level of proficiency for the 
success on the items for a particular objective, 80% or more is usually 
adopted, that is , the student has to answer 80% or more of the items 
correctly (Smith 1974). An aspect that is important to note here is 
that the c r ite r ia  of the test should be set prior to the administration 
of the test (Smith 1974, Gage and Berliner 1975) because then the 
c rite r ia  cannot be influenced by how well students do on the tes t.
Since in our own case there is only one item per objective, the crite rion  
should be 'to  answer the item co rrec tly '. This means that there are 
only two courses of action available to the student ( i .e .  success or 
fa ilu re  with respect to the c rite rio n ), and therefore, we need to report 
this performance as success or fa ilu re  (Popham and Husek 1969).
y a n a n y ,  K e n a o i n t y  a n a  u s a o i n t y  o r  t n e  l e s t
To establish the content va lid ity  of the test I used the f i r s t  of the two 
procedures described in Section 4 .3 .2 , that is , basing the construction 
of the test on the test specifications. Then I gave a colleague the test 
specifications and the items and asked him to match the items to cells in 
the table ( i .e .  a procedure sim ilar to the second described in Section 
4 .3 .2 ). This led to the c la rifica tio n  of some of the levels given to the 
items according to Bloom's taxonomy (see Table 4 .1 ). I t  was noted 
e a rlie r  that a method of increasing the re l ia b il i ty  of a CRT is by 
constructing three to five  items for each objective (see Section 4 .3 .3 ) . 
However, in the present case, only one item for each objective could be 
included in the test due to the constraints of time for its  
administration. This means that, in this particular case, attention had to 
be drawn to the usability  of the test rather than to its  r e l ia b i l i ty .
4.5 .5 Trying out the Test
When the test was ready for its  administration, i t  was given to 67 sixth  
form students at three schools* a few weeks before they sat th e ir A-level 
mathematics examination i n i 978. At this point I shall only make 
reference to the distractors of the items. An analysis of students' 
performance on each of the items in the test is given in Section 6 .3 .1 .
The analysis of the items showed that there were certain distractors in 
nine items which were not selected by students. These were the following:
* The author is indebted to Mr Howlett from Charterhouse School, to Mr May 
from Godalming College, and to Mr Weston from Park Barn County Secondary 
School, the courses mathematics teachers, for th e ir co-operation in the 
administration of the test.
ITEM NO. NO SELECTED DISTRACTORS
2
3
B,C,D
C
A
I  I LI*! INU. INU 5 t L L t  I tU  LU i>IK A U U K b
5 D
12 A,C
13 B,C
16 A
17 C,D
18 D
Since nothii\<r : could be said about why students did not select these
distractors, the test was lacking of the diagnostic function 
established in Section 4.2. This fact led me to think of how to improve 
the distractors in the test. This matter is treated in the section 
following the summary ( i .e .  Section 4 .6 ).
4.5 .6 Summary
In this section I have discussed the f i r s t  steps taken towards the 
construction of a mathematics diagnostic test as i t  is defined in 
Section 4.2. The characteristics of placement test and of the 
criterion-referenced interpretation have been discussed here. Within the 
context of the defin ition of our mathematics diagnostic te s t, the 
placement function refers to the coverage of the test whereas the 
criterion-referenced interpretation refers to the method of interpreting  
the results of the test.
The coverage is given by the objectives derived from the data gathered in 
the p ilo t survey of f i r s t  year engineering lecturers (see Section 4.5.1 ) P 
These objectives led to the construction of the items in the test (see 
Sections 4.5 .2 and 4 .5 .3 ).
I have noted e a rlie r  that to increase the re l ia b il i ty  of a CRT i t  was 
recommendab'le to construct three to five  items per objective (see 
Section 4 .3 .3 ) . However, in this te s t, the attention has to be drawn to 
the a ttribu te  usability  rather than to the attribute  r e l ia b il i ty  due to 
the constraints of time fo r the administration of the test; that is , the 
test should be designed so that i t  could be completed within sixty  
minutes (see Section 4 .5 .2 ) . This led me to include only one item per 
objective and to set the c r ite r ia  at 100%, that is , the student has 
already achieved an objective or he has not.
The test was made up of 20 multiple-choice items, 12 of which were taken 
from the mathematics test used at the University of Southampton in 1977 and 
8 items were specially constructed (see Appendix M). This test was tried  
out with a group of sixth form students a few weeks before they sat th e ir  
A-level mathematics examination. An analysis of the test items showed 
that the test was lacking in the diagnostic function established in 
Section 4.2. The subject of the following sections is what was .done to 
overcome this problem.
4.6 THE DIAGNOSTIC FUNCTION OF THE TEST
I t  has been noted e a rlie r  that the mathematics test should have a diagnostic 
function (see Section 4 .2 ), i .e .  i t  should pinpoint the causes of 
deficiencies in each of the topics covered by the test. This means that 
the distractors of the items in the test play a very important ro le , 
namely, they should be able to give a hint as to why a student who lacks 
the knowledge called for the item selects one of them in preference to 
the correct answer. I f  this happened to be so, i t  would be possible to 
provide the student with information relevant to the form of remedial work 
that he needs.
we found in the test mentioned in the.preyious section that there were 
nine items whose distractors were not a ll selected by students (see 
Section 4 .5 .5 ) . These distractors had been based on common errors and 
misconceptions students have according to the teaching experience of th e ir  
constructors ( i .e .  the people involved in the construction of the PIP 
mathematics test on the one hand, and my own experience on the other hand). 
In order to select distractors that rea lly  played a diagnostic ro le , I 
converted the items of this test into open-ended short items, that is ,  
the stems of the items were worded as problems fo r the student to solve 
(see Appendix I ) .  This open-ended version was then given to groups of 
students at the University of Durham1, and at Queen Mary College,London2. 
The overall students' performance on this test is treated in Section 6 .2 .3 .
- The scripts of the test were analysed by going through the solutions fo r  
each of the items, particu larly  through those which led to incorrect 
answers, trying to find out how students came to particular answers, and 
pinpointing the causes of errors in the cases in which there were errors. 
Several problems in the test required the use of a formula in th e ir  
solutions. I t  was assumed that the students knew these formulae but i t  
was found on the scripts of the test that some students used wrong formulae 
and therefore got answers to the problems incorrect. Other items in the 
test required the student to have some basic knowledge ( i .e .  a ru le , a 
defin ition  or certain trigonometric function values). Some students had 
misconceptions of this knowledge or did not have the knowledge at a l l .  To 
sum up, there were several items in the test which tested knowledge at a 
higher level than the level some students actually had. A detailed
1. The author is indebted to Professor H Marsh and Mr H N e ill ,  the course
lecturers, for th e ir  co-operatida in the administration of the te s t.
2. The author is indebted to Dr B Chirgwin and Mr D R J Mudge, the course
lecturers, for th e ir co-operation in the administration of the te s t.
analysis or an  tne.items witn d iff ic u lty  is given in the following 
sub-sections.
4.6.1 Items Which Required the Use of a Formula
Seven items required the use of a formula in th e ir solutions (items no 5,
9, 10, 11, 12, 15 and 20 in Appendix I )  and there were several reasons why 
students got wrong answers to these particular items. These can be 
categorized in the following three groups:
(a) The use of a wrong formula
Although some students did not actually write down the formula they used to 
solve the problems in these items, i t  was obvious from th e ir working on the 
scripts that they did not use the correct formulae. The following 
conclusions could be drawn from the analysis o f th e ir working on these 
seven items:
Item No 5
Students used one of the following expressions as the correct formula to
2find the solutions to the a quadratic equation of the form ax + bx + c = 0
( 1) x -b ± /  b2 - 2ac 2a
(2 ) x -b ± /  b2 -  4ac 2
These expressions seem to indicate that the students were aware of the 
existence of -b in the numerator, of the product ac under the radical sign,
ana or tne z in tne aenominator, nowever, n  seems that they were, fo r 
some reason, unable to use the correct formula.
Items No 9 and 10
The purpose of these two items was to test whether the students knew how
to use the formulae cos (A - B) = cos A cos B + sin A sin B (item No 9) and
A + B A -  Bcos A + cos B = 2 cos — —^  cos— 2—  ( i tem N° 10). The solutions on the 
scripts of the test revealed that some students used the formulae to 
expand cos(A + B), sin (A + B) or sin (A -  B) in item No 9, and the 
formulae for cosA -  cosB, sinA + sinB or sinA - sinB in item No 10. This 
would appear to have happened because the students were used to work with 
formula books and these were not allowed for the completion of the te s t.
The fact that they used in these two items the formulae mentioned above 
is not surprising because for each item, the formulae are apparently 
sim ilar.
Item No 11
A + B A -  BThis item tested the use of the formula cosA + cosB = 2cos — ^—  cos— 2—  
but reading i t  from right to le f t .  Although this fact apparently made the 
item more d if f ic u lt  than item No 10, the d iff ic u ltie s  experienced by 
students on i t  were, to some extent, the same as in item No 10, i .e .  they 
were able to identify  the kind of formula they needed but were unable to 
use the correct one.
Item No 12
Students used one of the following expressions as the correct formula to 
find the modulus of a complex number a + bi:
(1) |Z (3) | Z | = /a2 -  b2 .
(2) I Z | = f (4) | Z | = a2 -  b2
btuaents wno usea tne expression U ;  o r [d) wouia appear to  nave mixed up
the defin ition  of ’modulus o f V  and the defin ition of ’ argument of Z‘
e = tan’ 1 ~  . Those who used the expression (3) and (4) would appear to have 
had a misunderstanding of the defin ition of modulus. This seems to be so 
because fo r a complex number Z = a + b i , the modulus |Z| is given by 
|Z| = /a 2 + b2 or |Z |2 = • a2 + b2 and the students would appear to have
taken |Z| = /a 2 + (b i)2 = /a 2 -  b2 or |Z| = a2 + (b i)2 = a2 - b2.
Another possib ility  might have been that they were used to working with 
formula books and they could only recall what the formula looked lik e .
Item No 15
From the analysis of students' working on this item i t  was very d if f ic u lt  
to draw patterns of errors because the students did not write down the 
formula they used. They obviously did not use the correct one. This was 
apparent because not even the coefficients of the variable in the series 
were righ t.
The fact that the given expression in this item was  ----- 5- and a large
0  -  x ) 2
_i
number of students re-wrote i t  as (1 -  x) 2 makes one think that they 
knew that they had to use a formula to expand a binomial with a negative 
exponent but that they might not have remembered the correct expression of 
the formula.
Item No 20
In this item, there were some students who did not seem to k n o w  what to do 
to integrate by parts. They should have used either the expression 
J u (^ )  dx = uv - jv(~) dx or Judv = uv -  jvdu, but since they did not 
write down the formula they used in their working, i t  is not possible to 
say what exactly they did.
I t  may be convenient to include an item that tests this on a future 
occasion.
(b) Carelessness in the Application of the Formula
Although some students seemed to have used the correct formula in Item 
No 5 (they did not actually write i t  down), th e ir working would appear to 
indicate that they made careless mistakes when substituting the numerical 
values in i t .  This carelessness happened to occur under the radical sign 
in a ll cases. The student involved wrote down 25 - 4 x 2.x 1 instead of 
25 -  4 x 2 x (-1 ) or 25 + 4 x 2 x 1.
(c) Cases in Which i t  was not Possible to Tell What Went Wrong
There were two cases in which students did not write down the formula they 
used in Item No 5 and i t  was not possible to te l l  from the working what 
went wrong. In spite of th is , the errors committed appeared under the 
radical sign and the kind of error might be put under either of the two 
previous categories.
4.6 .2 Lack of Basic Knowledge
There were four items which required the students to know either a ru le , a 
defin ition or certain trigonometric function values which the student did 
not know. These items were the following:
Item No 6
This item assumes that the student knows the rules for transposition of 
factors in an inequality but the re a lity  was that some students did not
Know tnese ru ie s . ine item asKea tne stuaent to  solve tor x the
inequality:
3 - 2x > 4
I shall solve this inequality using the following four steps in order to 
make reference to them in the discussion:
Some students fa iled  to proceed correctly in ( i i i ) >  as they wrote 2x < 1, 
and some others went from ( i i )  d irectly  to the expression x > - | .
As we can appreciate from these observations, the students did not seem to 
know the rules fo r transposition and therefore got the answer to the 
problem wrong. This would appear to indicate that i t  may be convenient to 
include in the test some items that test whether the student knows the 
rules for the transporition of factors in an inequality.
Item No 7
In this case the item in question required to solve the inequality:
In spite of having answerred Item No 6 correctly, some students seemed to 
have got confused or did not know the meaning of the bars, as some did not 
even attempt to solve the problem. Some others solved the inequality as i f  
i t  had been proposed without the bars ( i .e .  x - 3 < 2). There were also 
some students who wrote:
|x - 2 | < 5 => |x| < 5
This seems to indicate that they had no idea of the meaning of the bars.
( i )  -2x > 4 - 3
( i i ) - 2x > 1
( i i i )  2x < -1 
(iv ) x < 4
x -  3 < 2
lo sum up, the item assumes that the students Know the meaning or 
modulus ( i .e .  the bars) but th e ir working on the item revealed that some 
of them did not have this knowledge.
Item No 8
This item asked the student to evaluate sin2 - cosir. Students mixed up 
the values of sine and cosine of ir/ 2  and t t , as they took cosir = 1, cos7r = 0 , 
sin|- = § or s in |- = 0 .
Apparently some students either did not know or remember the values of 
s in |- and c o s t t ,  or had been taught these values in terms of degrees 
( i .e .  sin 90° and cos 180°). I f  the la tte r  case happens to be true, then 
the results may indicate that the students involved cannot convert from 
radians to degrees and therefore, are unable to evaluate expressions of 
the type involved in this item. I t  might be convenient to include in the 
test an item that tests conversion from radians to degrees.
Item No 17
This item asked to find when y = sirl2x - cos x. The types of errors 
committed by students in this item can be categorized in the following 
three groups:
(a) No Knowledge of the D ifferentia l of sinxand cos x
Some students apparently took ^-(cos x) = s in x . They did not actually  
write down this expression but this fact can be concluded from th e ir  
working on the scripts.
(bj No Awareness of the Presence ot a Function of a Function
To find the students have to be aware of the fact that to d ifferen tia te  
sin2x they have to apply the 'chain, ru le 1, however, some of them did not 
seem to have realised this situation and gave one of the following 
expressions for (sin2x):
(1) 2sin2x (2) 2cos2x (3) 2sin:x
In order to ascertain the kind of d iff ic u lty  that any particular student 
might have, i t  may be convenient to test whether the student can apply 
the chain rule to functions not involving trigonometric functions.
(c) Lack of S k ill in Applying the Chain Rule
One student was aware of the need to use the chain rule to find  
■^j(sin2x) however, he wrote that:
-^■(sin2x) = 2sinx.cos2x
This would appear to indicate that he either had a lack of s k ill in 
applying the chain rule or he did not actually know how to apply the chain 
rule.
Item No 19
In this item, students gave one of the following substitutions for x: 
x = sin2u; x = cos2u; x = tanu 
but they did not actually check whether the substitution would allow them
most reacn ly to evaluate tne in tegral.
4 .6 .3 . Conclusions
In order to select distractors that rea lly  played a diagnostic ro le , the 
items in the test mentioned in Section 4.5 .5 were converted into open- 
ended items and the test was given to groups of students at two 
universities. The students' performance on this test led me to draw the 
following conclusions:
(a) There were four reasons why students fa iled  items in the tes t, 
namely (1) Lack of basic knowledge, (2) Use of wrong formulae,
(3) Carelessness in the application of formulae, and (4) Lack of s k ill  
in applying rules.
(b) Students' performance on certain items would appear to indicate that 
they used to work with formula books and therefore had no need to 
memorize the formulae. I f  the students are not used to working with 
formula books and they are expected to know the formulae involved in the 
test items, the knowledge of these formulae should also be tested. This 
would also give the test items a diagnostic function.
(c) Certain items in the test should be broken into several items each 
( i .e .  Items No 5, 6 , 8 , 12, 17 and 20) in order to make them have a 
diagnostic function. This would enable us to include items that test 
basic prerequisite mathematical knowledge ( i )  at the simplest level 
( i .e .  recall of specific information), and ( i i )  at more complex levels 
( i .e .  solution of problems requiring knowledge of facts, a formula or a 
ru le ). This w ill enable us to pinpoint more precisely where students have 
d iff ic u lty , and suggest the appropriate form of remedial treatment.
o in c e  s tu u e n ts  m ay t c u  i i ueiiib uue uu u a re  lebM iebb  anu n u t tu  iuuk  
of knowledge or s k ill (see (b) in Section 4 .6 .1 ) , i t  may be convenient to 
increase (to at least three) the number of items per objective involving 
calculation (e.g. Items No 5, 6 , 8 and 17). This would increase the 
re l ia b il i ty  of the test.
4.7 A BATTERY OF DIAGNOSTIC TESTS
4.7.1 The Placement Function of the Battery
In order to increase the placement function of the test the survey 
mentioned in Section 4.5.1 was extended to other institutions of higher 
education (this is treated in detail in Chapter 3). The information 
gathered by means of this survey (summarised in Table 3.4) and the 
conclusions that came out of the analysis of items given in Section 4.6 
led me to the formulation of a l is t  of objectives which students 
entering engineering courses should have already achieved by the time 
they enter university. These objectives, which also include the objec­
tives lis ted  in Section 4.5.1 are the following:
The student entering engineering courses should be able to:
1. Apply the correct rules for addition, subtraction, m ultiplication  
and division of two fractions.
2. Apply the correct laws of exponents in expressions involving a 
single variable.
3. Multiply and simplify expressions involving (a ± b)(c ± d) and 
(a ± b )2.
4. Transpose formulae.
5. Solve quadractic equations using the general formula.
6 . Solve sets of simultaneous linear equations with two and three
unknowns.
7. Evaluate expressions involving the summation symbol z.
8 . Solve simple inequalities with one unknown.
9. Apply the properties of logarithms.
10. Find the modulus of a complex number Z = a + b i.
11. Convert a complex number from rectangular to trignometric form.
12. Find the product of two complex numbers.
13. Find the quotient of two complex numbers.
14. Identify  the expressions defining the sine and cosine of an angle
in a right angled triangle.
15. Convert angles from degrees to radians.
16. Know the values of sine and cosine of ^  , etc.
17. Solve the equations sine = p and cos e = p where -1 s p s 1.
18. Apply the rules for expanding sin(A ± B) and cos (A ± B).
19. Apply the rules for sinA ± sinB and cosA ± cosB.
20. Apply the cosine rule.
21. Recognize the sketch of s in n x  and cosnx, where n is an integer.
22. Expand as a series of powers of x the binomial (a + b)n, where n is 
a positive integer.
23. Find up to the f i r s t  three terms of the expansion of powers of x of 
the binomial (1 + x )n, where n is a fraction.
24. Know the derivative of the sine and cosine.
25. Apply the chain rule to simple functions.
26. Apply the chain rule to functions involving sine and cosine.
27. D ifferentiate the product of two functions.
28. D ifferentiate  the quotient of two functions.
29. Integrate functions involving standard integrals.
30. Solve simple integrals using the technique of substitution.
31. Solve simple integrals using the technique of partia l fractions.
6 L .  io ive  simpie integrals using tne tecnnique ot integrations Dy parts.
Table 4.2 shows how the subject-matter content of the test relates to the 
objectives lis ted  in the previous sub-section. I t  also shows how these 
objectives are related to Bloom's taxonomy (Bloom e t al 1971), and the 
number of items for each objective. These numbers were determined 
according to the r e l ia b il i ty  and the diagnostic function of the test (see 
Sections 4.7.2 and 4 .7 .3 ).
Since the number of items in the test should be 105 according to the 
table of specifications ( i .e .  Table 4 .2 ), I f e l t  that i t  was convenient 
to construct a battery of four short tests which had approximately the
same number of items, instead of one long test. Thus the student
concerned could take these four tests at his own convenience in one, two, 
three or four s ittings without getting bored or fatigued.
In order to have approximately the same number of items in each te s t, the 
tests were designed as follows:
TEST ONE : Algebra (28 items)
TEST TWO : Inequalities, Logarithms, Complex Numbers, Binomial
Theorem (24 items)
TEST THREE : Trigonometry (25 items)
TEST FOUR : D ifferen tia l Calculus and Integral Calculus (28 items).
TABLE 4-2
TABLE OF SPECIFICATIONS: A BATTERY OF DIAGNOSTIC TESTS
CONTENTS Objectives Level No.
AT A2 A3 Cl C2 D2 Items
1.0 ALGEBRA 
1.1 Operations with fractions 1 4 4
1.2 Lav/s of exponents 2 6 6
1.3 M ultip lication of brackets 3 3 3
1.4  transposition of formulae 4 2 3 5
1.5 Quadratic equations 5 1 3 4
1.6 Set of simultaneous linear 
equations 6 3 3
1.7 Summation 7 1 2 3
2.0 INEQUALITIES 
2.1 Solution of inequalities 8 1 1 2 4
3.0 LOGARITHMS 
3.1 Properties of logarithms 9 3 3
4.0 COMPLEX NUMBERS 
4.1 Modulus 10 1 3 4
4.2 Conversion from rectangu­
la r  to t r ig , form n 3 3
4.3 Product of two complex 
numbers 12 3 3
4.4 Quotient of two complex 
numbers 13 3 3
5.0 TRIGONOMETRY 
5.1 Definition of sine and 
cos i ne 14 1 1
5.2 Conversion of angles 15 4 ... 4
5.3 Trigonometric funtion 
yalues 16 4 4
5.4 Triqonometric equations 17 3 3
5.5 Addition and subtraction 
formulae 18 1 3 4
5.6 Sum and difference of 
sines and cosines . 19 1 3 4___
5.7 Cosine rule 20 1 3 4
5.8 Sine and cosine curves 21 * 1
6.0 BINOMIAL THEOREM 
S..T With positive integer 
exponent 22
'
2 2
6.2 With fractional exponent 23 2 2
SUBTOTALS 8 4 49 10 3
.. . .
2 77
* The item in this topic is of level B1
TABLE 4-2 (c o n t.)
TABLE OF SPECIFICATIONS: A BATTERY OF DIAGNOSTIC TESTS
CONTENTS Objectives Level No.
A1 A2 A3 Cl C2 D2 Items
7.0 DIFFERENTIAL CALCULUS 
7.1 Derivative of sine and 
cosine 24 2 2
7.2 Chain rule (simple 
functions) 25 3 3
7.3 Chain rule (Trigonometric 
functions) 26 3 3
7.4 D ifferen tia l of a product 
of two funtions 27 1 3 4
7.5 D ifferentia l of a quotient 
of two functions 28 1 3 4
8.0 INTEGRAL CALCULUS 
8.1 Standard integrals 29 1 1 1 3
8.2 Integration by substitution 30 3 3 r
8.3 Integration by partial 
fractions 31 3 2
8.4 Integration by parts. 3? 1 8 4
SUBTOTALS 4 0 12 7 0 6 28
TOTAL A-3 A2 A3 B3 Cl C2 D2 No.Items
13 4 59 1 17- 3 8 105
AT: Knowledge of specific facts
A2: Knowledge of terminology
A3: A b ility  to carry out algorithms
Bl: Knowledge of concepts
Cl: A b ility  to solve problems
C2: A b ility  to make comparisons
D2: A b ility  to discover relationships
4 ./ .Z  Ine Diagnostic i-unction
A conclusion that emerged from an early analysis of a test which had one 
item for each objective (fo r most objectives) was that certain items should 
be broken into several items each in order to make them have a diagnostic 
function. The new items for each objective should be of d ifferen t level 
in the sense that some of them should test knowledge of specific  
information and the others should test more complex knowledge. Thus 
enabling one to pinpoint more precisely where a student has d if f ic u lty 9 
and suggest the appropriate treatment for each objective (see Section 
4 .6 .3 ). A sim ilar conclusion came out of the analysis of the survey 
where two d ifferen t levels of d iff ic u lty  were given by lecturers in the 
examples (see Section 3.4)
The diagnostic function was introduced in the battery described here as 
follows: when the objective had impliedothe knowledge of a de fin ition ,
the meaning of a symbol, a formula or a ru le , I included an item which 
tested this knowledge. In addition to th is , I included three more items 
for those objectives which required algebraic manipulation or calculation  
(the reasons why three items were included are given further in 
Section 4 .7 .3 ).
The test items in the battery are of two types : ( i )  multiple-choice
items, and ( i i )  matching items. The reasons for using the former are 
given in Section 4 .5 .2 , the la tte r  type was introduced because i t  allows 
the sampling of larger content and therefore enables one to ask many 
questions in the lim ited amount of testing time, and also because in 
matching items the same set of possible responses can be used for 
several questions. The test items were constructed according to the 
specifications in Table 4.2 , using the examples given in Tables 3 .1 , 3.2
and 3 . 4 , ana oasea on tne analyses or items given in tms cnapter ana in 
Chapter 6. (The battery of tests and th e ir corresponding c r ite r ia  are 
given in Appendices P and Q respectively.)
Since each matching exercise should consist of homogeneous items ( i .e .  items 
that deal with only a single concept, classification or area), and every 
response in one column should be a plausible answer to every premise in the o-ther 
column (Gronlund 1976, Mehrens and Lehmann 1978), the matching exercises 
were divided into sections by horizontal lines so that each section could 
be answerred independently of the others. Each of these sections 
corresponded to a single objective.
4 .7 .3 . R e lia b ility , V a lid ity  and Usability
Students1 performances on the previous version of the mathematics tests 
revealed that they sometimes got items wrong due to carelessness and not 
to lack of knowledge or s k ills  (see Sections 6 .2 .1 . and 4 .6 .3 ) . Since 
there was only one item per objective in these versions, students were 
diagnosed as not having mastery of the subject-matter tested. I f  only 
one item is included per objective, there is always the possib ility  that 
students who get an item wrong due to carelessness in th e ir working, get 
i t  right i f  they are given the opportunity to attempt the item again, 
and vice versa. To avoid this and to increase the r e l ia b il i ty  of the te s t,
I included three items per objective where algebraic manipulation or 
calculation was involved. The reasons for taking three items per 
objective were the following:
(a) I f  two items had been included, no conclusion could be drawn i f  a
student got one item right and one wrong.
(b) With three items, the crite rion  could be set at 66%, that is , to 
getting two items right.
(c) No more than three items per objective could be included because 
the a ttribu te  usab ility , that is , the tests of the battery would 
have been too lengthy due to the fact that they should cover 32 
objectives (see Section 4 .7 .1 ).
I t  has been noted e a rlie r  in this chapter that the type of v a lid ity  that 
is of prime importance for CRTs is the content va lid ity  and that a 
technique for establishing i t  uses the test designer as a judge (see 
Section 4 .3 .2 ). Since the tests of the battery were CRTs, i t  was 
necessary to establish the ir content v a lid ity , indeed this was done using 
the technique mentioned above.
Since the battery had a diagnostic function, i t  should also have certain  
va lid ity  for diagnosis, that is , the items in the battery should rea lly  
play a diagnostic role. That is why I have been concerned with this type 
of v a lid ity  throughout the la tte r  two sections of this chapter 
( i .e .  Sections 4.5 and 4 .6 ). One of the main conclusions that emerged 
from the analysis of items from the point of view of diagnosis was that 
certain items should be broken into several items each and that these new 
items should test prerequisite mathematical knowledge at two levels 
according to Bloom's taxonomy (Bloom et al 1971) - recall of specific  
information, and solution of problems requiring knowledge of facts , a 
formula or a rule (see Section 4 .6 .3 ).
Two other ac tiv ities  which served to validate items were: ( i )  the 
discussions I held with students in the individual diagnosis described in 
Section 5.3 , and ( i i )  a single tes t, derived from Table 4 .2 , tr ied  out
with some sixth form students. The former a c tiv ity  enabled me to see 
the kind of errors students made when working on some of the problems in 
the items and to pinpoint the causes of th e ir d if f ic u lt ie s . This in turn 
enabled me to construct appropriate types of items for diagnosis.
For a c tiv ity  ( i i )  I sampled items which were under categories A3 (A b ility  
to carry out algorithms) and Cl (A b ility  to solve problems) from the table 
of specifications of the battery ( i .e .  Table 4.2) and assembled a test 
with them. This test was made up of 47 items (see Appendix N) and was 
given to 85 sixth form students who were getting prepared fo r th e ir  
A-level mathematics exam.* Feedback about the performance on the test was 
given to each student and the results of the diagnosis of the te s t, which 
are summarized in Section 6 .3 .2 , were discussed with the Head of the 
Mathematics Department of the Sixth Form College. I t  was agreed that the 
items would appear to have actually diagnosed the students' - 
d iff ic u lt ie s , that is , that the items in the test played a diagnostic 
role.
*  The author is indebted to Mr T Roberts, Head of the Science Faculty, 
and to Mr J Connibeer, Head of the Mathematics Department at 
Farnborough (Sixth Form) College, for the ir co-operation in the 
administration of the test.
CHAPTER 5
INDIVIDUAL DIAGNOSIS AND 
REVISION WORK IN MATHEMATICS
5.1 INTRODUCTION
I have noted e a rlie r  that several approaches have been used to give 
students individual diagnosis by means of diagnostic tests and tu toria l 
discussions, and that specific remedial work was assigned to each 
student according to his performance on the tests (see Section 2 .3 .2 ).
This chapter deals with two approaches to give individual diagnosis in 
mathematics in which I was involved and the procedure employed by 
students to revise those topic areas in which they needed revision. These 
two approaches are: (a) diagnosis by means of a pre-knowledge test and
tu toria l discussions, and (b) diagnosis by means of the 'thinking-aloud' 
approach combined with observation and retrospective interviews. The 
former was used with a large number of students entering engineering 
courses at Southampton University in 1976 and 1977, and the la t te r  was 
used with a small group of students entering engineering courses at the 
University of Surrey in 1978.
For sim plicity I shall call these two approaches for diagnosing 
mathematical d iff ic u ltie s  the T.T. method ( i .e .  diagnosis by means of 
tests and tu to ria l discussions) and the T .A .O .I. method ( i .e .  diagnosis 
by means of the thinking-aloud approach combined with observation and 
retrospective interview).
5.2 DIAGNOSIS BY MEANS OF A TEST AND TUTORIAL DISCUSSION :
THE T.T. METHOD
5.2.1 The Procedure
In 1976, and again in 1977, a mathematics pre-knowledge test was given to 
students entering engineering courses at the University of Southampton
(a description of the test used on each occasion is given in Sections 4.4.1 
and 4 .4 .2 ) . In 1976 the test was given to 61 students entering the C ivil 
Engineering Department and in 1977 the test was given to a ll 333 students 
entering engineering courses.
The procedure adopted in both years was very sim ilar to that used by 
Elton (1979) with students entering the Physical Science degree course at 
the University of Surrey (see Section 2 .3 .2 ). This procedure was as 
follows:
(a) During the f i r s t  mathematics class period, the students were given 
a b rie f explanation about the purpose of the pre-knowledge test and then 
the test was administered.
(b) As each student had completed the tes t, he went to an adjoining room 
where he met a tutor who immediately marked the test and discussed i t  with 
him for some 10 minutes.
(c) As a result of this discussion the tutor gave the student a card 
with the number of the items he had got wrong and and advised him to 
revise the subject matter concerned with those items (the actual revision 
work is fu lly  treated in Section 5 .5 ).
5 .2 .2  General Findings
(a) Although the test was to be answered; within 30 minutes, no student 
was stopped a fte r the 30 minutes were over. This made i t  possible for them 
to fin ish the whole test.
(b) In both years, the students' performance on the test was quite
inadequate in most of the topic areas covered by the test (th is is 
fu lly  discussed in Sections 6.2.1 and 6 .2 .2 ).
(c) By means of the interviews I held with students before and a fte r  
they discussed the test and with tutors when the marking/discussing 
session was over, i t  was possible to determine that the main reason why a 
large number of students had d iffic u ltie s  with the topics in the test was 
because they made careless mistakes or had forgotten the m aterial. The 
la t te r  fact was confirmed by the replies given by students in a 
questionnaire that I gave to them (60 in 1976 and 103 in 1977) during the 
second and th ird  week of the Autumn term.
By means of the questionnaire i t  was also found that:
(d) The majority of students found the discussion of the pre-knowledge 
test useful. Typical comments they gave in this sense were:
“I t 's  a good idea, i t  helps you to see there and then 
. . . . . .  you usually take the test and you have something
wrong but you don't know what." (October 1976)
"You know what you got wrong and why, and also what 
you have to do." (October 1976)
" It 's  a good idea  I t 's  more personal and you can
follow exactly what you had wrong. He (the tutor) can 
te ll  you, and help you and advise you." (October 1977)
"He (the tutor) advised me to study inequalities and 
particu larly  pointed out the basic necessary points.
I was incited to look i t  up." (October 1977)
(e) A few students found the discussion of the pre-knowledge test not
very useful, and there were two main reasons for this which clearly refer
to quite d iffe ren t kinds of students. Either they found the pre-knowledge 
test easy or very easy because they got only one or two items wrong in the
test and had no discussion at a ll with the ir tutors, or they got several
items wrong and therefore considered that the time allowed for such 
discussion was too short. Typical comments given by both groups of 
students were:
" I t  was not rea lly  useful at a ll since there were 
only a couple of things I had forgotten." (October 1977)
"The time allowed to find my mathematical background was 
too short." (October 1977).
5.3 DIAGNOSIS BY MEANS OF THE THINKING-ALOUD APPROACH IN COMBINATION 
WITH OBSERVATION AND RETROSPECTIVE INTERVIEW: THE T .A .O .I. METHOD
5.3.1 The Thinking-Aloud Approach
The thinking-aloud approach is a method which has been used in Psychology 
of Thinking 'in  order to get protocols from which typical sequences of 
steps towards the solution in a problem solving situation may be 
reconstructed' (Llier 1973, p 301). This method has been widely used in 
problem solving situations for a variety of reasons. For example, i t  has 
been used to formulate theories of human problem solving (Newell e t al 
1958), to examine the role of mediating response in anagram problem 
solving (Mayzner et al 1964), to seek stages in the process of problem 
solving (Green 1966), to relate methods of problem solving to factors of 
intelligence test performance (Groot 1966), to develop strategies of
proDiem solving (uorner iy /3 , Luer iy /3 ), to seek 'bases' from which 
students and graduate structural engineers attack problems concerned with 
the behaviour of structures (Cowan 1977).
As we can appreciate from the above examples, the thinking-aloud approach 
has basically been used with the idea of finding out the process of 
thinking of human problem solving. I used this method in combination with 
observation and interviews fo r a rather d ifferen t purpose, namely to 
diagnose mathematical d iff ic u ltie s  students have in solving mathematical 
problems based on mathematics they are supposed to know. All students who 
took part in the exercise described in the following sections were 
volunteers. I had explained to them the object of the exercise and that 
the problems they would be asked to solve were based on mathematics they 
were expected to know by the time they arrive at University.
5 .3 .2 The Procedure
5.3 .2 .1  A f i r s t  group of students
A group of 8 students entering engineering courses at the University of 
Surrey in 1978 were given a mathematics test of twenty open-ended 
short items (see Appendix I)  and were asked to 'think aloud1 as they worked 
towards the solution of each of the problems in the test. In the meantime, 
I observed them and took notes of 'when' and 'where' they had d iff ic u lty  
in th e ir working.
After they had finished with the te s t, they were mtefMtesxJcdl retrospec­
tiv e ly  about the problems in which they appeared to have had d if f ic u lty ,  
as revealed by the observation. The reason why this criterion  was 
adopted as the basis for the interview was because the overall object of
the exercise was to diagnose the mathematical d iff ic u ltie s  that each 
student encountered when solving the problems in the test. I should point 
out here that this exercise was carried out with each student 
individually.
There were some cases in which I asked students about what there was in 
the ir minds when they hesitated or stopped working on a problem for a few 
seconds. Their reply was that they did not remember. I t  would appear 
that one reason why this happened was that the students took between half 
an hour and 45 minutes to complete the test and some of the questions I 
asked them in the interviews required them to remember what had been in 
th e ir minds perhaps 30 minutes before the interview situation. In spite 
of this inconvenience, i t  was possible to say what mathematical 
d iffic u ltie s  students had in th e ir solution to most of the problems and 
then suggest appropriate revision work (the actual revision work is fu lly  
treated in Section 5 .5 .4 ).
The following two examples and diagnoses of what came out of the use of
the T .A .O .I. method give some indication, i t  is believed, of the value of
the method (see also examples Nrs 1 and 2 in Appendix R).
The problems in these examples are:
( X 3 ) l
1. Rewrite as a single power of x : — s
(X2) 3
2. Solve for x the inequality 2 -  3x < 7 
Keys:
1. Remarks in round brackets ( ) are remarks made by the interviewer.
2. Remarks in square brackets £ ]  are explanatory notes.
LXAHKLt No . .1
(a) Solving the Problem
STUDENT’S PROBLEM
[He writes the question and the fraction  
that follows but then stops w r it in g ]
STUDENT'S WRITTEN ANSWER
(X3) 1
(X2) 3
3 / 2
"I am not sure whether I should add or 
multiply the powers of x a t the moment. 
This is holding me up."
[  Long pause ]
[He crosses out the 5. writes 6 instead 
and completes the so lu tio n ]
3/2  
x___
xP 6
3/2=  X 0/  ^  x X
9
= x“2
(b) Interview (Transcribed audiotape)
_  ( x 3 l  2 X 3 / 2(You wrote this b it  [  ■ —0- -r  = — =— J but then you decided to change the
(x2) 3 x5
5 for 6 . . . )
2Yes, what I was trying to work out was that . . . .  you have got x in 
brackets . . .  cubed . . .  urn... now, in that case you either are going to
multiply the two powers of x together or add them together, and when you 
2 2have got x times x , i f  you multiply before you can add at that time, 
and vice versa
? 2[what he meant was that when you have x x x , you can either m ultiply the 
two powers together or add them together ]
I was trying to work i t  out. I did that [ i . e .  he added] and I thought
a b it  harder that i t  was rea lly  rather s i l ly ,  I was going the other way
round, so I changed i t  [ i . e .  he changed from 'add' to 'm ultiply ' the 
2 3two powers in (x ) ]
(c) Diagnosis
i )  In his working on the problem the student was not sure of whether he
2 3should add or multiply the two powers in (x ) . He f i r s t  added the 
two powers together but then he changed his mind and m ultiplied them 
together.
i i )  I t  would appear that he got confused by the rules xm x xn = xm + n 
and (xm) n = xm* n, as both rules give the same result in the cases
2 2 2 2x x x and (x ) , and this was the example that he had in his mind 
when he got to the point in which he had to decide which of the two 
rules he should apply.
i i i )  Since the student stopped talking when he got stuck and he said no 
word during the rest of the time he spent on the solution of the 
problem, I would not have been able to detect his d iff ic u lty  except 
through the interview that followed his completion of the test (and 
the observation which enabled me to note that he seemed confused).
EXAMPLE No. 2
(a) Solving the Problem
STUDENT'S COMMENT 
[He writes the problem ]
[He made no comments when working
STUDENT'S WRITTEN ANSWER
2 -  3x < 7
through this problem and he solved 
i t  quite quickly)
(b) Interview
(Can you te l l  me what you did from here [2  -  3x < 7 ]  to here [-3x < 9 ]? )  
Well, I had to get rid  of . . .  I had 2 -  3x < 7 so I wanted to get the 2 in 
the same side of 7 
(How did you do it? )
So, I wanted to take i f  from both sides . . .  subtract i t  from both sides, 
what leaves me with minus 3x in this side [ Ie f t  hand side of the inequality] 
but to put i t  across the inequality, I changed the sign on this side
[  righ t hand side of the in e q u a lity ] , so I had to take that to the 7 . . .
to take 2 to the 7 to give me minus 3x is less than 9.
( I f  I asked you to transpose this 2 [ i n  2 - 3x < 7] to this side [r ig h t  
hand side of the in e q u a lity ] , how would you do it?  )
A h... i f  i t  had ju st been an ordinary set of equal signs in the middle, I 
had ju s t simply subtracted 2 from each side . . .  ah . . .  leaving me with 
-3x = 5, but because of the inequality sign, I changed the sing of the 2
on the other side of . . .  I took i t  away from one [ i . e .  the le f t  hand side
of the in e q u a lity ] but when I went round to take i t  away from the other 
one [  right hand side of the inequality ] ,  since I sort of got through the 
inequality sigyi, I changed the sign of the 2.
(c) Diagnosis
The mathematical d iff ic u lty  that this student had was a misunderstanding 
of the rules of transposition of terms and factors in an inequality, as he
-3x < 9
„ < §
xenaea xo mix up xne xwo ru ie s .
Here again, the interview situation enabled me to detect what 
mathematical d iff ic u lty  the student had and which would not have been 
possible to detect by other means.
5 .3 .2 .2  A second group of students
With a second group of 5 students the procedure was s lig h tly  changed 
to avoid that the students forget what was in th e ir  minds at the time 
they hesitated or stopped working on a problem. The procedure adopted 
then was as follows:
(a) The problems were written on index cards.
(b) The students were given one problem at a time and were asked to
think aloud as they worked towards the solution of the problem.
In the meantime, I observed what they were actually writing on 
the paper.
(c) Every time that students stopped working or hesitated, before or
a fte r they wrote something down, they tended to stop talking too.
At this moment, I asked them to te l l  me what d iff ic u lty  they had. 
This enabled me to pinpoint the causes of the d iff ic u lty  they were 
having with that particular problem at that particular point in 
th e ir solutions.
I should note here that I did not make students stop working when th e ir  
working was not leading them to the correct answer of the problem. I f  
this was the case, I asked them to explain, a fte r they had finished the
the problem, whatever solution they had without te llin g  them about the 
correctness of th e ir solutions. As the explanation went along,
I asked the students to te l l  me why they had proceeded as they did. Since 
they had ju s t worked on the problem they had no d iff ic u lty  in explaining 
how they had solved i t .  With this procedure i t  was easier to diagnose 
students' d iff ic u lt ie s  in each of the problems they tackled.
The following example and diagnosis of what came out of the use of the 
T.A .O .I. method gives an indication of the value of the method when the 
student is given a problem at the time and the interview take place when 
he is solving the problem or he has just solved is (see also Examples 
Nos 3 and 4 in Appendix R).
EXAMPLE No. 3
PROCESS (Transcribed audiotape)
[He writes down the problem ]
I 'd  make 2x2 - 5x equal to 1 
[pause ]
(Could you say what you intend to do?) 
Probably . . .  take the xs out of the . . .
I don't rea lly  know 
[pause]
I don't rea lly  think I w ill get anywhere 
because of the d ifferen t powers 
[pause ]
I w ill leave i t
(In an exam situation would you leave it? )  
Yes, because whatever you do, you w ill never 
separate the x on its  own
STUDENT'S WRITTEN ANSWER 
2x2 - 5x - 1 = 0  
2x2 - 5x = 1
(Have you solved quadratic.equations 
before?)
Oh yes! That is true , with a formula 
. . .  actually , I w ill s ta rt again 
(So i f  the question had said Tsolve 
this quadratic equation '... you would 
have been able to do i t )
So, i t  e ither factorises or i t  does not.
I could use an equation 
[pause]
I do not think i t  factorises into rational
factors, even i f  i t  does, i t  would not
come out using th e ...  straight on. So
x equals |~ he writes ]  x = A ± /
I cannot remember i t  . . .  urn . . .  I cannot
remember the equation, sorry
(You have had the equation before?)
Yes, in the OND mathematics we were given 
formula sheets with a ll the relevant 
formula in i t  for the exam, so I never 
bothered to learn them.
(Why did you say you could not factorise it? )
Well, I ju s t could not see any way . . .  and I 
do not think there is any other way apart 
from just guessing...
(O.K., le t  us say that we have a book of tables
. • i -b ± /b2 - 4ac riL -<? •,which says x = ----------^ f o r m u l a  is
written by the interviewer on the p a p e r], w ill
that help you or not?)
[He crosses out the equation above]
Yes, I w ill try  i t .  £ He w r ite s ] x _ 5 ± V 2 5 -  4(2)4
so that is 25 -  8 is 17 £ He w r ite s ]  
(What is a, b and c fo r you?)
x 5 ± /1 7 4
a is 2, b is -5 and c is -1 |]He writes] a = 2; b = 45;c = -1
Oh, that is -1 so, i t  is a plus £ He 
changes in the substitution above, He 
wri tes ] x 5 ± /25 -  4 (-2 ] 4
so i t  is . . .  33 instead |]he w rites] x 5 ± /33 4
(Do you have trouble with the signs?)
Yes, I suppose so i f  I am not careful.
Diagnosis
(a) This student did not recognise that the given equation was a
quadratic equation.
(b) Having been told that i t  was a quadratics, he knew that he had to
use a formula but had forgotten i t e
(c) Having been given the formula he was able to substitute correctly
but s t i l l  made a s i l ly  mistake.
5 .3 .3  General Findings
(a) The T .A .O .I. method enabled me to ascertain the d iff ic u lt ie s  in 
mathematics that students had when working on the problems they were 
asked to solve. These d iffic u ltie s  resulted in being due to the following 
reasons:
( i )  Lack of knowledge of the relevant material
( i i )  Forgetfulness
( i i i )  Misunderstanding of concepts or rules
(iv ) S illy  mistakes
(b) With a f i r s t  group of students* each student was given a ll the 
problems at the same time* as is usually done in an exam situation , and 
they were interviewed about th e ir  solution processes a fter they had 
finished with the te s t. The procedure would appear not to have been 
very profitable due to the fac t that the test took 30 - 45 minutes to 
complete and some students had forgotten by then what they had in th e ir  
minds when they were solving some of the problems. This d iff ic u lty  was 
overcome when a second group of students were given one problem at a 
time and interviewed as they went along in th e ir working on each 
problem.
(c) The observation-interview played an important role in  the approach 
because i t  enabled me to ask students about th e ir d iff ic u ltie s  every time 
they were not sure about what they had just done or were about to do.
This observation-interview would appear to be particularly  useful when 
the student stops talking when working towards the solution of a problem.
5.4 CONCLUSIONS
In the previous sections I described how I used the T.T. and the T .A .O .I. 
methods for individual diagnosis in mathematics. The former would appear 
to be particu larly  useful in the case in which a large number of students 
is involved. However, a disadvantage of the method is that i t  requires 
the involvement of a large number of tutors. The experience at the 
University of Southampton showed that students had to queue up (up to 30 
minutes) in order to discuss the te s t, and then only had about 10 minutes 
to actually discuss i t .  An average of 10 minutes for the discussion of
the test might perhaps be enough*for students who only get one or two 
items wrong but not enough for those students who get a larger number of 
i terns wrong.
The other method -  the T .A .O .I. method, would appear to be particu larly  
useful in those cases in which a small number of students is involved 
because i t  requires that the student solve the problem(s) in the presence 
of the person who is to diagnose his mathematical d if f ic u lt ie s .
The experience with two groups of students at the University of Surrey 
revealed that i t  is better to give the student one problem at a time and 
to interview him either whilst he is working toward the solution of the 
problem or immediately a fte r he has solved i t .
5.5 THE REVISION WORK
I have noted e a rlie r  that students entering engineering courses at the 
University of Southampton in 1976 and 1977, and at the University of 
Surrey in 1978 were advised to revise certain topics in mathematics 
according to th e ir performance on a mathematics test (see Sections 5.2.1 
and 5 .3 .2 .1 ). This section aims to discuss the schemes under which such 
revision work was carried out. Since the main mathematics course at the 
University of Southampton was d ifferen t from the trad itional type in both 
years and i t  is related to some extent to the schemes of revision work, I 
shall f i r s t  give some details of the mathematics course before going into  
the details of the scheme.
5.5.1 The Main Mathematics Course
The main mathematics course was a self-paced course, divided into a
a number of well-defined subject areas called blocks. These blocks are 
divided into units; Each unit is designed to cover approximately one 
week’ s work. Each student works at his own pace and in his own way until
he feels that he has mastered the material of the unit. He then attempts
a short te s t, taking about 25 minutes, which is marked by a course tutor
in his presence and discussed with him immediately. The student has to 
exhib it a satisfactory level of competence to be allowed to proceed with 
the next un it. I f  he does not pass the test he is told to study the unit 
again for a subsequent tes t. A flow chart of the self-paced mathematics 
course is shown in Figure 5 .1 .
5.5 .2 The 1976 Scheme
5.5.2.1 The procedure
After each student discussed his pre-knowledge test with a tu to r, he 
was given a card with numbers of the items he got wrong (see Section 5.2 .1) 
and also the Unit 1 of the main mathematics course.
The revision work was carried out in the Departmental Reading Room where 
selected books and programmed materials were available, some of which had 
been specially written for revision purposes (e .g . Flexer and Flexer 1967, 
Nuttall 1973, Potter 1977). In the Reading Room, students had available, 
two folders: one called ' In i t ia l  Procedure' which contained a l i s t  of
a ll the materials associated with each item in the pre-knowledge test 
and which students were advised to consult in the f i r s t  instance; the 
other fo lder, which was called 'Resource M a te ria l', had a l is t  of a ll  
the books and materials concerned with the pre-knowledge test and which 
were available in the Reading Room. Students could use the resource 
material whenever they liked because i t  would be available for them to
FIGURE 5-1: ftOW CHART OF THE MAIN MATHEMATICS COURSE
AT SOUTHAMPTON UNIVERSITY.
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consult through the whole term, but i t  was clearly best to use i t  w ith in j 
the one or two days following the day of the test because of two reasons, 
namely (1) because one tutor would be available in the Reading Room for 
students to consult i f  i t  was necessary, and (2) because students could 
already take the test on Unit 1 of the mathematics course on the third, 
day (in fact 13 students took the test on the th ird day and 47 took i t  on 
the fourth day)c
5 .5c2.2 General findings
Students' opinions about the scheme of revision work were gathered by 
means of interviews held with them when consulting the material in the 
Reading Room and by means of the questionnaire given out in the second 
week of the term (see Section 5 .2 C2). This questionnaire was 
distributed at the beginning of a lecture on another subject, thus i t  
was possible to ensure a high number of respondents„
The most important findings that emerged from the analysis of the 
information collected by these means can be summarized as follows:
(a) Students found the format of the programmed learning materials 
useful for th e ir revision. Typical comments given by them wre:
"[[The] booklets explained in fa ir ly  simple terms the maths 
in ito"
"The booklets tend to be more useful than books„"
(b) There were too many materials on the same topic in the Reading Room 
and students sometimes wondered which ones would be the best to consultc
(c j New m aterials on Aigeora, inequalities  and Trigonometry based on 
students' needs were necessary.
(d) A few students did not have time to revise a ll the topics they 
were advised to revise because they were already expected to take the 
test on Unit 1 of the mathematics course two days after the pre-knowledge 
tes t.
5.5 .3  The 1977 Scheme
5.5.3.1 The procedure
The procedure in 1977 was s im ilar, except that in the lig h t of the 1976 
experience the following changes were introduced:
(a) The pre-knowledge test was revised (see Section 4 .4 .1 ) .
(b) The test was given to all students entering engineering courses.
The breakdown of these students was as follows:
Acoustical: 9
Aeronautics: 44
C iv il: 72
E lectrica l: 41
(c) The period of revision work was extended to one week.
(d) New materials on Algebra, Inequalities and Trigonometry were
specially written for revision (Cohen and D'Inverno 1977, Gonzalez-Leon 
1977a, 1977b).
Electronics: 85
Mechanical: 56
Nautical Science/ 
Ship Science 26
(e) I he following c r ite r ia  to recommend revision work was adopted:
(1) Students who fa iled  items on those parts of the test
associated with Algebra, Inequalities and Trigonometry were 
advised to consult the new material mentioned in (d ). Those 
who were strongly advised to consult these materials were 
required to take, within the revision week, a corresponding 
post-test* on the topics they had revised (see Appending S )e 
Table 5.1 shows the percentages of students who were advised 
to consult material and of those who actually took the 
post-test.
TABLE 5.1
Relation Between the Percentages of Students 
Advised to Consult Material and Students Who 
The Post-Tests (N = 3 3 3 ).
MATERIAL % of Students Advised to Consult the Material
% of Students who 
Took the Post-Test
ALGEBRA 10 6
INEQUALITIES 31 19
TRIGONOMETRY 29 14
(2) Since most of the topics tested by the other items in the test 
would be covered in the main mathematics course, those 
students who fa iled  any of these items were advised to consult 
a formula sheet given out a fter the discussion of the 
pre-knowledge tes t. Those who were very weak in any of the 
topics tested by these items were also advised to consult any 
textbook which dealt with the topics, but no post-test was 
required to be taken.
*  designed by the course lecturers
5 .5 .3 .2  General f in d in g s
As i t  was done with the 1976 group, students1 opinions about the scheme 
of revision work were gathered by means of interviews when consulting the 
material in,the Reading Room and by means of the questionnaire given to 
103 of the 169 students from the C iv il, E lectrical and Mechanical 
Engineering departments in the tu to ria l/tes tin g  sessions of the 
mathematics course during the th ird  week of the term (see Section 5 .2 .2 ).
These three particular groups of students were chosen because they make up 
what might be called the 'classical engineering students', that is , th e ir  
specialities are the ones most frequently found in Engineering Faculties. 
The breakdown of the 103 students who f i l le d  in the questionnaire was as 
follows:
DEPARTMENT NO. OF STUDENTS
C iv il 57
E lectrical 19
Mechanical 27
The most important findings that emerged from the a c tiv ity  of revision 
work were the following:
(a) On the whole students found the scheme of revision work quite 
useful. Typical comments given by them in this sense were:
"The revision work was very helpful. I t  acted as a lig h t  
which helped me to see the work I did nvc my A-level but 
had forgottene”
i Tuunu trie revision worK very useTUi, as I  naa not 
done mathematics fo r some time. The knowledge gained 
has been o f assistance in the units [ o f  the 
mathematics course] since then."
"The revision work was very useful in helping me 
to remember my A-level mathematics. I t  also 
covers points that my teacher forgot to verify  
when I was doing my A -level."
(b) Some of the weakest students would have liked to have longer time 
for revision or to take home the revision materials because they did not 
have enough time to revise a ll the topics they should revise.
C ritica l comments included:
" ( I)  could have taken longer time over i t  -  for people 
who have forgotten a great deal -  but obviously more 
than a week was not available." (This particular student 
got 8 marks in the pre-knowledge test and took the post­
tests on Inequalities and Trigonometry.)
"I wish I had had more time to look at the other revision 
booklets, or perhaps they should be made available to 
take out on a loan basis so that I could have more time 
to read them."
(c) Students found the programmed material useful for th e ir  revision 
work due to the characteristics of the format of the m aterial. Some of 
the advantages they found were : ( i )  the material is presented 'b it-b y -
b i t ' ,  that is , the step-by-step format of the programmed texts;
( i i )  the student only needs to go through those frames related to the area
in which he needs revision. One student pointed out:
"I found i t  most useful and fa r better than slogging 
through a text book .trying to find the relevant 
pieces of information."
Similar comments were also made about the booklet on Algebraic Manipulation. 
One student pointed out:
"Many examples which are given are useful and very 
simple steps are shown."
(d) I went through the scripts of the post-tests to see how students' 
performance on them compared to th e ir performance on the pre-knowledge 
test and I found that some students had d iffic u ltie s  with Item No 10 in
the post-test on Trigonometry and with Item No 5 in the post-test on
Inequalities (see Appendix S). The reasons why this happened would 
appear to have been that: ( i )  the revision material did not cover the
topic area involved in this item despite the topic area being also 
tested in the pre-knowledge te s t, and ( i i )  the revision material on 
Inequalities did not have enough worked examples of the type involved in 
Item No 5 in the post-test.
(e) The post-tests on Algebraic Manipulation and Trigonometry besides 
testing the material tested in the pre-knowledge test also included items 
on the following topic areas:
Algebraic Manipulation: Polynomial factorisation
-  Solution of sets of simultaneous 
linear equations
- Rationalisation
- Division of polynomials
Trigonometry: -  Application of Sine and Cosine rules
- Application of formulae to evaluate 
sin(A + B) and sinA + sinB
I t  would appear that students did not have d iff ic u ltie s  with these new 
topic areas because they were covered by the corresponding materials. 
However, i f  these new topic areas are rea lly  necessary, they should also 
be tested in the pre-knowledge te s t, otherwise, the two post-tests should 
be revised to match exactly the pre-knowledge te s t.
5 .5 .3 .3  Follow-up ac tiv ities
I followed-up the C iv il, E lectrical and Mechanical engineering students 
(169 students) by looking at th e ir performance on the items in the early  
tests of the mathematics course which were d irectly  concerned with the 
revision work. The findings that came out of this follow-up can be 
summarized as follows:
(a) Algebraic Manipulation: The students had to put into practice
th e ir  s k ills  on algebraic manipulation in the evaluation of 
lim its in the test on the f i r s t  unit of the main course. Their 
performance was fa ir ly  good, as nobody fa iled  in evaluating these 
lim its  due to algebraic manipulations; however, the kind of problems 
they had to deal w ith, in this case, were less hard than the kind of 
problems they had to deal with in the revision work.
(b) Trigonometry: In the test on the second unit of the self-paced
course there was the following question:
-1"Given that e = cos ( - | )  find the values of:
i )  e i i )  sin e. (This question is sim ilar to one
which appeared in the post-test on trigonometry.)
50 of the 169 students of C iv il, E lectrical and Mechanical 
engineering fa iled  in this question (36%). One of the reasons for 
this is that in some cases the students sketched the graph of the 
sine function instead of the cosine function to find the value of e. 
According to the answers the students gave on the te s t, a large 
number o f them were confused by the minus sign in the problem as 
some of them gave a solution of e = cos"  ^ ( | )  and some chose the 
wrong quadrants.
(c) Inequalities: In the tests on the f i r s t  and second units of the
main mathematics course students had to deal with the symbols < 
and >, and also with the meaning of absolute value. They did not 
have any problem with th is . No test dealt with solving 
inequalities.
5 .5 .4 The 1978 Scheme
5.5.4.1 The procedure
After each student had completed the session of diagnosis with interview  
(see the T .A .O .I. method in Section 5 .3 .2 .1 ) he was given a card with the 
number of the items he had got wrong and a l is t  of materials (books and 
booklets) associated to each item in the test. The l is t  made reference to
thosef.of each material which were particu larly  relevant to each item in 
the te s t, that is , the references were 1 item-material-pages1.
Students were advised to use these materials, which were available in the 
Resources Centre of the In s titu te , whenever they liked within the following 
week because they should take a post-test on items sim ilar to those in \ 
which they had encountered d iff ic u lty  in the pre-test a fte r they had 
finished the revision work. Students' performance on the post-test was 
generally satisfactory with the exception of one student who changed his 
department a fte r three weeks because he realised that he was very weak in 
mathematics. (This student had Grade E in his A-level mathematics and 
had a break of one year between school and university.)
5 .5 .4 .2  General findings
Students' opinions were gathered by means of an interview held with each 
of them immediately a fte r they took the post-test. The main findings that 
came out of these interviews were:
(a) Students liked the idea of having a l is t  ' item-material-pages' 
because i t  enabled them to find very rapidly the material they 
should revise.
(b) Students found the post-test as a motivational factor for the 
revision work.
The follow-up meetings were held with the students with the purpose of 
gathering th e ir  feedback about the usefulness of the revision work 
a c tiv ity . Indeed, they said that they had used a ll the topics covered by 
the test during th e ir f i r s t  term at university. They also said that i t
was an advantage to have participated in the ac tiv ity  of revision work 
because they could do the actual revision at the beginning of the term 
and not when they were already immersed in th e ir courses.
5.6 CONCLUSIONS
On the whole, the three groups of students involved in the schemes 
discussed in this chapter found the ac tiv ity  of revision work useful and 
a good s tart for th e ir  university courses, as they could revise those 
topic areas in mathematics which they would need in th e ir f i r s t  year 
courses and they had forgotten or had not covered at school.
Four elements have characterized the schemes of revision work used in this  
study. These elements are the following:
Materials Materials specially written for revision purposes were 
used. Students found that this type of m aterial, most of which was 
programmed, was quite appropriate for th e ir  revision work. In this 
respect, a word of caution should be added here. The material for 
revision purposes may not be suitable for those students who did not 
cover.the subject matter at school, as they assume that the student has 
studied the topic before and therefore do not cover the theory in d e ta il.
Management The process by means of which the students selected 
and used the materials played an important role in the carrying out of 
the exercise of revision work. Two folders - In it ia l  Procedure and 
Resource Material - served as a guide for the students of the 1976 and 
1977 groups because they indicated which materials they should use 
according to th e ir individual needs. The 1978 group used a l is t  sim ilar 
to the one included in the folder In it ia l Procedure but the references in
i t  were 1 item-material-pages' instead of 'item -m ateria l'. This enabled 
the students to know more precisely what they should look for in each 
m aterial. Students said in interviews that this type of reference (item- 
material -pages) was an advantage because they could find what they needed 
to revise more quickly.
Time The time and fa c il it ie s  a llo tted  for the revision work seem 
to be of great importance for the weakest students. In spite of having 
extended the period of revision work from two days (in  1976) to one week 
(in 1977), some of the weakest students did not have time to revise a ll 
the topic areas they were advised to revise. This problem was overcome 
in 1978 when the students were allowed to take home, on an overnight loan 
basis, some of the revision materials, and then to return them early in 
the morning of the following day.
Motivation The post-tests seem to have acted as a motivational 
factor for the students to do the recommended revision work. I t  should be 
made clear here that the post-tests should only cover the same knowledge 
tested in the pre-test.
CHAPTER 6
MATHEMATICAL NEEDS OF STUDENTS 
AT THE INTERFACE SCHOOL-UNIVERSITY
6,1 INTRODUCTION
We have seen in the chapter on the lite ra tu re  review ( i ,e .  Chapter 2) 
that there are three factors which have influence on the mathematical 
competence at the transition between school and university, namely,
(1) topics not covered at school, (2) admission of students who 
might have not studied at the level required by th e ir university courses 
some topics in mathematics, and (3) admission of students who may have 
become out of practice in handling mathematical problems. Due to 
th is , students entering engineering courses in particular might not have 
the mathematical knowledge and sk ills  needed to cope with th e ir f i r s t  
year engineering courses. This fact led the Department of Mathematics 
at the University of Southampton to give students entering engineering 
courses revision work in mathematics based on th e ir performance on a 
mathematics pre-knowledge test. I found that in 1976 and 1977, the students' 
performance on the pre-knowledge test was inadequate and that one of the 
reasons why this happened was because they had forgotten, due to the 
break between school and university, part of the material tested, i .e .  
the students' mathematical needs were affected by the break. To see 
whether these needs were d ifferen t at the point of leaving the sixth form, 
a mathematics test was administered to sixth form school leavers in 1978 
and 1979, a few weeks before they sat th e ir mathematics A-level examination.
This chapter deals with the mathematical needs of students entering 
engineering courses (in  1976, 1977 and 1978) and of sixth form students 
(in  1978 and 1979) according to th e ir performance on the test mentioned 
above, I should point out here that since one of the purposes of testing 
students was to describe which learning tasks they could and could not 
perform, rather than to rank students in order of achievement, the
analyses discussed here are criterion-referenced (considering the whole 
group of students) rather than norm-referenced (see sections 4.2 and 
4 .5 .4 .2 ).,
6.2 UNIVERSITY ENTRANTS NEEDS
In October 1976, 1977 and 1978, groups of students entering engineering 
courses were given a mathematics test which had been developed over the 
period 1976-1978. I shall present the analyses of students' performance 
on these tests in a chronological order and discuss the mathematical 
needs in each case according to th e ir performance on each item.
The test was administered to the 1976 and 1977 groups in a scheme of 
revision work in which each student should (a) take the te s t, (b) discuss 
i t  with a tu to r, and (c) revise those topics in which his performance on 
the test was inadequate.
6.2.1 The 1976 group
A group of 61 students entering engineering courses at the University of 
Southampton was given a test covering mathematics prerequisite for th e ir  
f i r s t  year mathematics course (see section 5 .5 .1 ). This test consisted 
of twenty multiple-choice items (see Appendix J) and covered the 
following topics:
TOPIC ITEM NUMBERS
1. Algebra
2. Inequalities
3. Binomial Theorem
4. Limits
5. Trigonometry
6. Logarithms and Exponentials
7. Co-ordinate Geometry
8. D ifferen tia l Calculus
9. Integral Calculus
1- 4
5
6
7- 8 
9-12
13
14 
15-16 
17-20
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r ig . o .i snows a mstogram or percentages of a ll students' wrong answers 
in the test. From i t  we can appreciate that the overall students' 
performance on the test was quite inadequate in a ll the topics in the 
test except Algebra and D ifferen tia l Calculus. The other topics tested 
by the remainder items (13 items) were answered wrongly by more than 
25% of students.
I found through interviews and a questionnaire (see section 5 .2 .2,) that the 
main reasons why students fa iled  these 13 items were either because they 
had forgotten the material tested, because they found the material new to 
them, or because they made careless mistakes. Table 6.1 is derived 
from the results of the questionnaire f i l le d  in by students. I t  shows
T A B L E  6.1 
MATHEMATICAL NEEDS IN 1976 :
TOPICS FORGOTTEN BY STUDENTS OR NEW TO THEM (N =61)
T O P I C
S T U D E N T S
% FORGOTTEN % NEW
Inequalities  
Binomial Theorem 
Limits
Trigonometry 
Integral Calculus
15 12 
37 6 
42 13 
40
28 1
the percentages of students who had forgotten the material in the test 
or found the material new to them.
According to the results presented in Fig. 6 .1 , i t  can be concluded that the 
students entering C ivil engineering courses at the University of Southampton 
in 1976 presented a very low performance on the d ifferen t topics
tested, with the exception of Algebra and D ifferentia l Calculus, that 
is , the mathematical needs of these students were in Inequalities, 
Binomial Theorem, Limits, Trigonometry, Logarithms and Exponentials, 
Co-ordinate Geometry and Integral Calculus.
6 .2 .2  The 1977 group
In 1977, a ll 333 students entering engineering courses at the University 
of Southampton were given a revised version of the test given to the 
1976 group (see Appendix K). This test covered the following topics:
TOPIC ITEM NUMBERS
1. Algebra 1-4
2. Inequalities 5-6
3. Binomial Theorem 7
4. Trigonometry 8-12
5. Logarithms and Exponentials 13-14
6. D ifferen tia l Calculus 15-16
7. Integral Calculus 17-20
Fig. 6.2 shows a histogram of percentages of a ll students wrong answers 
in the test. From i t  we can appreciate that as i t  happened with the 
1976 group , the overall students' performance on the test was quite 
inadequate in most topics. I t  shows that there were 11 items which were 
answered wrong by more than 25% of students, that is , again a ll topics 
covered by the test except Algebra and D ifferen tia l Calculus,
Here again there were students who found part of the material tested 
new to them, although the main reason for fa ilin g  items in the test seems 
to have been that they had forgotten the material (see Table 6 ,2 ).
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T A B L E  6, 2
MATHEMATICAL NEEDS IN 1977 :
TOPICS FORGOTTEN BY STUDENTS OR NEW TO THEM (N = 103)
T O P I C
S T U D E N T S
% FORGOTTEN % NEW
Inequalities  
Binomial Theorem 
Trigonometric formulae 
Logarithms
D ifferen tia l Calculus 
Integral Calculus
21 17 
25 4 
44
13 1 
13 3 
24
The mathematical needs of this group of students were sim ilar to those 
of the 1976 group. I t  should be noticed that Limits and Co-ordinate 
Geometry were not included in the test o f  this group (see section 4 .4 ,2) .
6.2.3 The 1978 group
A new mathematics test was given to two groups of students entering 
engineering courses at the University of Durham, and at Queen Mary College, 
London, during th e ir  f i r s t  two weeks at th e ir  universities (see section 4.6) .  
One of the groups (51 students) took the test in a regular class period, , 
whereas the other group (42 students) was given the test to take home.
The la t te r  group was asked not to use any reference material or help 
from anyone else, that is , to take the test as i f  i t  had been taken in a 
regular class period. The only reason why this group was given the 
test to take home was because a regular class period for the administration 
of the test could not be made available.
The test consisted of twenty open-ended short items (see Appendix I)  
and covered the following topics:
TOPIC ITEM NUMBERS
1. Algebra 1- 5
2. Inequalities 6- 7
3. T r i gonometry 8-11
4. Complex Numbers 12
5. Logarithms 13-14
6. Binomial Theorem 15
7. D ifferen tia l Calculus 16-17
8. Integral Calculus 18-20
The main reason why this test was made up of open-ended short items 
was because the analysis of each of the items in the test could then be 
used to construct distractors for multiple-choice items. However, since 
in th is chapter I am only concerned with students’ mathematical needs, 
here I trea t the test in exactly the same way as I did with the ones in the 
two previous sub-sections, that is , in order to diagnose deficiencies 
(A detailed analysis of the students' performance on the items in the 
test is treated in section 4.6) .
Since the purpose of the exercise was not to see which group of students 
performed better, no comparison was made between them and the analysis 
of th e ir  performance was done considering a ll students as making up a 
single group ( i . e .  93 students).
Fig. 6.3 shows a histogram of percentages of a ll students’ wrong answers 
in the test. From i t  we can appreciate that there were seven items 
in which students' performance was not satisfactory, i . e .  more than 25% 
of the students had d iff ic u lty  with them. The topics tested by these 
items were: Inequalities, Trigonometry, Complex Numbers, Binomial Theorem
and Integral Calculus. The d iff ic u ltie s  encountered by students in each of
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the items in the test are fu lly  discussed in section 4.6. However, I 
shall summarise here the main mathematical needs these students had in 
each of the topics covered by the tes t.
Algebra
There were students who did not know the general formula to solve 
quadratic equations and students who knew i t  but who did not know how to 
apply i t .
Inequalities
There were students who did not know the rules for transposition of 
factors in an inequality. There also were students who seemad to have 
worked with solution of inequalities before but who apparently had not 
worked with inequalities involving modulus. They got right.item  
Number 6 ( i . e .  Solve for x: 3-2 x > 4) but got wrong item Nr, 7 ( i . e .
Solve for x: |x-3 | < 2).
Trigonometry
There were students who did not know the trigonometric formulae they 
had to use and there were students who did not know the values of 
sin j  and cos it.
Students’ performance on this topic area was quite inadequate.
Complex Numbers
There were students who did not know how to find the modulus of the 
complex number 4-3i
Logarithms
A small number of students did not know the elementary properties of 
logarithms.
Binomial Theorem
A large number of students did not know the formula to expand a binomial 
as a series. Another group of students committed errors in the 
substitution when using the correct formulae.
D ifferen tia l Calculus
There were two aspects in which students had d iff ic u ltie s  in this topic. 
The f i r s t  one was that some students did not know the derivatives of the 
sine and cosine, and the second one was that there were students who 
apparently did not know that they should apply the chain rule.
Integral Calculus
There were students who did not seem to have known what they should do 
to integrate by parts.
' 6.2.4 Discussion
The mathematical needs of the three groups of students described above 
are summarised in Table 6,3, This table shows the specific knowledge 
and ski l ls in which students encountered d iff ic u lt ie s , and the range of 
percentages of students involved in each case, A study of the results 
presented in this table reveals some points of in terest. These are:
T A B L E  6.3 
MATHEMATICAL NEEDS OF STUDENTS ENTERING
engineering Courses dURtng i 976 - 1978.
KNOWLEDGE AND SKILLS RANGE OF PERCENTAGES
1.0 ALGEBRA
1.1 Application of the laws of exponents 14-20
1.2 Solution of quadratic equations 10-25
2.0 INEQUALITIES
2.1 Rules for transposition of factors in
an inequality 17-32
•k'k 2.2 Solution of inequalities involving
modulus 30-48
3.0 TRIGONOMETRY
3.1 Knowledge of .trigonometric function
values of \  and tt 37-49
** 3.2 Solution of equations such as cos e = \ 46
* 3.3 Knowledge (and perhaps application) of 
formulae to expand sin (x ± y) and
cos (x ± y) 32
* 3.4 Application of formulae for sin x ±
sin y and cos x ± cos y 77
4.0 COMPLEX NUMBERS
* 4.1 Find the modulus of a complex number a + bi 25
5.0 LOGARITHMS
5.1 Application of general properties 5-30
6.0 BINOMIAL THEOREM
6.1 Expansion of a binomial with negative
and fractional exponent 47-59
7.0 DIFFERENTIAL CALCULUS
** 7.1 Application of the chain rule 9-18
8.0 INTEGRAL CALCULUS
8.1 Knowledg'e of standard integrals
8.2 Use of the technique of integration
15r20
by parts 48-58
*  DATA FROM THE 1978 GROUP ONLY
**  DATA FROM TWO GROUPS
(1) Students ' a b ility  to solve inequalities seems to be very poor, 
especially in those inequalities involving modulus,
(2) Trigonometry is maybe one of the topic areas where the students 
showed more d iff ic u lt ie s . The problem of forgetfulness and use
of formulae seems to have its  roots in the fact that students are
used to working with formula books.
(3) The formula to expand a binomial as a series and the technique of
integration by parts seem to be two topics that students forget
most.
Although these topics cannot be generalised as being the mathematical 
needs of students entering engineering courses, they give an indication of 
the percentages of newly enrolled engineering students whose mathematical 
competence in the corresponding topic may be inadequate and where i t  is  
more lik e ly  that a high proportion of students have d iff ic u lt ie s .
6.3 SCHOOL LEAVERS NEEDS
As I have said e a r lie r , one of the reasons why students' performance on 
a mathematics pre-knowledge test was inadequate (in  1976 and 1977) was 
because they had forgotten part of the material due to the break between 
school and university (see section 6 .1 ), Bearing this in mind, I gave 
tests covering mathematics pre-requisite for f i r s t  year engineering courses 
to sixth form students before they sat th e ir A-level mathematics 
examinations in June, This section deals with the analyses of the 
students' performance on these tests.
b. d .  i me i y / b  group
Three groups of sixth form students from three d ifferen t schools were 
given the mathematics test (see section* 5,5. and Appendix L). The 
breakdown of these three groups of students and th e ir respective type 
of school are given in Table 6.4 . Since the purpose of this sub­
section is not to see which group of students performed better, but to 
see what students knew and what they did not know according to th e ir  
performance on the te s t, the analysis was done considering a ll 
students as making up a single group ( i .e .  67 students). I should note 
at th is point that although the students of the three schools studied 
syllabuses from d ifferen t Examining Boards ( i .e .  London and Oxford and 
Cambridge Jo in t), the material in the test was covered by a ll these 
syllabuses.
T A B L E  6.4
BREAKDOWN OF THE SIXTH FORM STUDENTS 
WHO TOOK THE MATHEMATICS TEST IN MAY 1978
SCHOOL TYPE OF SCHOOL NUMBER OF STUDENTS
A Comprehensive 3
B Sixth Form College 34
C Public School 30
A histogram of percentages of a ll students' wrong answers in the test 
is shown in Fig. 6.4. From i t  we can appreciate that students’ 
performance on the items testing Inequalities, Trigonometry, Binomial 
Theorem and Integral Calculus was quite inadequate, as more than 25% of
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students got them wrong. From a scrutiny of the alternatives or tne 
items ticked by students on the test answer sheets, the following 
conclusions could be drawn:
Inequalities
(1) The fact that in Item Number 6 a large number of students did 
not change the direction of the inequality when they divided 
both sides of i t  by -2 ( i .e .  they selected distractor (A) of 
the item) would appear to indicate that they did not know the 
rules for transposition of factors in an inequality.
(2) The fact that the distractor most selected in Item Number 7 
was (D) would appear to indicate that students made a s lip
when adding up -2 and 3 ( i .e .  they seem to have taken - 2 + 3 = ~1).
Trigonmetry
(1) In Item Number 8 i t  would appear that some students either were 
not aware of the sign minus of the operation, or they took
sin ■ ^  = cos tt = 0, as they mainly chose distractor (b) of this  
item.
(2) Students might have got items Nrs. 9,10 and 11 wrong due to the 
fact that they usually work with formula books to do th e ir  course- 
work exercises, and they were required to complete the test without 
the aid of such formula books.
Logan thms
The fact that a large number of students selected distractor
(A) x = e" -  e" in Item Number 14, would appear to indicate that they
a “bconfused this expression with the correct one (C) x = e . This 
seems to indicate that these students have not a clear understanding of 
what loge x = a-b means.
Binomial Theorem
The distractor most selected in Item Number 15 was (B). This would 
appear to indicate that they only had d iff ic u lty  with the signs in the 
expansion of the binomial.
D ifferentia l Calculus
Although some students apparently used the correct rule in Item Number 16 
to d iffe ren tia te  y = x3 - 2x, the distractor most selected in Item Number 
17 was (B). This would appear to indicate that these students got confused 
by the exponent of sin x, as they took (sin2 x) -  cos2 x instead of 
(s in2 x)^=2 sin x cos2 x. This might have happened because no
alternative in Item Number 17 began with 2 (in  the correct answer sin 2x
)
was written instead of 2 sin x cos x). These, and some other students, 
did not realise that they should use the chain rule.
Integral Calculus
(1) The fact that the distractor most selected in Item Number 18 was (B)
would appear to indicate that the students involved mixed up the rules
for integration and d iffe ren tia tio n , that is , they took
/e^x dx = ke^x instead of /e^x dx = ^  e^x.
(2) In Item Number 19, the students were asked to select the substitution
Hythat allowed them to evaluate most readily the integral ;
x  ^1 -x
Since they were not asked to try  th e ir selection to see whether i t  
worked, i t  would appear that they selected what they thought might 
work. This maybe was the reason why a ll the distractors for this  
item were more or less equally selected.
(3) The d istractor most selected in Item Number 20 was (C). This
would appear to indicate that the reason why a large number of
students selected this distractor is the same as the reason given
in (1 ). This seems to be so because distractor (C) is obtained 
2 2xwhen taking v = x and du = e dx and then taking dv = 2x dx and
2x ' i 2xu = e instead of u = j  e . I should point out here that the
students who chose distractor (C) in Item Number 20 were not exactly
the same as those who chose distractor (B) in Item Number 18;
that is there were some students who chose distractor (B) in Item
Number 18 and did not choose distractor (C) in Item Number 20.
Therefore i t  may be concluded that some students encountered this
d iff ic u lty  when they were d ifferen tia ting  and some when they were
integrating.
6,3.2- The' 1979 group
In May 1979, a d ifferen t version of the test on mathematics pre-requisite  
for engineering courses (see section 4.7 ,3) was given to 85 sixth form 
students at a Sixth Form College. This test was divided into two parts. 
Part I consisted of 17 matching items, and Part I I  consisted of 30 m ultip le- 
choice items (see Appendix N). The relation between the topic areas 
and the items in the test was as follows:
TOPIC ITEMS NUMBERS TOTAL NUMBER OF ITEMS
1. Algebra 1--13, 18-23, 26-27 21
2. Binomial Theorem 14-17 4
3. Inequalities 24-25 2
4. Logarithms 28-29 2
5. Complex Numbers 30-33 4
6. T r i gonometry 34-41 8
7. D ifferen tia l Calculus 42-45 4
8. Integral Calculus 46-47 2
Students were allowed to use th e ir  formula books to complete the test 
because they usually used them to solve the coursework exercises. For 
the administration of the te s t, the students had to be divided into two 
groups (one had 38 students and the other 47 students) because in the 
College there did not exist a lecture room in which a ll students could be 
accommodated at the same time. The only criterion  for grouping the 
students was timetable a v a ila b ility . This means that within each of 
the two groups there were students who had d ifferen t mathematics teachers 
(there were 12 mathematics teachers for a ll 85 students). Since the test 
had 47 items and the time available to complete i t  was 60 minutes, a 
half of each group of students was asked to s ta rt the test with Part I and 
the other half with Part I I .  They were also asked to answer as many 
items of the whole test as they could and to leave those items that they 
did not know.
Histograms of percentages of students' wrong and omitted answers for the 
two groups of students are shown in figure 6.5(a) and 6 .5 (b ). From these 
diagrams the following aspects can be seen:
Algebra
(1) Few students got most items on Algebra wrong. This fact would
appear to indicate that most students did not have d iff ic u lty  with 
this topic except for the material tested by Item Numbers 18,21 & 23.
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(2) The fact that in Item Number 18 (quadratic equations) the
distractor most selected was (D) would appear to indicate that
e ither students used the expression x = *  ^ac as the2a
correct formula to solve quadratic equations, or made a s lip  in 
the substitution in the correct formula. These students took 
49 - 4 (3 )(1 ) = 37 instead of 49 - 4 (3 )(-1 ) = 61 under the radical 
sign.
In this case no conclusion can be drawn but i f  the test had 
included another quadratic equation in which c > o, i t  might have 
been possible to ascertain which of the two kinds of errors 
mentioned above a student might have had. I should point out 
here that of the two kinds of errors mentioned above, the la tte r  
was more lik e ly  to occur because students completed the test using 
th e ir formula books.
(3) In Item Number 21 (transposition of formulae), the distractor most
selected was (B). This seems to indicate that students omitted
2
a sign in transposition, i .e .  from WK = VK - TR they implied that 
2
TR = WK - VK. This might have happened due to carelessness in 
the working on the item, but to ascertain this i t  would have been 
necessary to have had another item on transposition of formulae in 
which sim ilar steps had to be taken in the transposition.
(4) In Item Number 23 (Solution of set of simultaneous homogeneous 
equations) the distractors were selected as follows:
DISTRACTOR % STUDENTS
(A) 34
(B) 18
(D) 12
(4) Discussing tnese figures witn tne Heaa ot tne Matnematics 
c°-n-t  -d- Department of the school involved, he said that what might
have happened was that the material in the item had been studied by 
students long before they took the test and, therefore, they 
might have got confused when they dealt with the item.
Binomial Theorem
Very low percentages of students got wrong the items regarding
binomials with positive integer. This would appear to indicate that
they did not encounter any d iff ic u lty . However, in the items regarding 
the binomial theorem for fractional exponents, they seemed to have 
encountered certain d iff ic u lt ie s .
(1) In Item Number 16 students were asked to find the f i r s t  three 
terms of the series obtained in the expansion in powers of x of
i
the binomial (1 + x )4, where o < x < 1. These three terms 
are the following:
1 + i x + i i L J H I  x2 = 1 + Jx - x2 
The responses most selected in this item were:
(D) 1 .+ Jx + -^  x2 and (F) 1 + £x + x2
This would appear to indicate that the students involved took
i -  1 =1 > or I  + 1 instead of I  - 1
(2) The fact that 18% of students did not answer Item Number 17 would 
appear to indicate that e ither they did not have enough time to
answer i t ,  or they did not know how to apply the Binomial Theorem
to a binomial with a negative exponent.
I should note here that a ll students, except two, did apparently have
time to answer Part I of the test. The two who did not have time
did not answer any of the items in Part I .
Inequalities
(1) I t  seems that in Item Number 24 students either forgot to change
the direction of the inequality when they transposed -2 , or 
they did not know they should do i t  (the distractors most 
selected in this item was (B )).
(2) I t  would appear that students implied -3<x-2<3 from the
inequality |x-2|<3 in Item Number 25, but then they added 2 to
the number on the extreme right-hand side in the former inequality , 
and subtracted 2 to the number on the extreme left-hand side, 
that is , from -3<x-2<2 they implied that -3-2<x<3+2 and therefore 
-5<x<5
Logari thms
(1) The fact that the distractor most selected in Item Number 28
was (A) x = ea - e  ^ would appear to indicate that the students 
involved did not have a clear meaning of what the logarithm of a 
number is .
(2) Some students did not know how to expand the logarithm of a
product and of a quotient. The only distractor they selected 
in Item Number 29 was (A).
Complex Numbers
The overall students1 performance on th is topic area was quite good. 
However, there were students who (1) did not know how to find the 
modulus of a complex number a + b i , and (2) did not know how to 
m ultiply and divide two complex numbers. In spite of having used the
expressions:
/Rx (a + bi) (c + di) . (a + bi) (c + d i) but taking
' ' (c + d i) (c -  d i) * * ' (c + d i) (c - d i) (c + d) (c -  di) = c2-d2
(D) a b i
c c
to construct the distractor for Item Number 33, a ll the distractors were 
more or less equally selected.
Trigonometry
The main conclusion that came out of the analysis of the items on 
trigonometry was that a high proportion of students did not know how 
to read (or use) th e ir formula books. As noted e a rlie r  in this
section, a ll students taking the test were allowed to use th e ir  formula 
books (those who did not have one were given one from the Mathematics
Departmental Library). In spite of working on the problems with these
formula books, some students used wrong formulae to solve the problems 
in the items. This is clear from the following facts:
(1) All distractors in Items Numbers 35, 36, 37 and 39 were more or 
less equally selected.
(2) A minimum of 15% of students did not answer Items Numbers 37, 38 and 
39. In Item Number 39 the reason might have been that the
rormuia to De usea naa to De appnea Trom rignt to iert 
(they usually read and use i t  from le ft  to right).
(3) The distractor most selected in Item Number 38 involves the 
product of two cosines when the correct formula involves the 
product of sine and cosine.
(4) The distractors most selected in Item Number 40 were (A) and
(C). This means that the students involved used either the 
expression m2 = n2 + p2 + 2np cos M or the expression
m2 = n2 + p2 - np cos M as the cosine rule. (These two 
expressions were used to construct distractors (A) and (C), 
respectively.
In Item Number 41 the distractor most selected was (A) sin x. 
This would appear to indicate th a t some students realised that 
the given sketch began from 0 and that this occurs with the 
sine curve. However, they did not seem to have realised that 
the curve in the item reaches its  maximum value when the angle 
is ^  and not £
D ifferentia l Calculus
(1) The main reason why students got Items Numbers 42 and 44 wrong 
was because (a) they did not know the derivative of sin x and 
cos x, and (b) they did not know the rule to d iffe ren tia te  the 
product of two functions,
(2) Some students fa iled  Item Number 43 mainly because they applied 
the chain rule once and they should have applied i t  twice ( i .e .  
the distractors most selected were (B) and (C )),
in te g ra l la ic u iu s
(1) Several students mixed up standard rules of derivation and 
integration.
(2) Some students did not know how to integrate by parts (a ll the 
distractors in Item 47 were more or less equally selected).
6 .3 .3  Discussion
The school leavers' mathematical needs are summarised in Table 6 .5 .
This table shows the range of percentages of students involved in
each case, and also includes topics which were in the test of the
1979 group (though not in the test of the 1978 group) on which
students' performance was inadequate. Looking in detail at the results 
presented in this table, some interesting points emerged. These are 
the following:
(1) I t  seems that students do not know the rules of transposition of
factors in inequalities neither how to solve inequalities
involving modulus.
(2) In spite of having given the students of the 1979 group the
opportunity to answer the test with th e ir formula books, they 
had the same kind of d iff ic u lt ie s  as those who did not use i t  
( i .e .  the students of the 1978 group). This seems to imply
that the students either have not got a grasp of the trigonometric 
concepts and meanings of formulae, or they did not know how to 
use th e ir formula books.
T A B L E .  6. 5
MATHEMATICAL NEEDS OF SIXTH FORM 
ICHUOLTEAVERS 'DURING" 1 9 78 -19 79
KNOWLEDGE AND SKILLS RANGE OF PERCENTAGES
1.0 ALGEBRA
1.1 Solution of quadratic equations
1.2 Transposition of formulae
11-22
11-20
2.0 INEQUALITIES
2.1 Rules for transposition of factors in 
an inequality
2.2 Solution of inequalities involving 
modulus
19-38
21-33
3.0 TRIGONOMETRY
** 3.1 Solution of equations such as cos e = \
3.2 Application of formulae to expand
sin (x ± y) and cos (x ± y)
3.3 Application of formulae for sin x ± 
sin y and cos x ± cos y
35 
31*-44 
35*—66
4.0 LOGARITHMS
4.1 Knowledge of defin ition of logarithm 12-26
5.0 BINOMIAL THEOREM
5.1 Expansion of a binomial with negative 
and fractional exponent 18*-56
6.0 DIFFERENTIAL CALCULUS
6.1 Application of the chain rule 14-26
7.0 INTEGRAL CALCULUS
7.1 Knowledge of standard integrals
7.2 Use of technique of integration by parts
15-29
11-42
DATA FROM ONE GROUP ONLY
THIS FIGURE INCLUDES WRONG AND OMITTED ANSWERS
{6) btuaents seem to nave a i-m c u m e s  witn tne expansion or a 
binomial as a series when this has a negative and fractional 
exponent.
(4) Students mix up rules of d ifferen tia tion  and integration.
To end this section I should point out that mathematics teachers say 
that students do not need to memorise formulae because they have 
got a formula book. However, the main finding that came out of the 
analysis of this test was that the fact of the students having a 
formula book is no guarantee that they know how to use i t .  I t  may 
be important that teachers make sure that students know how to use 
th e ir  formula books.
6.4 CONCLUSIONS
The mathematical needs of students entering engineering courses and 
of sixth form school leavers have been discussed in this chapter.
These needs were identified  by means of mathematics tests administered 
to students at the point of entry to university (engineering students) 
and at the point of leaving school (upper sixth students). The 
mathematics test used were based on mathematics regarded as pre­
requisite for dealing with engineering courses, and they were d ifferen t 
versions of a test which was being developed.
Comparing the mathematical needs of the two groups of students, taking 
into consideration the kind of task involved in each of the items in the 
te s t, and relating the items to the topics they covered, i t  was found 
that students at university and at school level had d iff ic u lty  with those 
topics which involved the use of formulae (e.g. solution of quadratic 
equations; application of formulae to expand sin (x ± y) and
cos (x ± y) application of formulae fo r sin x ± sin y and 
cos x ± cos y; expansion as a series of a binomialj and the use 
of the technique of integration by parts). This would appear to 
indicate that students do not actually know formulae because they are 
used to work with formula books at school. From this analysis i t  
was also found that there were some topics which involved the 
knowledge of a concept or of a numeric value which seemed to have been 
forgotten by the students entering university (e .g . the concept of 
modulus, trigonometric function values, and standard in tegrals).
This would appear to indicate that th is  kind of knowledge is forgotten 
more rapidly than others.
The evidence presented here leads to the conclusion that whatever the 
reasons for the lack of knowledge and s k ills  are, a student entering 
engineering courses may need to revise some of the topics presented 
in Tables 6.3 and 6.5. To know exactly what he can and cannot do, i t  
is necessary to diagnose which of the mathematical topics required as 
prerequisite for his f i r s t  year engineering courses he is lacking.
Some approaches by means of which this could be done have been discussed 
in Chapter 5.
CHAPTER 7
DESIGN AND DEVELOPMENT OF MATERIALS FOR REVISION PURPOSES
/
7.1 INTRODUCTION
Three schemes of revision work have been presented and discussed 
in Chapter 5. The evaluation of these schemes have showed that 
those materials where the content is presented step by step were found 
particu larly  useful fo r revision purposes (see section 5 .6 ), This 
would appear to indicate that the type of materials needed for revision 
work should be written in a style d ifferen t from that of normal 
textbooks.
When one thinks about development of materials designed for the revision 
of topics students have lost, for whatever reasons, the following 
aspects should be taken into consideration:
1. As i t  is expected that the student has previously studied, by 
whatever means, the subject matter presented in the m aterial, 
this does not necessarily include details of the theory involved 
in i t .
2. The material should emphasize the mastery of working techniques, 
rather than the understanding of the techniques in depth, 
otherwise the student may be learning new subject matter rather 
than revising i t .
3. I t  is assumed that the student could only spend a lim ited period of 
time on the revision of the topic, therefore, the material should 
fa c ilita te  as much as possible the acquisition of the s k ills  
needed by students.
These three considerations were taken into account for the design of 
two revision materials - Trigonometry and Algebraic Manipulation, which
were neeaea ror xne revision worx in maxnemaxics ax xne umversixy o t  
Southampton (see section 5 .5 .2 .2 ). This chapter deals with the design 
and development of such materials.
7.2 THE BOOKLET ON TRIGONOMETRY
When preparing the booklet on trigonometry, the f i r s t  problem I faced 
was to find a suitable way of presenting the topics bearing in mind the 
three considerations stated in the previous section.
In the revision work in mathematics at the University of Southampton 
in 1976, the students used certain programmed texts (see section 5 .5 .2 ) , 
some of which had been specially written for revision purposes (e.g.
Flexer and Flexer 1967; Nuttall 1973). This experience revealed that 
the students preferred to work with programmed materials rather than with 
the books written in normal textbook style. They argued that in the 
programmed texts the material was presented ’b it  by b i t ’ whereas in 
normal textbooks i t  was not.
The lite ra tu re  on programmed texts shows that they have been used fo r;
(a) complementation - to replace the customary form of instruction fo r a 
particular objective of the curriculum (e.g. B.ajpai and Calus 1970,
Stroud 1969), (b) enrichment - to provide intensified understanding
of a particular topic (e.g. Hogg 1967), (c) remediation - to give the
student another opportunity to tackle the subject matter in which he 
has encountered d iff ic u lt ie s  (e.g. Unwin and Spencer 1967), and '
(d) revision - to aid the student to revise portions of previous instruction  
(e.g. K ilty  1975). I t  must be borne in mind that the circumstances 
surrounding the use of programmed texts for enrichment, remediation and 
revision purposes are certain ly d ifferen t from those surrounding the use
of programmed texts for the purpose of complementation because in the 
former case i t  is assumed that the student has previously studied, by 
whatever means, the subject matter in the programme whereas i t  is not so 
in the case of complementation. In addition to th is , remediation is 
very sim ilar indeed to revision, as in both cases i t  is assumed that 
the student needs to go through the material whereas i t  is not 
necessarily so in the cases of complementation and enrichment. Studies 
carried out in the U.S.A. revealed that programmed texts seemed to have 
major value for these four purposes, but not for taking over a major 
part of instruction in a given subject (Gage and Berliner 1975). I t  
has also been found that learning time is less in those subjects where the 
objectives are clearly  defined, and where graded exercises and 
repetitive  practice are required (Henderson 1969).
All this seems to indicate that programmed materials are useful for a 
student who has studied the topic area before and wishes to revise i t  
in a short time.
Bearing in mind a ll these facts , I decided to write the booklet on 
trigonometry using programmed learning techniques. Before going into  
the details of the design and development of the booklet, I shall f i r s t  
present some general aspects of programmed learning,
7.2.1 Some aspects of programmed learning
The f ie ld  of programmed learning or programmed instruction as i t  is also _ 
called, is based in part on certain principles of psychology derived from 
laboratory studies of human and animal learning.
Three psychologists, Sidney Pressey, Norman Crowder and specially  
B.F. Skinner, have been the pioneers in the development of self-teaching
devices and materials, Sidney Pressey is regarded as the originator of 
the devices. He issued the f i r s t  published report of a teaching machine 
in 1926 (Pressey 1926). His original machine taught one student at a 
time by asking questions to which the student responded by pressing 
one of four buttons. I f  he was correct, the machine responded by going 
on to the next question; i f  he was wrong, the machine did not move on 
until the student selected the correct response. The present interest 
in programmed learning and teaching machines is specifica lly  attributable  
to the writings of Professor B. F. Skinner in 1954 and 1958 (Skinner 1954, 
1961). Skinner's thinking on learning theory and his experiments 
brought him to the concept of teaching machine programming.
Skinner's central convictions were:
(a) Any unit of subject matter that had to be learned could be 
broken up into a large number of very small steps, each one 
with an increment of successive approximation to the fina l 
mastery of the whole topic,
AND
(b) Frequent rewards a fte r small units of work ( i .e ,  immediate 
knowledge of results).
Norman Crowder is regarded as the originator of the type of programme 
called Branching or In trins ic  (Crowder 1959),
A typical defin ition  of a programme is that given by Lysaught and 
Williams (1963):
" . . . .  is a carefully ordered and organized sequence of 
material to assure the best possible learning conditions 
for a student" (p .16),
i carried out a review or textbooks on programmed Learning with tne 
purpose of finding out the characteristics or principles of programming, 
Lysaught and Williams (1963), Meyer (1969), Rowtree (1966) and 
Skinner (1961), among others, have described a number of characteristics  
or principles which might take the following form:
(1) Assumptions about the learners, A programmer has to make a certain
assumption about the students to whom his programme is directed,
(2) E xp lic itly  stated objectives. The programme aims to get the 
student to perform in a very specific way. The objectives of the 
programme must be carefully expressed in clear behavioural terms,
(3) Logical sequence of small steps, A logical sequence of
information is presented - one small unit at a time -  to the 
student. These steps or units are usually called items or 
frames.
(4) Active overt response. The student responds actively to each 
frame.
(5) Immediate knowledge of results, The student gets immediate
knowledge of whether his result is correct. The correct answer 
or ,,confirmation', of the frame appears immediately in the 
following frame,
(6) Self-pacing. Each student works at his own.best pace,
A group of American psychologists put on paper -in  a foFm of 
textbook - some programmes used by teaching machines (Crowder 1959,
Hofflme and Glaser 1959, Meyer 1962). This was the beginning of 
the emphasis upon programtes as a separate en tity  in the form of
programmed textbooks.
7 .2 .1 .1  Types o f programmes
There are many types of programmes and they range from the en tire ly  
linear or extrinsic programme at the one extreme, to a fu ll branching or 
in trin s ic  at the other. The former was developed by Professor 
B.F. Skinner and is based on the operant conditioning theory of learning 
(Skinner 1961). In a linear programme, each student goes through the 
same instructional sequence, along a single lin e , i .e .  a ll students see 
the same sequence of information. A diagram of the process would look 
like  that in f ig . 7.1. In a linear programme the learner has to 
'construct1 his response-to each frame. Typically the frames are 
short, although there is no general agreement on what is meant by 
's h o rt'.
FIGURE 7.1 : Sequence in a linear programme
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As human learning takes place in a variety of ways, Glaser et al (1962) 
points out:
"The d iffe ren tia l effectiveness and characteristics of 
learning by means of programmed text procedures should be 
investigated for high - , how - , and exceptional -  
aptitude students to the degree that i t  would be feasible to 
construct d iffe ren tly  programmed textbooks or d ifferen t 
subsequences within a program to fa c ilita te  optimal learning".
(p .443)
Due to th is , some modifications have been introduced to the basic 
linear programme. Most of them are in the same line as the linear  
programme and are usually called skip linear. This type of 
programme has, at certain key points, frames which test whether the 
student has mastered what he has studied in the previous frames.
In each of these frames, i f  the student's response is correct, he is 
instructed to skip ahead to another part of the programme, i f  not, he 
goes through the normal sequence of the programme in order to revise the 
subject matter involved in the previous frames. A diagram of the 
process would look like  in f ig . 7.2. In this example, i f  the 
student's response to frame 10 is correct, he skips to frame 14, 
otherwise he goes on to frame 11.
FIGURE 7.2 : Example of a sequence in a skip
linear programme
The other type of programme - branching programme, was developed by 
Norman Crowder from his experiences in training armed forces personnel 
to understand and use electronic equipment (Lysaught and Williams 1963). 
According to Crowder (1962), the student is given the material to be 
learned in small logical units ( i .e .  frames). Each of these frames 
is followed by a multiple-choice question and the student's choice 
determines d irec tly  and automatically what frame he w ill see next.
I f  the student chooses the correct answer to the frame, he is referred  
to the next frame in the main sequence of the programme, but i f  he 
chooses an incorrect answer, he is referred to frames written  
specifica lly  to correct the particular error he has just made 
(remedial frames).
At the end of the remedial frame(s), the student w ill be either directed 
to return to the original frame to have a second try  at the original 
question, or asked a question sim ilar to that in the original frame.
At this point there w ill be another branching. A diagram of this  
process would look lik e  that in f ig . 7.3.
FIGURE 7.3 : Example of a sequence in a branching
programme (Source: Appendix V<)
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7 .2 .1 .2  Programmed texts
Let us now relate the principles of programming mentioned at the 
beginning of section 7.2.1 to the specific cases of programmed texts.
A general feature of a programmed text is that the material being 
taught is being broken down into small steps which are called frames. 
Each frame presents a certain amount of information and also requires 
the student to use what he has learned by asking him to give an active 
response -  f i l l  in a blank, solve a problem, derive a formula, select 
the correct answer from among several alternative answers, complete a 
diagram, e tc ., before he goes on to the next frame. After the student 
has given his response, he gets immediate knowledge of whether
his result is correct, I f  his answer is r ig h t, he is asked to go
to the next frame in the main sequence of the programme, otherwise he ■
is asked either to revise the frame again or to go to another frame in
the programme in which he is given additional explanations and/or 
examples, or simply to go to the next frame in the main sequence.
Now I shall turn to the details of the design and development of the 
booklet 'Programmed Trigonometry'.
7 .2 .2 Design and development of the book-let 'Programmed Trigonometry'
7.2 .2.1 Stages in its  design and development
The characteristics of programming mentioned in section 7.2.1 were 
the basis for the d ifferen t steps I followed in the design and development 
of the booklet. These steps are represented in the diagram in f ig .7.4 
and are described overleaf.
(1) Assumptions about the learners
The f i r s t  thing in the design of the booklet was to ask myself 
the question: To whom is the booklet addressed ? ( i .e .  what is the 
audience ?). The answer to this question was: 'The booklet is
addressed to students entering university courses in science and 
engineering who need revision in trigonometry'. Thus the booklet 
should be written bearing in mind that the students whom i t  is 
addressed to would have studied trigonometry at school and are 
therefore fam iliar with the subject matter.
(2) Outline of the contents
The outline of the contents of the booklet was in i t ia l ly  derived from 
the contents of a number of A-level mathematics syllabuses (Ooint 
Matriculation Board 1976, The Associated Examining Board 1976)..
This outline was then discussed with some mathematics lecturers at 
the Universities of Southampton and Surrey, and with some other
FIGURE 7.4 : DIAGRAM OF THE
STEPS FOLLOWED IN THE DESIGN AND DEVELOPMENT 
OF THE BOOKLET ' PROGRAMMED TRIGONOMETRY'.
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people rarrn n a r with the subject matter. As a result of 
these discussions, a revised outline of the contents of 
Trigonometry was agreed for the booklet, and i t  was also agreed 
that the booklet should have an introductory section with the 
basic defin itions of an angle and some related topics in 
Cartesian Geometry because they were prerequisite for dealing 
with Trigonometry. As a consequence of the la t te r , I produced 
an outline of the topics in Geometry and Co-ordinate Geometry 
I thought were prerequisite for the mastery of the topics on 
Trigonometry, and discussed i t  la te r  with the same people.
As a result of these discussions, we agreed on the outline of the 
contents of this introductory section.
Writing and ordering the objectives
After having decided on the contents of the booklet, my next task 
was to write down a l is t  of the behavioural objectives for the 
booklet, i .e .  what the student was expected to do upon completing 
the booklet, and to arrange them in a logical order. Each 
objective was based on the three characteristics of a behavioural 
objective according to Mager (1975), that is , (a) Performance,
(b) Conditions, and (c) Criterion. All these objectives were 
also discussed with lecturers fam iliar with the subject matter 
and then revised accordingly,
Selection of programming model
Once the objectives had been id en tified , the next step was the 
selection of programming model. Since the booklet should have, 
as i t  was noted e a r lie r , an introductory section on Geometry and
Co-ordinate Geometry, I s p lit  the booklet into two sections - One : 
Angles and Cartesian Geometry, Two : Trigonometry - and selected
programming models for each one (linear and branching, respectively). 
I chose the linear programme for the f i r s t  section for two reasons:
( i )  because linear programmes require each student to go through 
the same instructional sequence (see section 7 .2 .1 .1 ) and in our case 
a ll students were expected to revise a ll the section, and(2) 
because the student was expected to go fa ir ly  quickly through the 
material included in the section.
The branching programme was chosen for the second section because the 
contents of this section ( i .e .  Trigonometry) was the main concern of 
the booklet and the'branching technique made i t  possible to give 
more remedial work for those students most in need (see section 
7 .2 .1 .1 ).
Writing the frames
Before starting the actual writing of the frames of the two 
programmes, I carried out a review of textbooks on programmed 
learning with the purpose of finding out the characteristics of 
a frame.
A classical defin ition  of a frame is;
“The segment of material which the student handles at one
time ___  In almost a ll programming methods, 1t w ill
require at least one response . . . .  and provide for 
knowledge of results before the student proceeds to the 
next frame",
(Meyer 1969, p .302,)
Following this d e fin ition , Lysaught and Williams (1963), Thomas et al 
(1963), Taber et al (1965), Leight (1966) and Meyer (1969), among 
others, classify the frames according to th e ir design in the following 
three groups:
(1) Copying frames: te ll  the student something and ask him to
copy one or more words of what he is to ld .
(2) Prompted frames: frames which have a prompt ( i .e .  a stimulus
that makes the correct response more lik e ly  while the student 
is learning).
(3) Terminal frames: have no prompts and test whether the student
has mastery of what is contained in the previous sequence of 
frames of the programme,
A classification which does not follow the defin ition of frame 
given above is the one given by G ilbert (1958), based on the 
function of the frame. This c lass ifica tion , which may be called 
Content c lass ifica tion , can be summarised as follows:
(1) Lead-In Items: do not give new information but prepare the 
student fo r new.
(2) Augmenting Items: cjive information but do not require the
student to make any relevant response,
(3) Interlocking items: require the student to revise established
s k ills  while new information is being presented.
(4) Rote Review Items: present a problem identical to one presented
e a rlie r . (This type of item is particu larly  suggested only for 
those cases in which something has to be learned by memory).
(5) Restated-Review Items: require the rehearsal of a s k ill in
which the problem presented is restated in a d ifferen t way.
(6) Delayed Review Items: allow for further practice in material
which has been previously presented in the programme.
(7) Fading Items: give revision while prompts or cues are
gradually withdrawn.
(8) Generalizing Items: point out a common characteristic of
several specific problems previously presented in the programme.
(9) Specific Items: give examples following a rule,
(10) Dovetailing Items; require the student to discriminate between
stimuli in cases in which the student may become confused.
As we can appreciate from the above c lassifications, the characteristics
of a frame depend on the purpose of the frame within a programme.
To write the frames of the programmes of the two sections of the booklet,
I used the aspects suggested by Whalley (1966) fo r the writing of frames
as guidelines. These aspects are:
(a) Each sequence of frames should be developed until a terminal
frame (or possibly several terminal frames) in which the student's 
assimilation of the topic is tested,
(b) The student should be given the feeling that he is always 
progressing. To refer the student back to something that he 
has already read should be avoided.
(c) Each frame should make the student think and make a response of 
some kind whenever possible.
(d) The student should always be encouraged by informing him
immediately that his answer is correct, i f  i t  is correct.
(e) I f  a student makes an incorrect answer, i t  must be explained to him
why the answer of his choice is incorrect, before informing him
of his mistake.
I wrote the in it ia l  frames of the programmes on small index cards to 
fa c il ita te  any necessary correction and rearrangement of the sequence 
of frames. After the writing was completed, each frame was c r it ic a lly  
examined and then the two programmes were given to some lecturers 
fam iliar with the subject matter. With the feedback received from 
these people, second drafts of the programmes were written and the 
cycle analysis-feedback-revision was repeated, leading to th ird  drafts  
of the programmes. These constituted the blue prints of the programmes 
for the f ie ld  testing.
(6) Writing the ancillary  parts
After the blue prints of the programmes were ready for the f ie ld  testing, 
the an c illa ry  parts of the booklet were w ritten. These ancilla ry  
parts were the following:
(a l To the student. I t  introduced the booklet te llin g  the student
buuie yeiiercii anaratuen  s tie s  ut prugrammea te x ts , ana in a ica tio n s  
of how to work with the booklet.
Complement to each of the two programmes of the booklet. I t
included, for each of the two programmes, the following:
(b .l)  A pre-test with answers. The pre-test consisted of 
a criterion-referenced test of problem type questions 
which were based on the objectives of the programme.
(b.2) Objectives and pre-test correspondence. This section 
told the student the relationship between the objectives 
of the pro.gramme and the items in the tests.
(b .3) Objectives and frames correspondence. This section told 
the student the relationship between the objectives and 
the frames of the programme.
(b .4) Plan of the programme. This consisted of an outline of 
the contents of the programme (referred to the frames).
(b .5) Instructions. These told the student how to work 
with the programme.
Complement to the second section of the booklet. I t  included
(c . l )  List of formulae. This comprised the relevant formulae 
which appeared in the section.
J u fjp  I chic 11 uo i y  p i u u ic m a  w i m i  a iia w c i a . m o  u u iid  o  tc u
of additional problems at the same level of d iff ic u lty  
as those included in the programme.
(c .3) Appendices. They comprised the derivation of the 
formulae used in the programme, which were not so 
important as to include them within the programme.
<7) Field Testing
After the whole booklet was ready, the next step was the f ie ld  testing. 
This was carried out with 47 school leavers from three schools in the 
area of Guildford a few.weeks before they sat th e ir mathematics A-level 
examinations. The sample was distributed as follows:
SCHOOL TYPE NUMBER OF STUDENTS
A Comprehensive School 11
B Sixth Form College 24
C Public School 12
All students in schools A and C worked individually with the booklets
whereas those in school B worked in pairs ( i .e .  there were 12 pairs). 
The procedure followed in the fie ld  testing was as follows: when
the students were given the booklets they were told what the a c tiv ity
was a ll about, and were also given a sheet of paper with the main
information of the whole ac tiv ity  (see Appendix T)- Students were 
o ra lly  told the purpose of the fie ld  testing, asked to go through the 
whole booklet and to write into i t :  (a) th e ir responses to the
frames, (b) any comments about wording, instructions and explanations
given m me Trames, ana anyming m at cney aia not unaerscana 
or found d if f ic u lt .
By the end of the f i r s t  week I interviewed a ll of them (indiv idually  
or in pairs) and gathered th e ir impressions and comments up to that 
moment, then by the end of the second week when they were expected to 
have gone through the whole booklet, I interviewed them again with the 
same purpose. A total of 30 booklets out of the 35 given out were 
returned.
(8) Analysis of the information gathered
After the collection of-the booklets I went through each one to gather 
a ll the information written into them. Such information could be 
classified into four groups, namely:
(a) General comments
(b) Wording and figures
(c) Troublesome frames
(d) Comments given on the frames
I analysed th is information and drew some conclusions which should be
considered for the second version of the booklet. The most relevant
conclusions were:
(a) The f i r s t  section of the booklet ( i . e .  Geometry) could be le f t  
out because most of the students found i t  'too elementary' and 
this made i t  'tedious' for a student who has studied Trigonometry 
before. Since the basic contents of this section was the 
defin ition  of an angle and some students may need to go through 
i t  before they actually revise the section on Trigonometry, this
aenm non  couia oe given as an introduction tn the second 
version of the booklet.
The number of items in the pre-test ought to be extended in 
order to be more specific when relating them to the frames 
and therefore have less frames per item in the pre-test.
The frames in the new version should be re-arranged in such 
a way that the student does not have to turn back in the 
text (e ither to go on to the next frame in the sequence or to 
check his answer to a frame), as i t  was found that this may 
discourage the student.
The frames dealing with tables should be re-w ritten in such a 
way that i f  a student knew how to read tables, he would skip 
some frames otherwise he would go through several remedial 
frames.
There were some frames which required the student to solve 
a problem and then check his answer in the following frame, 
where the problem was solved in f u l l .  Students who got the 
right answer to the problem in the f i r s t  frame said that they 
should have skipped the second frame. Due to this fact a 
branching should be introduced in frames such as these, i .e .  
the student w ill be given the correct answer to the problem 
and asked to check his answer against i t .  I f  his answer 
is r ig h t, he w ill be asked to continue with the main sequence 
of the programme, otherwise he w ill be asked to go through a 
sequence of remedial frames.
i?)  wr iL iny  uie beaunu versiun
Bearing in mind the results of the fie ld  testing, the second 
version of the booklet was w ritten. I t  consisted of the 
following sections:
*  (a) To the student
* (b) A l is t  of behavioural objectives
*  (c) A pre-test with answers
(d) Objective-Pretest-Frame Correspondence
* (e) Plan of the programme
( f )  Introduction: This presents to the student 
some terms and symbols which are concerned with 
the idea of an angle and which are used throughout 
the booklet.
(g) Further instructions: They explain to the
student how he should proceed to work with the 
programme.
(h) The programme: This consisted of a branching 
programme of 137 frames.
( i )  A post-test with answers: The purpose of th is post­
test is to test whether the student has grasped the 
material he has revised. The number of the items in 
i t  are d irec tly  related to those in the pre-test ( i .e .  
question 1 in the post-test tests the same objective 
as question 1 in the p re -tes t), and the student has
to answer only those he fa iled  in the pre-test.
*  ( j )  Supplementary problems with answers
* (k) A l i s t  of formulae
*  This section had basically the same contents as in the 
f i r s t  version
0 1  Appendices: There are four appendices, three
of them are concerned with demonstrations or 
deductions of some of the formulae which appear 
in the programme, and the fourth consists of 
additional information about the development of the 
booklet.
To work with the booklet, the student has to proceed in the way shown
in the flow chart in f ig . 7.5
7 .2 .2 .2  Format of the second version 
Most of the existing branching programmed texts are presented in the
form of a 'scrambled book'. A scrambled book is defined as:
"A book that presents an in trin s ic  program. The pages 
are not read consecutively. Following the information 
presentation, a multiple-choice question is given. The 
answer that the student selects refers him to a particular 
page fo r confirmation or correction. He may be sent e ither 
forward or backward in the te x t, the number of pages in either 
direction being randomized. Thus no clue as to which 
alternative is correct can be found in the page reference 
accompanying each alternative".
(Meyer 1969, p .304).
In the second version of the booklet on Trigonometry, the programme 
was 'unscrambled' by having one frame on each page and by giving 
the student the impression that he is always progressing - the student 
moves always forwards. Figure 7- 6 is an example taken from the
FIGURE 7.5 : FLOW CHART OF HOW A STUDENT SHOULD
WORK WITH THE BOOKLET ON TRIGONOMETRY
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actual sequence of the programme on Trigonometry (see Appendix T) 
which shows how the student moves forwards i f  he fa ils  the question 
asked in a frame.
86
85
8784
FIGURE 7.6 Example of a sequence which illu s tra te s  how the 
student moves forwards i f  his answer is right 
or wrong (Source : Appendix V)
I f  he fa ils  the question in frame 84, he is asked to go to frame 85 
(remedial frame) in which is explained how to solve the problem in 
frame 84, arid he is then asked to solve a sim ilar problem. I f  he 
fa ils  the question in this frame, he is asked to go to frame 86 
(remedial frame sim ilar to frame 85). I f  he fa ils  the question of 
this frame, he is then asked to repeat the frame. I f  he gives the 
correct answer either in frame 84, 85 or 86, he is asked to go to 
frame 87.
There are some occasions in which the student is asked to go back 
to the in it ia l  frame in a subsequence - i f  his answer to a further frame 
indicates that he has not grasped the theory involved. An example 
of this situation is given in f ig . 7.7.
FIGURE 7.7 Example in which the student is asked to 
go to the original frame of a subsequence 
(Source: Appendix Y)
The actual size of the format of the booklet was A5. The frames 
and th e ir  corresponding questions appeared on the right hand side pages, 
and the answers to the questions and instructions appeared on the 
following pages ( i .e .  le f t  hand side), as i t  is shown in f ig . 7 .8 .
FIGURE 7.8 Format of the booklet
ANSWER TO
PREVIOUS FRAME N E X T
AND F R A M E
INSTRUCTIONS
since cne secona version ot cne DooKiec aiTTerea suDSxanciaIly Trom 
the f i r s t  version, I interviewed 24 students who used i t  during th e ir  
revision work in mathematics at the University of Southampton in 1977 
and gave them a questionnaire (see Appendix F). The information 
collected showed that, apart from a few misprints, the students found 
the booklet between interesting and average, and between useful and 
very useful. General comments included:
' I  found i t  most useful and fa r better than slogging through 
a textbook trying to find the relevant pieces of information1.
I t  would appear that the fact of having 'unscrambled' the programme was a 
very great advantage because no student made critic ism  either of the 
programme its e lf  or of the manner they had to go through i t .
The sections more consulted according to the students' performance on 
the pre-test were those concerned with: (a) Trigonometric functions for
angles greater than 2tt (360°), (b) Trigonometric formulae, (c) Sum
and difference of sines and cosines, and (d) Small angles.
7.3 THE BOOKLET ON ALGEBRAIC MANIPULATION
As i t  happened in the case of the booklet on trigonometry, the f i r s t  
problem I faced with the booklet on Algebraic Manipulation was to find  
a suitable way of presenting the topics bearing in mind the three 
considerations stated in section 7 .1 . In addition to these, I should 
also take into account that students' needs for Algebra are somehow 
d ifferen t from th e ir  needs for Trigonometry, as they are more lik e ly  
to know more Algebra than they know Trigonometry because they usually 
haye to deal with Algehraic Manipulation more than they have to do with 
Trigonometry. Under these circumstances, I discarded the idea of using 
a programmed text format for this booklet due to the following reasons:
(1) Because the main purpose of the booklet was to give the 
student the opportunity to regain the a b ility  to deal with 
routine algebraic manipulation.
(2) Since many students may only need to practise specific types 
of routine algebraic manipulation, the programmed learning 
format could be found boring (see (8) in section 7 .2 .2 .1 ).
(3) Because the writing of programmed material is time consuming.
I t  should be pointed out here that although I discarded the idea of 
using a programmed text format, I did not discard the idea of using 
the principles of programmed learning in this booklet, that is , 
logical sequence of small steps, students are required to respond 
actively to each step, and checking the correctness of his response 
before going on to the following step.
7.3.1 Stages in its  design
Based on the experience with the booklet on trigonometry, I
followed the following steps in the design of the booklet on 'Algebraic
Manipulation' (see f ig . 7 .9 ). :
FIG. 7.9 : Diagram of the stages in the design
of the booklet on Algebraic Manipulation
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(1) Assumptions about the learners
The booklet (see Appendix V}_ should be used by those students who need 
practice in routine algebraic manipulation that they have studied at 
school and which are frequently needed,
(2) Outline of the contents
In order to gather engineering lecturers' opinions about the topics 
that should be treated in the booklet, I produced a questionnaire 
[see Appendix C) which covered the following topic areas:
(a) Removal and M ultip lication of brackets
(b) General laws of exponents
(c). General laws of radicals
(d) Rationalization of the denominator of a fraction  
with radical in the denominator
(e) Operations with polynomials
( f )  Polynomial factorisation
(g) Operations with rational functions
(h) Solution of linear equations )
Copies of the questionnaire were given to five engineering lecturers 
at the University of Southampton and to five  engineering lecturers at 
the University of Surrey.
In the questionnaire the respondents had only to tic k , according to 
the ir experience, the appropriate boxes concerning the algebraic 
manipulation that students should know, but sometimes do not, when 
they enter university.
After a ll the forms of the questionnaire were returned, I produced a 
short 'complementary questionnaire' regarding the new topics that had 
been mentioned by one or two respondents in the f i r s t  questionnaire, 
and sent i t  to the same respondents to gather th e ir opinions. Since 
no forms of this complementary questionnaire were returned, i t  would 
appear that the additional topics were not relevant for the courses the 
respondents taught.
Every topic in the f i r s t  questionnaire was mentioned by at least 45% 
of the respondents. To validate this data, I discussed this matter 
with two mathematics lecturers at the University of Surrey. The 
outline of the contents agreed in such discussion was the following:
1. Removal of brackets
2. M ultip lication of brackets
3. Exponents
4. Radicals
5. Polynomials
6. Polynomial factorisation
7. Radical functions
8. Solution of linear equations
9. Solution of simultaneous linear equations
10. Solution of quadratic equations
The la tte r  two topics were mentioned by more than 45% of respondents 
in the f i r s t  questionnaire.
(3) Writing the objectives
After i t  was decided what the contents of the booklet should be, the 
next step was to write the behavioural objectives of the booklet. These 
are lis ted  below:
At the end of the booklet the student should be able to:
( i )  Apply the rules for the removal of brackets preceded by 
either a positive sign, a negative sign, or no sign at a l l .
( i i )  Expand and simplify products of the form (ax + by)2 
and (ax + by) (cx + dy).
-2  2 8( i i i )  Evaluate powers such as 5 and (0.17) * using logarithms.
Ctvl Apply the rules for the m ultiplication and division of 
powers which have equal basis.
Cvl Simplify expressions which involve the application of the
1 nxproperty e = x 
( v i } Apply the laws for radicals
( y i i 1 Rationalise the denominator of fractions which have
radical sign in the denominator
(v t i i 1 Add, subtract, multiply and divide polynomials
Ctx) Factorise polynomials
Cxi Add, subtract, multiple and divide rational fractions
(xi;l Solve linear equations
( x t t l  Solve sets of two simultaneous linear equations with
two unknowns
(x ii . i l  Solve quadratic equations
C4)_ Selection of a paradigm
For the selection of a paradigm, the following aspects were taken into 
account:
(a} The main purpose of the booklet was to offer the student 
routine algebraic manipulation in which he may need 
practice.
(b) The booklet should try  to attain  the objectives mentioned 
above.
(c) Each student may only need to work through some of the 
sections of the booklets and d ifferen t students may need 
to work through d iffe ren t sections.
(d) The exercises in each section should be graded.
Based on the principles of programmed learning (but not on the format 
of progranroed learning) and on the aspects mentioned above, I  decided 
to s p lit  the booklet on Algebraic Manipulation into ten sections 
independent of each other, and each one covering one of the topics 
mentioned e a rlie r  (see (2) Outline of the contents). Each section 
should consist of (J ) revision notes, C ii} some worked examples, and
( i i i )  a set of graded exercises for the student to solve. The answers 
to each of these exercises should be provided at the back of the booklet. 
To work with any of the sections (or sub-sections) of the booklet, 
the student should proceed as i;t is indicated in the diagram in f ig . 7.10.
(5) Writing the sections
After the paradigm for the hooklet had been selected, the next step 
was to write the d ifferen t sections. I carried out the actual writing  
of each of the sections in the following order:
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1. Revision notes, where necessary.
2. Design of the set of graded exercises.
3. Worked examples of the section.
To design the sets of graded exercises, I in i t ia l ly  based on my own 
experience the decision about the level of d iff ic u lty  of the exercises 
within each set, then I gave the ten sets of graded exercises to two 
University mathematics lecturers and to other persons fam ilia r with the 
subject matter and asked them to grade the exercises within each of the 
sets.
After this validation of the order of the exercises, the necessary 
changes were introduced and the resulting sets made up the fin a l sets 
of exercises for the booklet.
(6) Writing the ancillary  parts
After a ll the material of the ten sections were ready, the next step 
was to write the ancillary parts of the booklet. These ancilla ry  
parts were the following:
(a) To the student: This introduces the booklet to the student 
and te lls  him how to work with i t .
(b) A pre-test with answers: The pre-test consists of a C riterion - 
referenced test of problems based on the objectives of the booklet.
(c) Pre-test Topic Correspondence: This consists of the relationship  
between the items in the test and the sections in the booklet.
(d) In s tru c t io n s : These t e l l  the student how to  work w ith  the
sections of the booklet. To work with the booklet, the student 
has to proceed in the same way as for the booklet on 
trigonometry (see f ig . 7 .5 ).
7 .3 .2 . Students' impressions about the booklet
In order to gather students' comments about the booklet, I interviewed 
8 students who used i t  during th e ir revision work in mathematics at 
the University of Southampton and gave them a questionnaire (see 
Appendix G). The information collected revealed that a ll students 
found the booklet useful and that the sections more consulted were: 
Exponents, laws of radicals and Simplification of rational functions, 
particu larly  the la t te r . No comments regarding the design of the 
booklet were given, except that i t  was easy to understand and that 
some of the answers given at the back in the booklet needed to be revised. 
A design sim ilar to the one of the booklet on Algebraic Manipulation is 
the one used by the Schaums' Outline Series (e.g. Spiegel 1959,
Ayres 1964). Although each of the books of this series is designed 
'to be used e ither as a textbook for a formal course, or as a 
very useful supplement to a ll current standard te x ts ', each chapter 
begins with the statements of pertinent defin itions, principles and 
theorems, and is then followed by a set of worked examples and a set of 
graded problems for the student to solve.
The success of th is series would appear to indicate that the way of 
presenting the material in the books has been successful. The main 
difference between the books of this series and the booklet on 
Algebraic Manipulation is in the audience, that is , in my case the 
booklet assumes that the student has studied the material some time
before [ i . e .  the booklet is designed for revision purposes) whereas 
in the case of the Shaum's series the books are basically addressed 
to beginning students ( i .e .  students who w ill be studying the subject 
matter for the f i r s t  time). For this reason, the books of the 
series include theorems and derivations of formulae among the solved 
problems whereas the booklet on Algebraic Manipulation does not 
include any theorem or derivation of formulae at a l l .
7.4 CONCLUSIONS
As was noted e a rlie r  (see section 7 .1 ), the design of the two booklets 
discussed in this chapter was based on three aspects, namely (1) the 
student is expected to have studied the subject matter presented in the 
m aterial, (2) the material should emphasize the mastery of working 
techniques, and (3) the material should require the student to spend 
l i t t l e  time on i t  to regain the s k ills  he has lost. From my experience
in the development of the two booklets, the following general conclusions
and/or suggestions could be given/drawn:
1. In any material designed for revision purposes there may be 
certain defin itions, rules, e tc ., which are needed to deal 
with the material and which at the same time may be very 
elementary. I t  may be advisable to give, in the introduction 
of the materials only general hints about these defin itions, 
rules, e tc ., instead of fu ll accounts. In the f i r s t  version 
of the booklet on Trigonometry students found 'tedious'
a section on Geometry and Co-ordinate Geometry which had been
treated with certain depth (see (8) in section 7 .2 .2 .1 ).
2. I f  a particular notation is intended to be used throughout the 
revision material and i t  cannot be ascertained whether the
student knows i t ,  i t  is advisable to introduce such notation 
ju s t before the actual revision m aterial. However, i f  th is  
is only needed for a particu lar section of the m aterial, i t  
should be given at the beginning of such section. In the 
booklet on Trigonometry, the notation needed for each particular 
topic was introduced by means of augmenting frames (see (5) in 
section 7 .2 .2 .1 ) at the beginning of the sequence of frames 
of the topic; and in the booklet on Algebraic Manipulation i t  
was done by means of revision notes given at the beginning of each 
section in the booklet (see (4) in section 7 .3 .1 ).
Since d ifferen t students may need to revise d ifferen t topics, the 
items in the pre-test should be related to the topics in the 
m aterial. In addition to th is , the number of items in the pre­
test should be large enough as to indicate precisely the topics 
to be revised, thus enabling the student to pinpoint where he 
re a lly  needs revision and, at the same time, not making him 
revise material that he already masters. Furthermore, the items 
should have the same level of d iff ic u lty  as the more complex 
exercises within each topic. In the evaluation of the booklet on 
Trigonometry i t  was found that the number of items in the pre-test 
was too short and that students had to revise material that they 
had already mastered (see (8) in section 7 .2 .2 .1 ).
The selection of the format of the material ( i .e .  how the 
material is presented) is influenced by how frequently the students 
have dealt with the subject matter during th e ir studies, that is , 
the format of the material comprising subject matter that the 
students have studied recently for the f i r s t  time is lik e ly  to 
he d ifferen t from the format of the material the students have met 
early in th e ir studies and which they have also met several times
la ter on. ftitnougn m my own case the booklet on Trigonometry 
was written using the format of programmed learning because 
this had proved to be of particular benefit for revision 
purposes (see section 7 .2 ), the format of the booklet on Algebraic 
Manipulation was chosen to be d ifferen t due to the fact that 
students1 needs fo r algebra were somehow d ifferen t from th e ir  
needs for trigonometry (see section 7 .3 ).
(5) I f  the material consists of a programmed text of the branching 
type, i t  is advisable to have one frame on each page and also 
have the text unscrambled. I found that when the text is 
scrambled the student feels discouraged (see (8) in section
7.2.2.1 and section-7 .2 .2 .2 ).
CHAPTER 8
DISCUSSION, CONCLUSIONS AND FURTHER WORK
S . I 1NIKUUUUJLUN
The research and development study presented in this thesis was in itia te d  
as a reaction to the existing problem of the interface between school and 
university in the area of mathematics. I have attempted to learn more 
about the conditions behind this problem investigating the mathematics 
prerequisite fo r engineering courses and the relationship between the 
students1 mathematical needs just before leaving secondary school and at 
the point of entry to university. At the same time I have developed 
educational products aimed to reduce the problem, such as approaches to 
individual diagnosis (including a battery of diagnostic tests based on 
mathematics prerequisite knowledge and sk ills  for engineering courses) 
and remedial m aterials. -
I shall present in this chapter a general discussion of the material from 
differen t chapters which relate to each other, then a summary of the 
general conclusions that emerged of the study and fin a lly  some recommenda­
tions for further work.
8.2 DISCUSSION
I t  has been recognized that in mathematics learning, one item of knowledge
i
requires the prior mastery of another item (Gagne 1962), For example, 
in order to succeed in a second year mathematics course one must have 
mastery of the knowledge of a f i r s t  year mathematics course, or in order 
to do Algebra one should f i r s t  have mastery of certain elements of 
arithmetic. In order to ensure that a student has the mastery of the 
knowledge prerequisite fo r a new course, I have suggested a revised scheme 
of the process of curriculum development based on the hierarchical theory
i
of Gagne (1970), This revised scheme includes a stage of diagnosis and
remedial instruction {see r ig . i.z  in unapter i j  in wmcn tne student 
who intends to enter a new course is given remedial work based on 
individual diagnosis of knowledge prerequisite for the new course 
before he actually starts i t  (see f ig . 1.3 in Chapter 1).
Engineering departments expect the students to have mastery of certain 
concepts and s k ills  in mathematics before they come to university, as 
these w ill be needed to understand the material taught in the engineering 
courses. This means that before a newly enrolled engineering student 
starts his university courses he should have already achieved certain  
objectives. A l is t  of such objectives is presented in section 4.7.
These objectives are based on the topics and level of d iff ic u lty  given by 
respondents in the survey carried out in this research (see Chapter 3 ).
I t  was found in this survey that when one intends to identify  the 
level of d iff ic u lty  expected in a topic, one should also bear in mind the 
prerequisites for dealing with the topic in question, as there may be 
cases in which the student does not even have these.
The fact that engineering students are actually required to have an 
A -level, or an equivalent, does not ensure uniformity in th e ir mathematical 
knowledge. Indeed, not a ll students have met at school certain pieces 
of mathematics that are regarded as prerequisite for th e ir f i r s t  year 
courses (see sections 6.2.1 and 6 .2 .2 ). In addition to th is s ta ff  
lecturing f i r s t  year engineering courses expect th e ir students to know 
certain mathematical topics which do not appear in the A-level mathematics 
syllabuses of some Examining Boards (see section 3 .4 ).
Students entering engineering courses argued that they had forgotten 
certain topics in mathematics due to the break between school and 
university (see sections 6,2.1 and 6 .2 ,2 ). I t  was found in this research
m at topics wmcn involve tne Knowledge of a concept or a numerical 
value are lik e ly  to be forgotten at the transition and that students 
found d iff ic u lty  in those topics which involve the use of formulae 
because they did not actually know the formulae (see section 6 .4 ).
Due to a ll th is , students may find themselves in a situation in which 
they may have to try  to assimilate the new material on the engineering 
courses whilst they revise, or learn, the basic mathematics on which 
the material is based.
All these facts create concern regarding the interface between school 
and university, particu larly  for engineering students, and with the 
provision of a solution to the problem of how to have, at the beginning 
of the f i r s t  year engineering courses, groups of students more homogeneous 
in th e ir  knowledge of mathematics. The revision of a ll mathematics 
prerequisite for engineering courses is not necessary for a ll newly 
enrolled students (see Chapter 6 ). Therefore, a system whereby individual 
needs could be identified  and attended to is of great importance.
According to the experience gained in this research, three elements 
should be taken into consideration before deciding on a particular 
scheme of individual diagnosis. These elements are; (1) the number 
of students involved, (2) the number of s ta ff involved, and (3) the 
length of time available for the exercise.
The T,T, method of individual diagnosis (see section 5 ,2 .1) was found 
to be e ffic ie n t when the number of students per each s ta ff is small 
( i ,e ,  5 students or less per each s ta ff per hour). The experience at 
the University of Southampton showed that when the proportion students/ 
s ta ff is large, the T,T, method is not to be recommended (see Section 5 ,2 ), 
A system whereby individual diagnosis can be given and which copes with
large numbers of students consists of giving the students a battery of 
diagnostic tests. These tests enable each student to diagnose his 
individual needs without having a tu to ria l discussion a fte r the 
completion of the tests , as he can mark the tests himself using the 
correct answers and the c r ite r ia  associated with the battery.
According to the experience gained in the development of the battery 
of diagnostic tests for students entering engineering courses 
(discussed in Chapter 4 ) , a battery of mathematics diagnostic tests 
for a new course should have the following characteristics: ( i )  i t
should cover those aspects in mathematics which are needed to cope 
with the new course ( i ,e ,  prerequisites), and ( i i )  i t  should diagnose 
students’ individual d iff ic u ltie s  in each of these aspects. In other 
words, the battery should consist of criterion-referenced mathematics 
tests which have a placement and a diagnostic function. In addition 
to these characteristics, i t  should also be borne in mind that (a) the 
Items in the tests should play a diagnostic role ( i .e ,  the tests should 
be valid for diagnosis), (b) there should be at least three items for 
each of the objectives on which the test is based ( i .e .  the tests should 
have a certain r e l ia b i l i t y ) ,  and (c) the length of each of the tests in 
the battery depends on the conditions under which the student w ill complete 
them ( i .e ,  the tests should be usable), I should also, point out that 
this las t point ( i ,e ,  usability ) is usually given more importance than the 
other two due to the constraints of time for the administration of the 
tes t, However, 1t should be borne in mind that i f  the purpose of 
giving the test(s ) to students is to diagnose th e ir weaknesses in order 
to give each of them appropriate remedial work, the v a lid ity  and 
r e l ia b il i ty  of the test(s ) are also of great importance, as these ensure 
that the remedial work suggested to each student is the one he actually  
needs, Otherwise he may be revising material which he actually does not 
need to revise (see section 4 .7 ,3 ),
ihe T .A .U .l. method of individual diagnosis (see section 5 .3 .2) was 
found to be very valuable because i t  enables one to locate specific  
d iff ic u lt ie s  students may have, such as ignorance of basic algorithms 
or formulae, forgetfulness, misunderstanding or careless mistakes. 
According to my experience with the use of the method with a group of 
students entering engineering courses, the method requires that the 
student ( i )  be presented with one problem at a time, and ( i i )  be 
interviewed about the process of his working on the problem either when 
any d if f ic u lty  emerges during his working or immediately a fte r he has 
finished with the problem. Since this method needs a one-to-one 
contact for the diagnosis, i t  can only be used when a very small group 
of students is involved.
After students' weaknesses have been id en tified , by whatever means, they 
should be advised to do some work to remedy th e ir  deficiencies. In 
this research, four elements that characterize a scheme of revision work 
have been id en tified . These elements are:
(1) Materials The kind of materials which were found to be useful 
were those specially written for revision purposes, particu larly  those 
which had been designed using the principles of programmed learning.
When designing materials for revision purposes, the following aspects 
should be borne in mind: ( i )  the selection of the format of the
material depends on the frequency with which students have studied the 
subject matter comprised in i t  (see 4 in section 7 .4 ); ( i i )  the 
material should include a pre-test with as many items as possible; and 
( i i i )  the topics in the material should be related to the items in the 
pre-test.
(2) Management The process whereby students select the material 
relevant for th e ir particular revision work should enable them to find  
such material quickly.
(3) Time The length of time allocated for the revision work 
influences the structure of the scheme of revision work. I t  should 
be borne in mind that the period of time for the actual revision work 
should be long enough as to allow the weakest students to work over a ll 
the subject matter they need to revise.
(4) Motivation I t  was found in this research that the post-tests 
students took a fte r they had completed the revision work acted as a 
motivational factor for the carrying out of the revision work. I f  
these are not included in the scheme of revision, some other alternative  
should be included.
8.3 GENERAL CONCLUSIONS
The outcomes of this research can be summarised as follows:
  Mathematical topics which do not appear in the A-level
mathematics syllabuses of some Examining Boards were expected 
to be known by newly enrolled engineering students.
  When the level of d iff ic u lty  expected in a topic is id en tified ,
the prerequisites for dealing with the topic should also be 
iden tified .
  The number of students, the number of s ta ff and the time
available for the exercise of diagnosis seem to affect the 
structure of the scheme of diagnosis.
  The T.T. method of individual diagnosis is e ffic ie n t when there
is a small number of students per each s ta ff.
Individual diagnosis in mathematics can be given to a large 
number of students by means of a battery of diagnostic tests.
A mathematics test for diagnosis should be a criterion-referenced  
test with placement and diagnostic functions.
A mathematics test fo r diagnosis should have at least three items 
per each of the objectives on which i t  is based.
The T .A .O .I. method of individual diagnosis enables one to locate 
specific d iff ic u lt ie s  students may have.
Mathematical topics which involve the knowledge of a concept 
or a numerical value are lik e ly  to be forgotten in the 
transition between school and university.
The use of formula books seems to be a reason for the d iff ic u lty  
students encounter when dealing with topics which involve the 
use of formulae.
M aterials, Management, Time and Motivation are elements that 
characterize a scheme of revision work.
Materials for revision purposes should include a pretest which 
has as many items as possible and a relationship between the 
items and the topics in the m aterial. The format of the material 
depends on how frequently students have dealt with subject 
matter involved.
Any scheme of revision work should take place at the beginning of 
the new course for which the revision work is intended.
8.4 KtUUmtNUAI iUNb ANU hUKIHtK WUKK
As was shown in this study, the stage of diagnosis in the curriculum 
planning for f i r s t  year university courses is an a c tiv ity  that should 
not be neglected. Although this stage has been used in some 
universities , its  use is s t i l l  very scarce.
Many of the findings presented in this thesis revealed that there are 
certain discrepancies between what is taught at school and what is  
expected from the students when they come to university. This 
phenomenon raises several questions which need to be answered: Why
students at school do not grasp some knowledge, such as solution of 
linear equations, rules -for transposition of factors in an inequality ?
Is there any relationship between these topics and the examination 
papers of the d ifferen t Examining Boards ? Why students do not learn 
trigonometry at school ? Is the use of formula books the only 
reasons for this ? Research in the area of diagnosis is something 
new. In primary school some research has been carried out in the area 
of reading and arithm etic, but even in these cases, the diagnosis has 
been used, most of the time, to te ll  i f  a student can or cannot do 
something but not why he cannot do i t  (Gage and Berliner 1975). At 
university leve l, diagnosis only has sense i f  remedial instruction is being 
provided, that is , diagnosis means to te l l  the student what he cannot 
do and how to remedy the situation. In this area, further research 
should develop new means to diagnose precisely large numbers of students 
and to ascertain whether the student has forgotten a topic or i f  i t  is 
new to him.
Since the materials used for revision purposes should be self-teaching  
m aterials, there is a great need for research in this area of styles of
self-teaching materials that f a c i l i t a t e  the student to regain the 
knowledge and s k i l ls  he has lost.
In this study I was concerned with the diagnosis of students at the 
school-university interface but does a problem of matching exist between 
the f i r s t  and second year at university, and between the second and the 
fina l year, particu larly  in those institutions which have industrial 
years ?
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I f , -  I n t e g r a t io n  by  i v ^ i t l t u t i o a  ______
7 . *  S ln o m la l T h e o r e *  f o r  f r a c t io n a l  o r  
n e g a t iv e  e x p o n e n t
P . -  E?«« o f  fo rm u la e  f o r  i l n ( i t y ) i
c o a ( x l y ) ,  t a o ( « 2 y )
f . -  D i«  o f  fo r m u la *  f o r  o ln  m ' i a l n  y ,  
coa  i t t e i  y •  ta n  i - t * a  y
1 0 . -  S o lu t i o n  o f  t t l a n g io a  ( t l n a  and 
c o t in *  f o r m u la * )
1 7 , -  I n t e g r a t io n  b y  p a r t i a l  f r a c t i o n *
1 8 . -  L o g a r ith m *
1 9 . -  E x p o n e n t ia l*
A r t  th e r e  e D » r  t o p ic *  t h a t  y o u  w o u ld  l i b *  t o  ad d  7
I f  t o ,  p U i i t  n u t#  th o  f o p t c ( t )  a n d  g l v *  a n  * x a a p lo  i n  tb a  a ana w ay a t  y o u  d id  
t t a v « ,
20. -
fNClNEEBXNC TOPIC EXAMPLE OP MATHS. HRfPED
I I , -  N u m e r ic a l v a lu ta  f o r  e x p re a a lo n *  
i n v o lv in g  a l n t t  an d  c o a in e *  o f  
a n g le *  a x p r ta a td  a t  a f r a c t io n  
o r  m u l t i p l e  o f  J f
1 2 , - -  C t n t r r l  a o lu t l o n *  o f  a q u a t io n *  
a u c b  aa a l a 0 -  J
1 2 * -  E v a lu a t io n  o f  l l o i t a
I * . -  D i f f e r e n t i a t i o n  o f  t r ig o n o m e t r ic  
fu n c t io n a
C o lu o r t^ jX  
ENGINEERING TOPIC
S 2 lS
rX A M fL t or HATHS. NCE0C0
1 5 . -  I n t e g r a t io n  by  p a r ta
T h a n k  y o u  f o r  y o u r  c o - o p e r a t io n .
A P P E N D I X  .if 
The SV-questionnairet Final version
P§|^ Q'-!;§?^ |=iyay^ Ty&'i^ T|?§_Q^ _§|yQENTS=ENTI;l(IN’<j_L'NGINEERIN'G_CCURSES
SURVEY
This survey is designed to obtain your views and opinions about the 
basic mathematics knowledge and skills which are needed in the 
engineering course which you yourself are giving to first year students 
in your department. This is therefore mathematics which the students 
are expected to know by the time they arrive at university.
It is hoped that by giving ne your views you will enable me to design 
a pretest in mathematics for students entering engineering courses at 
universities.
I would be most grateful if you could complete this questionnaire and 
return it to me in the atached envelope to: •
• *
Mr. Eduardo Conzalez-Leon,
Institute for Educational Technology,
University of Surrey,
Guildford, Surrey.
Thank you for your cooperation.
Oeconber 1378
9 9
IMujirdo fainr:tIc:-Leon
NAME:
UNIVERSITY:_________________ ._________________  •________ _
DEPARBENT: . '
SUBJECT YOU TEACH TO FIRST YEAR ENGINEERING STUDENTS: _ _ _ _ _ _ _ _ _ _ _ _ _ _
• INSTRUCTIONS
The questionnaire is to be filled in bearing in mind those students who 
have a single A-level in mathematics or an equivalent when they enter 
engineering courses at universities.
The mathematical topics in column A were compiled in the pilot stage of 
the present questionnaire which was carried out with staff lecturing to 
first year engineering students. The examples given in column B were 
given by these staff to illustrate-.the level of difficulty expected of 
each topic in column A.
If the mathematical topic in column A is needed in your engineering 
course, would you please indicate this by ringing in Column C the term(s) 
in which you need it (1: Autmn term; 2: Spring term; 3: Summer term), and . 
then giving in Column D a specific example which illustrates the level of 
difficulty expected, similar to the examples given in column B (There are 
some topics in which no examples are given in column B because I was 
unable to identify any during the pilot stjge).
5.
COLUMNA COLUMN S COLUM\’_C COLUMN D
MATHEMATICAL TOPIC
EXAMPLE OF THE 
LEVEL OF DIFFICULTY
TERM IN WHICH THf 
TOPIC IS NEEDED
EXAMPLE OF THE LEVEL 
OF DIFFICULTY EXPECTED
L
c
Q
A
ft
1
' T  
H 
H
. 5
“nteonj \*  itu v^luc oJ % ? I  2 3
Appl’CoAlo"*. o$  
pio^«rUzS
£x>a»d Uj^  { u «y  
Ab? Lc*s> »( Lgetillwl I  2 3
V
t
c
T
0
I
s
cud 5wVsLractics*w
©{ Lwo vrc.4crr&
1 2  3
DnnJ>oS»Uon lw>*
' veclotj »*> *V*° diwftiiions 1 2  3
5caUr yroJtfCt c \  I  wo vsrc-larS 1 2  3
1i
C
MAiLlcr* aid S»Y>{.*raclio« 
oj l«o WMpVn •wimbers
1 2 3
!
i
i
*
0 
C 
»* -* **l 
X
product ck»iA ^ooUmt ej 
Av>» com pin
1 2 3
\
I
i
i
_ _ _ _  !
Us? o \ noLalitm 1 2  3
*i
1
1
ii
R.
5 Aoio^S ol *• conplw rvrobtfr*
Kind tbi "mcdiAvS &% 
IVvt comply* tvu'nV’crr* 
H-3i
I 2 3
i
i
i
• j
i
(
1
inversion between..
tcVangylftf RiJ {orrk
I 2 3
j
'
CgLUMNaA COLUMNB £OLU>L\VC CgL;;.-^^!)
MATHEMATICAL TOPIC
EXAMPLE OF TIE  
LEVEL OF DIFFICULTY
TERM IN WHICH THE 
TOPIC IS  NEEDED
EXAMPLE OF THE IJiVI-T - 
OF DIFFICULTY EXPECli.D
i
; a
'L
Q
t
B
H
A
OpetOLVAow^vnlH frQcUof-S
Express 
a. c.
v> d
«,> ft. sJngla frftcLtoA.
1 2 3
Expansion, «4 * • 
Couvf’
{fc-bl**
t«*WC<v.V)
HvUfyl^ *o t «»nd Jrraflif'}, 
«t w u *  a} fn U iW :
( a + x U a -x ) *
I  2 3
* . ••
U w U ni oigtWoie 
Ww!^»Wion
IW r.'ie . fc> fc jing le  
fowW of *  :
. < * ' ) ’
1 2  3
« | (ornotae
5o\y*f0r T t
w = 4 - _ 3 ,
K  K.
1 2  3
j
5oloVion o{ UnEOir cgualio«> 1 2  3
5 o1wI*da f j  siTtiu\l£vr>fovs 
liTitar e^oo^i0^  w illi Iwo  
three Unionoums
1 2  3
t
S o lu liw  o( ^uadftxi'C
t^uxUons
Solve for % : 
■ax*'- S X - l= o I  2 3
r
■ ! 
i
i
MtttfitUj of S^ TflVcl "E
Evaluate s
£Or3*0
r=i
No*
t
i
1
ij
£
U
u
L _ 
1
T
1fc
S'
PrfinlLion of 'TnodulliS
«.( a  f  eo.1 TlowVvr I 2 3 1
SolulioA of <T'ffjvaliV.«e5 
in. one vanaV-fc
5 o \ mc  fo r  x  •.
3 _ % x > 4 1 2  3
1
-i
1
5.
COLUMN_A COLUMN_B CQLUMN^C COLU.^^l)
MATHEMATICAL TOPIC
EXAMPLE OF TIE 
LEVEL OF DIFFICULTY
TEW! IN MUCH 'Jill; 
TOPIC IS NEEDED
EXAMPLE OF THE LEVEL 
OF DIFFICULTY EXPECTED
* T  
R.
i
G
0
N
0
h
E
T
a
Y
T>eJlluVcm* o( \V»r WyAon«rW« 
{gneVio** n  O. tt'jW 
Iriancjk
f^fViCAitofl <4 Vhi 
dftiwik*0"* k  ^ VlesS.rj.
JO "c
a-VnVa. ; c:Vr«hi
1 2  5
Uu»nf»»<at vaIu«S %o*
tnv«l»i»j VWt 
««yn
OS A («u Um  *r AvUi^ l# «f-TT
Evaluate
ain?^-.tcoH 2 2 3
Gnvfral
equation* frucL CiS 
S»n0=5,
1 2  5
'
Use CorTOulcie ^©r: 
-sinfxi^V,
CasCxt.^*,
Expand
sin. 1 2  3
Use o{ o^*'tnu\ae {©*■••. 
ton xl*a*vj
Expand:
1 2  3
R*tejnilio*\ IVf
tcstnVi tolM+’rt r i [tov«f*e»«(j»i*r' 1 2 3
6mt Ond Cosin? fwl®5 1 2 3
lAcnV'fica1'0*’ t\nJ SVticJji^  
©{ ive sia* a«J coin's corves 1 2  3
•
M
0 M
1
AL
UiAtro'itil Tnaor**'' (<tt- 
yosil've ‘«<Jex
Ex^ xinjiort cv(
>fQ+X)
fo<- n=a,5, u
1 2  3 .
£
0 X1 
H
Dinowi'cil Thevffnj (or 
TtAclio»’a| or n«*.^t\V*vf >n3fx
£.X pan lion > j 
0 - * * ) " 7*
I ? 5 9- r* .t.r
6COLUMN A
MATHEMATICAL TOPIC
COLUMN B
EXAMPLE OF Till: 
LEVEL OF DIFFICULTY
TERM IN UUICH THE 
TOPIC IS NEEDED
COLID3 D
EXAMPLE OF THE LEVEL 
OF DIFFICULTY EXPECTED
algebraic (onc.Ucr>S find ± i
4.x.
I 2 3
i £ 'Pl{{er(^lQLUcn of 
IffcjovwiAefcrie fundtonj
Tf u^Si^ X-coSX
find 4x
1 2  3
vHfft^ eivliaLioft of
CXY*'C5siofl3' involyivvj 
eAyoAenlio-ls
1 2  3
V lf fw e n A if t t i  on o f
expressions invoWi'fg 
togariUnms
1 2 3
the *wm <>f two furthers
1 2 3
■pffftrmAiwAiov of 
I V *  p r o d u c t  o f  lw < 7  £ m c t t c * < s
<^uoV’>en.t «{ litfo (unc1i(MS
Oilifrfntialto* «l
«( ft. fwnct»o*v
XrVe^ taVfoA.
<x\ijPV?r<Uc fv,T*c 'ter»5
T n le ^ r a l ip n  s{
C X p f f  S & ic r o o  i i i V o l v i ' n j  
IrigoAOfi^ Xric fortcl.i0«£
1 2
F  v a l u o i l c r
1Sin?t0t dt
7.
COLUMN=A COLUMN’ C COLUIW^I)
MATHEMATICAL TOPIC
EXAMPLE OF TiiE 
LEVEL OF DIFFICULTY
TERM IN K1IICH THE 
TOPIC IS NEEDED
EXAMPLE OF THE LEVEL 
OF DIFFICULTY EXPECTED
1
N
T
I n l g r a l i o n  
e<ynessi<w9 involving <zT*
E v a lu a te
j e " d x 1 2  3
£
<*
R
A
L
c
In leg«xt<o*v ° {  
ex  {sessions m V e lv iy  
logart’Ut'l'5
£. va lue . t «  
J x t a jx d x . ,
1 2 3
A
i
c
u
L
jn.\.«2ra * ,^on*
E v a lu a te  
J X 'iT ^ x
1 2  3
u
5 ln l.C2'ra-^‘cm- knj 
Jxirte
E v a lu a te
j x ^ e ^ d x 1 2 3
-
‘QcoVle in te g r a l
E v a lu a te
1 2  3
\ Are there other topics that you would like to add ?
If so, please nane the topic(s) in column A and give , in column D, 
in the same way as you did before, an example showing the level of 
difficulty expected.
1 2 3
1 2 3
1 2 3
J 2 3
(a * b ) « ( c  •  d )  f  |
(a ♦ b) - (c ♦ d )  [ |
o - { b - ( c . d ) l  ( 3 3
2«- Evaluation oft
A P P E N D I X  C
Application of tho lava of expon*nt*at
Tho AM-questionnalro
. S' * '  □
o
W ’-.V  □
Bf-i? D
4.- Identify tne de*ro* of tho :'Oiyrc*c:*».
* r  t  - ^ x r - ’  • a *  ' i r :  
vlth re-rect to A
4|U-i^  g i t _ I - Cv . m_ a i_a _a
Usually, incocir.g students to Science and Engineering are supposed to hav« 
cantered routine Algebraic sanipulatlons but this ia not always the case, 
the purpose of this questionnaire is to .jet aooe inforsation about these 
aanipulations in order to design a progransed booklet which should be 
useful to any entrant to University in Science or Engineering who wishes 
to revise his knowledge in this subject.
VouH you please tick, according to your e*n experience, the appropriate 
boxes renrUng the elgeomic aanipoiaticr.s that those students shcuU 
icnow cut soaetises do not, when they co*e to University?
Th.-’Ck you for your help.
zv:xxx x:.zxlsz~1'X:>
Institute for Educational rccnr.olo.y 
University of Surrey, luilifort
•»*» tne F O ly r .c n t i l r : X + 'X  -  2 *  *  rJLl 
j  * * ' r  -  ' . t
c - rx4 -  u* -ex' -  x
0 « 2X“* ♦ 31 -4
6.- Perform the following eultiplications* 
a lb  *  c )  
la * b)2
(. - b)’
( .  *b)U-b>
( •  ♦  ■.)(« ♦ t j
T.- factor the following **is r*a*ior s:
□
C D
o
C D
C D
C D
C D
C D
C D
« b . a e C D
«' » J a o . = 1 1
C D
*1 I □
quotient of t»o poljrcoainio. e.g. 7T « *)_____
I2 - 4T . 6
8.- Sllplify a given fraction such as the eianple above cd
9.- Add rational algebraic fractions • tZU
19.- Subtract rational algebraic fraction# C = ]
11.- Multiply rational algebraic fractions C D
12.- Divide mtional elgebmlc fnetlone C D
& radical Is an expression of the for* s/i .The positive integer n 
Index of the radical.
13.- Application of the laws for radicals!
. ' ( " J a f  *  a  C D
.’USCbtt't/a-.tfb C D
■ V b 7b 1—'
C D
izd
It.- Ferfora operations such sst
fo 'V b  CD
U K  □
Vb .
15.- HationaHsation of the denominator of a fraction vnose denoolr.itor
a binomial quadratic surd, as for example & ED
1$.- Solve for X equations such as!
5 - U - 6X * J |-------f
□S-1. I2 J
ED
□
□
Are there any other points that you would like to aJi? 
If so please specif/.
Q U E S T I O N N A I R E Useful CD
Please casmeot on th is :
Useless EZJ
Die purpose o f th is  questionnaire is  to  get some information about the 
material concerned v ith  the Pre-knowledge tes t you had on mathematics 
at the beginning o f the present academic year.
Your answers w i l l  help to  iapTOve future tests and the progre&ed 
material concerned v ith  i t .
Pic&se write your naoe in  tho space at the bottea o f th is  sheet.
The answers you give in  th is  questionnaire w i l l  be confidentia l to  as. 
Thank you fo r  your help.
EDUARDO COUZALEZ LEOH
In s titu te  fo r Educational Technology 
University o f  Surrey, Guildford
October 197^
9. Have you used the Resource ca te r ia l in  the Heeding HocmT (Pleese t ic k  the 
appropriate box(e) ):
In  connection v ith  the 
Pre-kaovledge test
As preparation fo r Unit *1
For cny other purpose 
Please specif/;
»• EZI
6. Please t ic k  those notaria l* you have used in  the Reeding Roca (Tick the 
appropriate box(s) ):'
Booklets
The Bincai&l Theorem
Trigonometric Relationships 
D iffe rcn ti ation 
Integration 
Graph Sketching
Any other ru-.ttrinl?
O
nzi
im
CD
□
Quick Cslculu* 
(Klepper cod Rfasey)
Prosresl'ji F-ri-.-v 
o f ».tkcoatic* 
(Flsxcr cad rlcxc r)
A ?roc«K3fcd Vretor
Algcbrs
(c-_rA-. >r)
r r
nu
□
The Pre-knowledge test vna (please tic k  the appropriate box):
very d i f f ic u l t  
d i f f ic u l t  
about r igh t 
easy
very easy
a
a
□
□
□
Which parts o f the Pre-knowledge tes t did you find  d i f f ic u l t  (please t ic k  the 
appropriate box(s) ) :
Inequalities 
Bincnial expansion 
Limits
Trigoncaetric formulae 
Trigcccaetric values 
Logarithms 
Quadratic Equations 
Di ffc re n ti ation 
Integration
□
ezi
ezi
e z i
a
a
EZI
□
a
7. Had you vied any rro;rr*.Tr.ed text before? (P2<C3. t.: rh the ••.p«ropri»-.t* box):
Ye, □  !:° EZj
8. Did you find  the booklets you used ( i f  any) (Flease t ic k  the appropriate 
box):
very in teresting in teresting average boring very boring
tz i □  □  □  □
9. Would you lik e  to  scy anything else about these materials ( i .e .  advantages, 
disadvantages, presentation, d i f f ic u l ty ,  e tc .) :
Which usrts o f the Pre-knowledge test were new fo r you or you bad forgotten? 
(Flease t ic k  tbe appropriate box(s) ):
Hew forgotten
Inoquotitics EU EZ)
Binonial expansion EZJ EZj
Limits O EZI
Trigonometric values O EZI
Logarithm EZ) EZi
Qcndrntica equations EZ) EZI
D iffcrcn tia tlcn O n
Ir.tcgrnticr. EZ) EZ!
Thank you fo r your co-operation and your t ire .
Pierce return the questionnaire to no in  class cr in the r c n l i r i  rc*n.
Cctob r 197b
d i t r i c u l I  
about r ig h t  
easy
ve ry  easy
O
O'
o
o
Z. V h ir lr  p a rts  o f the Pre-know ledge te s t  d id  you f in d  d i f f i c u l t  ?
( * ) O perations w ith  f ra c t io n s O
A P P E N D I X  E <b) M u lt ip l ic a t io n  o f  b ra cke ts O
(c ) O perations in v o lv in g  exponents O
(d) S o lu tio n  o f q u a d ra tic  equa tions O
■questionna ire ! The 1977 ve rs ion
M In e q u a lit ie s O
in Binom ial expansion w ith  f ra c t io n a l 
exponent O
(9) T rigo nom etric  fo rm u lae O
(h) Graphs : f  the  t r ig o n o m e tr ic  fu n c tio n s O
in T rig o n o m e tric  va lues O
( j ) Logarithms O
d i O if fe r e n t ia t  c a lc u lu s O
( u In te g ra l c a lc u lu s n
CIv.lO e c t r ic a l  Mechanical ( ^ )
The air.wers you g ive  in  th is  q u e s tio n n a ire  w i l l  be c o n f id e n t ia l 
to me.
Thank you ve ry  much fo r  your h e lp .
r e v is io n  ’.soztK tri ;iathc :!a t : cs fop. F«r.iatERS
3. Which 
o r you
p a rts  o f the P re -kn o u lu d -j: te s t  wer-. r  
had fo rg o tte n  ?
I.U J ;u
t::::
( * ) O perations w ith  f ra c t io n s O " O
Q U E S T I O N N A I R E (b) M u lt ip l ic a t io n  o f b ra cke ts O O
(c ) O perations in v o lv in g  exponents O O
(<*) S o lu tio n  o f  q u a d ra tic  equa tions O O
The purpose o f th is  q u e s tio n n a ire  Is to  ge t some in fo rm a tio n  
about the. R ev is ion  work in  mathematics and the m a te r ia l used (e) In e q u a lit ie s O O
w ith  I t ,  which was c a r r ie d  ou t d u rin g  the  f i r s t  week o f th is  
academic ye a r. in B inom ia l expansion w ith  f ra c t io n a l exponent O O'
Your answers w i l l  he lp  to  improve fu tu re  a c t iv i t i e s  o f  th is  
k in d  and the m a te ria ls  used. Please w r i te  your name and t ic k (9 ) T r ig o n o m e tr ic  fo rm ulae O c
your departm ent below:
(h ) Graphs o f th e  tr ig o n o m e tr ic  fu n c tio n s O 0
NAME : (*) T rig o n o m e tr ic  va lues O 0
(BLOCK LETTERS PLEASE) (J ) lo g a rith m s O 0
DEPAfl IHEHT:
(k ) D i f f e r e n t ia l  C a lcu lus O 0
(1 ) In te g ra l C a lcu lus O c
4 . How d id  you f in d  the  d is c u s s io n  w ith  the  t u to r  a f t e r  
knowledge te s t  ?
Very use fu l
U se fu l
Please comnent on th is  be low :
Not ve ry  u s e fu l 
Useless
o
c
eouapoo gc\ : a le z - ie o -:
I n s t i tu t e  -‘ or tdue.1. t i 0:1,11 Ter hm ilrqy  
U n iv e rs ity  o f S u rrey .
Gil i I c! f o rd , s u rre y , England.
Oc'o'.'.m 1) / ;
the Resources Room).
(a) A lg e b ra ic  M an ip u la tio n o
<b) Programmed b o o k le t on Trigonom etry Q
( c ) In e q u a lit ie s o
U ) The B inom ial Theorem o
(o) T rig o n o m e tr ic  R e la tio n s h ip o
( 1 ) D if fe r e n t ia t io n o
(9 ) In te g ra t io n o
<b) Graph ske tch in g o
6. How l id  you f in d  the b o o k le ts  you used ( I f  any) 7
(a )  ve ry  In te re s t in g  in te re s t in g  average bo rin g  ve ry  borin g
O O . 0  -0 o
no t ve ry  .
(b )  very u se fu l u s e fu l average u s e fu l use less
o  o  o  o  o
7. Won 1.1 you l i k e - t o  say any th in g  e lse  about these m a te ria ls  ( I . e .  
adv.m tages, d isadvan tages, p re s e n ta t io n , d i f f i c u l t i e s ,  e t c . )  ?
8. D id  you take  a t e s t  or. any o f  tr.e f  '1 l o v i n g  a f t e r  d o in g  the 
a p p r o p r i a t e  r e v i s i o n :
A lg e b r a i c  M a n i p u l a t i o n ,  " r i q e n o u e t r y  
a n d / o r  I n e q u a l i t i e s  ?
YES Q  Go to  que stion  9
HO O  Go to  questia r. 10
9. How d id  you f in d  the te s t( s )  ?
ALGEBRAIC
MANIPULATION TRIGONOMETRY INEQUALITIES
ve ry  d i f f i c u l t  o  o  o
d i f f i c u l t  o  o  o
about r ig h t  Q  Q  Q
*as* O 0 . 0
ve ry  easy O 0 .0
10. Would you l i k e  to say anyth ing e lse  about the whole re v is io n  
work ?
ThanJ. you y o u r  co -o pe ra  t  i on .
P le ase  r e t J ’-"  t h i s  q u e s t i o n n a i r e  :o ■'c in  t i n  i . - s t i n q  ' tan-: , 
o r . l e a v e  i t  w i t h  the  Course AJmi - ; s t • t .
-i.ro:
AFPENDIX F
THE T - Q O E S T I O H  H A I R S
The purpose of thia questionnaire la to get none information about the 
Programed tart on Trigcnocetry by S. Conz&len-Leon (which is available 
in the Reading Roco) In order to improve it for a future occasion.
Would you please fill it in and return it to n» before you go ?
Thank you very nuch for your co-operation and your tine.
four apeclallm Is (PI ease tick the appropriate box)i
Acoustical 1 | Civil I 1 Electronic! I Electricalf~~l Hedianlcal I I
1.—  Ead you used any Programed text before 7 
Please tide the appropriate box*
r a n  H 0 O
2.— How did you find this particular Programed text on Trlgoooaetry 7 
Please tick tho appropriate box:
a) very interesting interesting average boring very boring□ □ □ □ □
b) vory useful useful average not very useful useless□ □ □ □ □
3#— Which answer{s) of the Pre-test of the Programed text on Trigoncaatxy 
did you get wrong 7 
Please tide the appropriate box(s)t
» □  2 0  3 0  4 0  5 0  6 0  7 0  8 0  9 0  to
1 tO  1 2 0  1 3 0  1 4 0  1 5 0  1 7 0  1BO 1 9 0
4*~ Is tbore any topic in Gecnetiy that you had not net before and which you
needed in the Progranaed text 7 
Pleaso tick the appropriate box*
IES f' 1 Co to question 5
HO O  Go to question 6
5.- Ifaao the topica in Gecaetry that you had not net.
Did you understand the instructions given in the programs 7 
Please tick tha appropriate box*
YESI I Go to question 3
KO I I Co to question 7
Please cocasot an the instructions you did not understand*
la there any wording that you think la confusing 7 
Please tick the appropriate box:
TES1 I Co to question 9
110 1 1 Co to question 10
Please coenent on the wording you think is confusing.
Would you like to write anything else about the whole Programed text on 
Trlgonooatry (i.e. advantages, disadvantages, presentation, difficulties, etc*) 7
If yes, please do so below.
£KIA1D0 GONiALEZ-LSOtl
Institute for Educational Technology 
University of Surrey, Cuildford
October 1977
APPENDIX 0
the i\-Q U S S T I O H I I A I R S
The purpose of this questionnaire is ta get scne information about the booklet on 
Algebraic Manipulation by 3. Gonzales-Loon (which ia available in the Reading fioo*)» 
in order to improve it for a future occasion.
Would you pleas* fill it in and return it to me before you go ?
Thank you Tory much for your co-operation and your time.
Tour spedalim (Pleas* tick th* appropriate box)*
Acoustical! I Civil 1 1 Electronic ( I Electrical 1 1  Mechanical1 , j
1*- End you used i n y  booklet or book lik* tbie on Algebraic Manipulation before 7 
fleas* tick th* appropriat* box*
T£S □  KO □  •
on Algebraic Manipulation 7
average boring very boring
□  □  o
not very useful useless
□  □
3.- Which answer(o) of the pre-test of the booklet did you get wrong 7 
Please tick the appropriat* box(e)i
'C D  2 0  3 Q  « □  5 0  « □  7 0  e n  9 0  t o O
4.- Did you understand th* instructions given in the booklet 7 
Please tick tho appropriate box:
IESCJ 00 7° QUESTXOH 6 KOI i • CO TO QUESTIOB 5
5.» Plena* conaaent on the instructions you did not understand.
6.- Would you llko to write anything els* about the whole booklet on Algebraic
Manipulation (i.e. advantages, disadvantages, presentation, difficulties, etc)?
If yea, please do so below.
2,- How did you find this particular booklet 
Please tick the appropriate boxes:
a) very interesting interesting
□  □
b) very useful useful average
□ □ □
EDUARDO CC:iiALEZ-LEO:i
A P P E N D I X  H
I n s t i t u t i o n s  i n v o lv e d  i n  t h e  M a in  s u r v e y
H e r i o t - W a t t  U n i v e r s i t y  
I m p e r i a l  C o l le g e  
M id d le s e x  P o ly t e c h n ic  
Tham es P o ly t e c h n ic  
U n i v e r s i t y  o f  A s to n  
U n i v e r s i t y  o f  B a th  
U n i v e r s i t y  o f  B irm in g h a m  
U n i v e r s i t y  o f  B r u n e i  
U n i v e r s i t y  o f  E x e t e r  
U n i v e r s i t y  o f  S a l f o r d
A P P E N D I X  I  
T h e  o p e n -e n d e d  v e r s i o n  o(f  t h e  19 78 m a th e m a t ic s  t e s t
a C
1. Express ^ ^ as a single fraction.
(x 3)^2. Rewrite as a single power of x: —*— L—
(x2) 3
3. Multiply out and simplify as much as possible: (a + x)(a ~ x)2
4. Solve for T the equation:
W = — - —  , R 0 
K K2
* C
5. Solve for x the equation: 2x2 - 5x -  1 = 0
6. Solve for x the inequality: 3 - 2x > 4
7. Solve for x the inequality: |x >  3| < 2
8. Evaluate sin2 — - cosn
2
9. Express cos(30° - x) in terms of sin x and cos x
10. Write down cos x + cos y in the form of a product of the sine
and/or cosine of —  -  and/or -£ ~ Z J L  - ~
2 2
11. Express cos(wt + a) cos wt as the sum of two sine or cosine terms.
12. Find the modulus of the complex number 4 - 3i
ab13. Expand log(rr-), using the properties of logarithms.
V
14. I f  loge x = a ~b , what is the value of x ?
15. Find the f irs t  three terms of ------ — r  when expanded as a series
0  -
in powers of x for 0 < x < 1
16. Find the slope of the tangent to the curve y = x3 - 2x at the point
x >  -1 , y = 1
17. I f  y = sin2x - cos x , find ^
' . . dx ' : .
t
18. Evaluate the integral /e kxdx
19. What substitution of a new variable for x would allow you most
C dxreadily to evaluate the integral I ——..... -J x/1 - x
20. What is the value of I obtained in the integration by parts of:
/x 2e2Xdx = |  x2e2X - I
EGL.
a  r  i £ : x j
Tha 1"»76 Mathematics Pre-knowledye Test
Th is  13 a sh o rt te s t  designed to  helD us o b ta in  rone 
Idea o f  your knowledge c f  a number o f  to n ics  in  nathetr.a tics : 
no pe n a lty  is  a ttached to  q e t t ln q  an answer wrong.
Only one answer is  c o r re c t fo r  each q ue s tion . Please 
e n te r  the le t t e r  A,2,C o r 0 o f  the answer which you th in k  is  
c o r re c t in  the a p p ro p ria te  box on the  ye llow  sheet.
I f  yuo have no idea o f  the  answer to  a p a r t ic u la r  
q ue s tion  do not quess.
(*) 1(5 i  /3J)
(») | ( -  3 * /33)
<CJ | ( -  5  *  / l 7 )
(D) J(J 1 / » )  ,
I f  x sa tis fies  the inequality 3 ~ 2x » 4, then
(/•) *  > -  1
The tim e a llow ed f c r  the te s t  is  30 m inutes. (B) * >  I
(C) » < -  1
(D) » « 1
6. The f i r s t  three te n s  <
. 0 < x < 1 » ere
C« I  -  Jx e |x *
(B) 1 ♦ |x  ♦ |x *
( « I  ♦ |x  *■ |x *
(D) I  -  1* ♦  1**
The expression £  -  f  (•  “
W £t
<»> TO 
(C> TT 
0»>
7. Th* vslti* of li«t j —T. ^  i .*•* 1 ♦ x x"
(A) -
m 1
(C) -2
(h) indetenrinatc
<*♦*)(«-*)* ** •x?r,H*4 *• 
(A) -  t 1*  ♦ M 1 ’ Th* lim itin g  valu*, a t * - ^ 0 ,  o f ■ # where ■
radians, I*  *
(B)
.J - - .X* « X*
(A) o
(C) «> - 3e*x ♦ 3ex* - x* <B) 1
. ( C ) .
(0) .J ♦ alx - ex1 - Xs (n) indeterminate
It squil to
<»*)*
co* 24 Is the
(A) x * (A) coszfl ♦ sin*®
(B) cnsze - »inJe
(B) ,-h i n 7 nSn 0 com 0
(C) .-h O) 1-2  cos2#
(0) ,-h
wher*
J.
ie  measured in
I t  4  t i n *  ♦  3 cosO io  p u t  i n t o  th «  f o r a  t  s ia ( 0 » s )  th e n  
(*) * - 5 .  t a n *  .  |
(S )  r. -  5 ,  t u «  -  -  |
(C ) *  -  7 ,  t u i  -  |
(D ) *  -  7 .  K in *  - 5
T ho ( m o r a l  o o lu t i o o  f o r  •  o f  th o  a q u a t io n  c o a t  •  |  i t  
(A )  t  *> t  - j  ♦  ] n t  
( 1 )  •  »  t  J  ♦  B t
(C) • - |  • 2a<
( W  •  »  J  ♦  n o  ,  
v h o r o  a  io .  a n y  p o s i t i v e  o r  n a g a t lv e  I n t e g e r  o r  x o r o .
U  J  *  e * *  .  w h e re  a  I t  c o n i t a n t ,  th e n  e q u a ls
r
(A )
(8) ..•**
(C) 2.„,x*
<n)
J -   ■ ' i t  r q u t l  eo *  C O flS tAAt p lu s/(•* - X2)
( A )  0 lD _ l ( 3
( 8 )  c o o - 1 (5 )
(C ) t i n " 1 (2 )
(D ) |  lo g  ( a *  -  » * )
Tho v a lu e  o f  t i n 3 |  -  c o o t  i o  
(A )  - 1  
(8) 0 
(C ) 1
<D) 2
J o  A t  i t  e q u a l t o  a  e n n t ta n c  p l u *
(A )  ek *  '
(A )  h o * *
« h k’(B) *efcx
l c j t <Ae )  ca n  be expressed as
(A ) A -  B *
(») do*.*) “ 8*
(C ) ( lo * ,A >  -  »  lo g t *
(D ) ( lo g #A ) -  B -  x
Tho  a q u a t io n  * *  ♦  y *  -  2 x  ♦  Ay -  1A •  0  i t
(A )  t h o  a q u a t io n  o f  a  c l r e l o  a b o te  c o n t r a  l a  a t  th a  o r i g i n
(B) th a  a q u a t io n  o f  a  c l r c l a  v h o a a  c o n tr a  It a t  th o  p o in t  ( 1 , - 2 )
(C ) th o  a q u a t io n  o f  a  c l r c l a  v h o to  c o n t r a  l a  a t  th o  p o i n t  ( - 2 .A )
(D ) n o t  th o  a q u a t io n  o f  a  c l r c l a .
Tho alopo o f  th a  ta n g e n t t o  th o  curto j  -  a *  -  2 *  a t  tho 
p o i n t  a  -  - 1 ,  y  -  1 I t
(A )  J
(») I
( O  - 1
(D ) - 5
U s in g  i n t e g r a t io n  b y  p a r t s ,  one 
|  x V *  d x  -  |  l ! a J l  -  I  
v h o r a  1 o q u a la
(A )  J a * *  d a
(B) J s. ' d x
I
I : ' '
(C ) [  2ae d x
(0)
D o in g  th o  t u b a t i c u t i o n  x  -  eosS  th o  i n t e g r a l  
|  ( 1 - X 2)  ^  d x  b t c o a e t
(A )  - j t i n * *  d8
(8 )  |  t i n ’ s dS
<C> ' I  s i n 2*  c o s 9  d9
(D ) (  s i n ’ t  cosS  d®
a  r  r  :  K 3  :  x  lc
Tha I 477 Mathematics Pre-know ladje Teat
T h is  Is  a sh o rt te s t  dealcned to  he lp  ua o b ta in  aonc 
Idea o f  your knowledge o f  a nurvbsr o f  to p ic s  In  rsa th e r.it lc s : 
no p e n a lty  is  a ttached to  q e t t ln q  an answer vronq.
Only one answer is  c o r re c t fo r  each q u e s tio n . Please 
e n te r  the la t t e r  A.(t#C o r  0 o f  tha answer which you th in k  is  
c o r re c t  in  the a p p ro p ria te  box on the ye llo w  shee t.
I f  yuo have no idea o f  the answer to  a p a r t ic u la r  
que s tio n  do n o t quess.
The tim e a llow ed fo r  the  te s t  is  30 m inutes.
1.  t h e  e x p r e s s io n  £  -  |  * •  e q u a l t o
<*> S3 
<»> S3
CO ^
...  t c - r ic®> “ sr
j .  ( a e x ) ( a - x ) 2 eaa be  e x p re s s e d  ae
(A) ,1  .  .1
(A) .»  -
(C) a» -  J
(0 ) a * ♦ a
<x2) ’
equal
(A)
(» ) x - H
(C)
(0) a ' * 2
The s o lu t io n s  o f  t h a  s q u s t io e  2 a *  -  S * -  I  •  0
(A) 1(3 *  / » )
(*> » ( - i  1 / ) ) )
<C) l ( - » 1 / I F )
O') K » 1 / I I )
I f  n  s a t i s f i e s  t h e  i n e q u a l i t y  J  *  l »  ► ( ,  
(A )  ■ >  -  |
(»> X » |
<CJ x  « -  I
(0) S * f
T o w h ic h  o f  th a  f o l l o w in g  i s  t h e  i n e q u a l i t y
I* - J| « 2
e q u iv a le n t )
(A )  X  » 1  e n d  x  < 3
( 1 )  *  «  1 ,  s a l  x  » -  J
(C ) t  a  1 e n d  x  » J
(D ) x  »  - 1  a n d  x  e J
The f i r s t  three teres  o f the expansion o f r •
( t - x ) 1
0  < x « 1 , are
(A) 1 -  Jx s  »x*
(») 1 e |s ♦ Jx2
( O  1 ♦  |>  •  l x *
(D ) I  -  | x  ♦  | x *
eos(e *  # s /2 )  is  the asm  as
(A) coa •
(» ) •  coa •
(C) • in  •
(D) -  alo  •
2« ia  tha u
(A) *■ a tn 2#
<«> Cn.*» -  t i n 2*
fO 7 »{rv •  coa 1
<r>) 1 - 2 cos2*
ara  | t m  by
T h *  a b o v *  i a  •  t k a t c h  o f
(A )
(I)
CO.
(D)
S*C x
c o * * e  x  
te n  X 
c o t  x
1 1 . W hich  o f  t h *  f o l l o w in g  p * ( r a  o f  v « iu a i  o f  C a a t i a f y  th e
1 .
t q u i t t M  t o t  0  •  -  y  7
(A )  t  ■ 120° so 4  -  130°
(S) I  -  150° no4 -  130°
(C) « -  120° si>4 -  120°
(D) C « -  110° sr4 150°
12* The v ilu l o f  s i n 1 j  ”  coo® i s
(A ) - 1
(I) 0
(C) I
(D ) 2
( A )  t i « _ l g )
{») CO._I{i)
(C) t o » * ‘ ( J }
(M I ' «*)
I  i s  o q u o l Co .  c n n s to flC  p lu s
(A ) ok *
(*> Vok '
(C ) I*"
( 0 ) x c k *
f i i o t  i s l i f u t l M  b y  p o r t s ,  o a »  c o n  p u t
J «*.** 4s -  » ,*.** “  t
v b o r c  t  t p u l i
U) J.” J»
( I )  j  s i1*  dm 
( O  |  I s . 1 *  4 s
(t>) Ij iV 'h
l o t / A c  * " )  co n  bo  o o p ro o o o
(A ) A -  t x
(B) (lo*/) - Is
(C ) ( lo » #A) -  »  l® * ,»
( 0 )  ( lo g  A) *  •  *  *
I * .  I f  l o f ^ s  •  «  -  b ,  ebon
(A ) s . . * - . * ’
(»> * - o* ♦ r h
(C ) *  -  .V ,b
( 0 )  »  -  o'
o/b
Oaing th * *uh *titu tioo  « -  c o * 0  th* in teg ra l 
j ( I - * 1) * *  d x  b « c o * * »
(A) - j  sin*# 4»
(•) j  sin1# 4 »
(C )  -J sin1!  c o o t  4 t
(D )  J  s i n 1 !  c o s t  44
Tho s lo p s  o f  t b s  t o o to n t  t o  tb s  c o rv o  y  •  » *  -  2s  o t  I  bo 
p o in t  s  “  - I ,  y •  1 i s
(A )  3
(») 1
(C) -1
(D) -3
I f  y *  ,  vhoro o i s  e o n s to n t ,  thon oquols
(A )
(»»
( f )  2oso 
(i>) os1.
(«
(B)
(C) 
(0)
ad - be~sa—
be - ad
“ E3----
* -  c
S T J
A r  P t' N D X X L * .*• t * .J -  is  equal to
(*J) ‘
The ir»73 Mathematics Test
(*)
(6)
(C)
(0)
X*
-fX
;+
-4
MATHEMATICS TEST
This test is designed-to help me to obtain some idea of your 
knowledge o f a number of topics in mathematics at the sane time that 
I t  helps you to .find  out where you might have weaknesses.
Only one answer is  correct fo r each question. Please tic k  the 
appropriate box to each question on the yellow sheet. I f  you have 
no idea of the answer to a particular question, please do not guess.
No penalty is  attached to getting an answer wrong. The resu lt of 
the test w il l be treated in  s t r ic t  confidence.
The maximum tine allowed is  60 minutes, but you nay reed less.
Thank you fo r your help.
3. (a ♦ x) (a -  x jt  can be expressed as:
(A) aJ - aJx ♦ ax* -X3
(B) a3 + a3x -  ax1 -x3
(C) a3 -  3a*x ♦ 3ax* -  x3
(0) a3 -  a*x -  ax3 a x3
6. I f  N •  x  -  $  •*» R t  0. then T is  equal to
(A) VK -  UK*
(B1 VK3 -  VK K---
(C) V - VK3
Eduardo Gonzalez • Ieon
Ins titu te  fo r Educational Technology, 
University o f Surrey, Guildford, Surrey.
(0) V - W1K-K3) R
HAY 197B
(A) ±  (5 ♦ /33J .
(BJ {  (-5 4 733)
(C) i < S * / 1 7 )
(0) |  <S ♦ A 7 )
O  x satisfies the inequality 3 -  2*>4, then
(A) *»-!
(B) x»J
(C) *«-!
(0) *< i
(A) } { 73 cos x -  s in x)
(BJ { ( / I  cos x 4 sin x)
(C) } (cos x -  / i  s in x)
(D) |  (cos x 4 /3 sir. x)
10. cos x 4 cos y is  the sane as:
(A) 2 cos *— si n *
(B) 2 cos - - g % cos ■*-j  X
(C) -2 sin i- y J l  s i»
(0) 2 sin cos *  g ^
7. The inequality |x -  31< 2 is  equivalent to:
(A) x < 1 and x » -  5
(B) x > 1 and x < 5
(C) x « 1 and x » 5
(0) x » -  1 and x < 5
8. The value of sin2 J  -  cos w is
(A) -  1
(B) 0
(C) 1
(D) 2
11. cos (wt act) cos wt is  the same as
(A) i  [cos (2wt ♦ a) ♦ COS** )
(BJ J [cos (2wt ♦ o) -  cosa j
(C) { [cos (wt + * )  ♦ cos (w t jj
(D) I (COS (wt 4t£) -  COS (w t)l
12. The modulus o f the casplex number 4 - 3 1  is :
(A) 1
(B) 77
(C) 7
log * log b 
(*) l og c -  '
(B) log *  ♦ log b ♦ log e
(C) -  log •  -  log b ♦ log c
(0) log a ♦ log b *  log c
(A) t in  2x ♦ sin x
(6) cos2 x ♦ sin x
(C) 3 sin x
(0) sin x
dx Is equal to a constant plus
I f  log# x •  •  •  b. than
(A) x - e ? - e b
(B) s .  c (. -  b)
(C) x -  • **b
(0) . x •  (a-b)*
kx(B) kc1
(C) £  ek*
(0) xe'kx
15. I f  r  Is expanded as a series In powers o f x, fo r
(1-x)1
0<x<1, then the f i r s t  three terms of the series are:
(A) 1 ♦ Jx a |  x2
(B) l-]«*5 *2
(C) 1 ♦ * 1  x2
(0) 1 -  ^  * I  x2
19. The Integral /  ■
x » l-x  
with the substitution:
Is  most readily
(A) x -  1 -  u
(8) x -  1 -  u*
(C) x *  sin e
(D) x •  cos t
16. The slope o f the tangent to the curve y * x2 -  2x a t the 
point x •  *1, y * 1 Is
W  3
(B) 1
(C) -1
(0) -5
20. Using Integration by parts, one can put /  
where t  is  equal to:
(A) /  e2*dx
(B) /  xe2*dx
(C) /  2*e2*dx
(0) /  jx *e2*dx
evaluated
x2e2l<dx •  1 x2e
A PPEN D IX  M
THE 1 9 7 8  MATHEMATICS TE S T: CONSTRUCTION OF ITEM S
IT E M  N o . 4 ■
T h e  d i s t r a c t o r s  i n  t h i s  i t e m  w e re  c o n s t r u c t e d  u s in g  d i f f e r e n t  
ty p e s  o f  e r r o r s  s t u d e n ts  c o m m it w hen t h e y  a p p ly  t h e  r u l e s  o f  
t r a n s p o s i t i o n  o f  te rm s  an d  f a c t o r s .  E a c h  a l t e r n a t i v e  i s  
o b t a in e d  a s  f o l l o w s : /
(A ) i s  t h e  c o r r e c t  a n s w e r
(B ) i s  o b t a in e d  w hen t h e  s ig n  o f  TR ( i . e .  m in u s ) i s  o m i t t e d  
w hen t r a n s p o s in g  t e r m s ,  t h a t  i s ,
W = - ^ ~  ;-----------------11 W K 2 =  V K  -  TR : '
,  , . *  WK2 -  V KTR = WK2 -  V K  ( e r r o r )  , * T =  - R
(C ) i s  o b t a in e d  w hen an  e r r o r  i s  c o m m it te d  w hen t h e  d e n o m in a to r s  
a r e  s i m p l i f i e d  ( i . e .  W i s  m u l t i p l i e d  b y  K a n d  K ) , t h a t  
i s ,  , . ;
V  TR , ,  WK = V  -  TR ( e r r o r )
W K K 2
3 • V  -  WK3TR =  V  -  WK3 . . T =  —
R
(D) is obtained when K - K2 is treated as a common denominator,
that is,
W = — ---- S -  * * W (K-K^ = V - TR (error)K K
T R  =  V  - W ( K -  -  K ? ) T  =  — — W ( K  -  K  )
I T EM N o . 9
I n  t h i s  i t e m  th e  s t u d e n t  s h o u ld  u s e  t h e  f o r m u la
c o s (A  -  B) = c o s  A cos B + s in  A s i n  B 
T he d i f f e r e n t  d i s t r a c t o r s  w e re  c o n s t r u c t e d  u s in g  t h e  f o r m u la e
t o  e x p a n d  co s  (A + B) a n d  s in  (A + B) as  f o l l o w s :
(A ) i s  o b t a in e d  u s in g  t h e  fo r m u la  f o r  co s  (A +  3 )
(B) i s  t h e  c o r r e c t  a n s w e r
(C) i s  o b t a in e d  u s in g  t h e  fo r m u la  f o r  s in  (A ~ B)
(D) i s  o b t a in e d  u s in g  t h e  fo r m u la  f o r  s in  (A + B)
IT E M  N o . 10
T h is  i t e m  c o n s is t s  o f  a s im p le  r e c o g n i t i o n  o f  a f o r m u la .  T h e  
a l t e r n a t i v e s  i n  t h i s  i t e m  w e re  c o n s t r u c t e d  u s in g  t h e  f o r m u la  
f o r  s in x  -  s in y  ( a l t e r n a t i v e  ( A )  ) ,  co s  x  +  cos: y  ( a l t e r n a t i v e  
( B ) , c o r r e c t  a n s w e r ) , co s  x  -  co s  y  ( a l t e r n a t i v e  (C ) ) , a n d  
s in  k  + s in  y  ( a l t e r n a t i v e  (D ) ) . /
IT E M  N o . 11
T h is  i t e m  t e s t s  t h e  u s e  o f  t h e  f o r m u la  f o r  co s  x  -  co s  y  b u t
r e a d in g  i t  f ro m  r i g h t  t o  l e f t .  T h e  a l t e r n a t i v e s  w e re  c o n s t r u c t e d
u s in g  t h e  f o r m u la e  f o r  co s  x  +  co s  y  a n d  co s  x  -  c o s  y  a s  f o l l o w s
(A) i s  o b t a in e d  u s in g  t h e  f o r m u la  f o r  c o s  x  -  co s  y  ( c o r r e c t  
a n s w e r)
(B ) i s  o b t a in e d  u s in g  t h e  fo r m u la  f o r  co s  x  + co s  y
(C ) an d  (D ) a r e  o b t a in e d  u s in g  t h e  fo r m u la  u s e d  f o r  (A ) a n d
(B) b u t  t a k in g  x  ■ =  w t  + 0 L and  y  =  w t  in s „ te a d  o f  -2 L ~ —Y-- =  w t  -fOC
a n d  ~  V7^
IT E M  N o . 12
T h e  a l t e r n a t i v e s  o f  t h i s  i t e m  w e re  c o n s t r u c t e d  u s in g  t h e  
f o l l o w i n g  e x p r e s io n s  as  t h e  m o d u lu s  f o r  a -c o m p le x  n u m b e r  
a + b i :
ITEM No. 13
The distractors in this item were meide up of misconceptions 
given to the correct properties of logarithms.
IT E M  No 17
E ac h  o f  t h e  a l t e r n a t i v e s  o f  t h i s  i t e m  w e re  c o n s t r u c t e d  as  
f o l l o w s :
(A ) i s  t h e  c o r r e c t  a n s w e r
(B ) i s  o b t a in e d  when i t  i s  assum ed t h a t
— ( s i n 2 x ) =  c o s 2 xo.x
(C ) i s  o b t a in e d  w hen i t  i s  assum ed t h a t
d x ( s i n 2 x )  =  2 s in x  , t h a t  i s ,
• • =  2 s in x  + s in x  =  3 s i n x .  fd x
(D) i s  o b t a in e d  w hen i t  i s  assum ed t h a t
—5 —  ( s i n 2 x ) =  2 s in x  a n d  — ( c os x )  =  s in x  ,'
t h a t  i s , "
■ =  2 s in x  -  s in x  =  s in xd x  ..
IT E M  N o . 19
T h e  d i s t r a c t o r s  o f  t h i s  i t e m  w e re  c o n s t r u c t e d  so  t h a t  t h e y  
m ig h t  b e  p o s s ib le  s u b s t i t u t i o n s  t o  .ev a lu a te  t h e  i n t e g r a l .  I f  
a n y  o f  t h e s e  s u b s t i t u t i o n s  le a d  t o  t h e  e v a l u a t i o n  o f  t h e  
i n t e g r a l ,  i t  d o e s  no do i t  m o s t r e a d i l y .
PART I
INSTRUCTIONS
Below you w i l l  f in d  two columns (A and B ). Choose the  c r .try  
In  column B which you cons ide r Is  the  c o rre c t answer to  each 
question  In  column A. W rite  the corresponding code le t te r s  
In  the  boxes provided In  the answer 3heet. Vou ra y  use each 
code le t t e r  once, ro ro  than once o r not a t a l l .
A P P E N D I X  N
The 1979 Mathematics Test
To sake I t  e a s ie r to  answer t h is  p a r t .  I t  hae been d iv id e d  
In to  sec tion s  by h o r iz o n ta l l in e s  so th a t you can work w ith  
each se c tio n  Independently fro n  the  o th e rs , fo r  e x a rp le , to  
answer the  questions I  to  3 In  column A you o n ly  need th e  
e n tr ie s  (a) to  |g ) In  column E> fo r  the que s tions  4 tc  9 In  
column A, the  e n tr ie s  (h) to  I r )  In  c o lo rs  B, and so cn .
MATIif-WATICS TEST
T h is  te s t  Is  designed to  he lp  re  to  o b ta in  sone Idea c f  your 
knowledge o f  a number o f  to p ic s  In  mathematics a t the same , 
time th a t I t  may he lp  you to  f in d  ou t where you m ight have 
weaknesses.
The m a te r ia l In  the te s t  covers b a s ic  mathematics needed by 
v i r t u a l l y  a l l  eng ineering  and science s tuden ts . The te s t  is  
d iv id e d  In to  two p a r ts .  P a rt 1 co n s is ts  o f  the  questions 1 to  
17, and P a rt 2 o f  the questions  18 to  47. In s tru c t io n s  about 
how to  ansver the  questions  o f  each P a rt are g iven a t  the 
beg inn ing o f  each p a r t .
The re s u lt  o f  the te s t  w i l l  be tre a te d  In  s t r i c t  confidence. 
The maximum t in e  a llow ed Is  60 m inutes and you have to  answer 
as pany questions as you can.
Thank you fo r  your h e lp .
Eouardo Gonzalez-Leon 
In s t i tu te  fo r  E ducationa l Technology,
U n iv e rs ity  o f S urrey, C u lld fo rd , Surrey
"ay 1979
CELT’S A B
Expand the fo llo w in g !
a
1. (a * l) la ) a *1
lb ) a1 *2 a * l
* w .
2. < a -l) CO a -1
Id) a * -2 a - l
3. (a+1)(a -1 ) le ) a * -2 a » l
I f ) >a*2
l9 l 2a-2
W rite  as a s in g le  power
O f  X I
4, x‘ x* lh ) x '**
11) X - *
5. X *I * - «}>
x"
Ik ) x-»
6. IxM* 11) x k
In ) 3X
7. In) x"
lo ) 4X
8 . i I?) x » “  •
t ‘T> x '1
9. T & f I r )
x * *
W rite  as a s in g le  f ra c t io n !
1°. \ ♦ f
7 5
7  * T
12. \  x |
7 i 5• I  T
75
9
T"
14
5"
35T
5
IT
INSTP.OCTIOHS
Each o f the  fo llo w in g  q u e s tio n s  have fo u r p o ss ib le  answers 
o f which o n ly  or.e Is  c o r re c t ,  please t ic k ,  on the answer 
sheet, the box which you c o n s id e r g ives the c o r re c t answer 
to  each q u e s tio n . I f  you have no Idea o f the answer to  a 
p a r t ic u la r  q u e s tio n , p lease  do no t guess.
Expand the  fo llo w in g :
14. (1+x)* (A) l+4xa6j^+4x* ♦x1*
15. ( l - x ) V  IB) l+4x-6x*+4x’  +X*
(Cl l-4 x a fx * -4 x *  +x*
lb .  The s o lu tio n s  o f  th e  q u a d ra tic  cqu a t io n 3x*-7x-:
In  the fo llo w in g  b inom ia ls g iven by:
o < x < l
F ind the  f i r s t  th ree te rn s (A) x - | ( 7  t  f s s  ) (Cl x 4 ( 7 i .
o f the s e r ie s  obta ined In
the  expansion in  powers o f (B) . r - | (7  *  J O *  ) (0) « 4 ( 7 t
x o f  each b in o m ia l.
16. (H-x)1* (D) l4l *  *  71 3,1 19. I f  4x-3“ 5-*-2y, th e n :
17. < l+ x f5 (E) l 4 x  -  ^  x‘
1 « 1 (A) 4x-2y-2 (C) 4xa2y«2<F) 1*TX *  x
(C) 1_TX ♦ 77 x* (B) 4x-2y»8 (D) 4x+2y*8
20. I f  -2 x -3 0 -4 y , then  x is  equal to :
(A) 60-Bv (C) -15+2y
(B) -6 0 *By (D) 15-2y
21. I f  W-jj -  and l t ^ .0 ,  then T Is  equal to :
(A) i  (VK-WK )
(B) i  (WK -VK)
(C) i(v-wx’)
(D)
(A) x— 2: y-6 •
IB) x -3 | y»5
23. The se t o f  equations
(C) x«l» y - \
(0) x -2 : y-3
(2x+3v-z»0 x-2y+2z-0 has: 
3x+y+z-0
(A) One s o lu tio n  o n ly
.(B) More than one s o lu tio n  b u t a f i n i t e  nunber
(C) An I n f i n i t e  number o f  s o lu tio n s
(D) No s o lu tio n s
24. I f  x s a t is f ie s  the In e q u a lity  3-2x>4, them  
' (A) x>S (C) x<V
(B) x»-S (D) x<-V
25. The In e q u a lity  |x-2 l<  3 Is  e q u iva le n t t o t  
(A) x<5 and x>-5 (C) x<5
IB) x<5 and x > - l ID) x<|5
30. I f  z -4 -3 1 , then the modulus I I I  o f  z 1st
IM  1 (C) 7
IB) / 7  (D) 5
31. I f  t«I+ l</3 Is  expressed In  the form r(c o s 6 + l slr.(? ) , 
then tan& 1st
IB) *
1C) f i
ID) if
32. I f  z, — 3*21 and zt »5+4 l, then the  p roduct z,*Zt 1st 
(A) 23+221
(B) -23-21
-4+51
(C) -7-221
(0) -7+21
2-41
is  expressed In the  form z - a + t i,  them
Ih) 7 3
IE) Z - - 2 - 1 . 1
26. The expression s « £  i f  Is  equal to :
(A) b+b +b
27. Expanding » - H  ( r+ 1 *  we o b ta in  s equal
IB) 29
28. I f  lo g , x -a -b , them  
(A) x-el  -eV
(Ej x -e (a -b )
29. log[■¥] Is  the n.ijr* ast
6 loqb
4 logc
(E) 2 '1 oqa ♦ 3 logb + 4 logc
(C) x-e
(D) x - (a -b )
(C) -2 log a -  3 log b + 4 log c
(D) 2 log a + J log b -  4 log c
34. The a n g le —  expressed In  degrees 1st
IB) 45 1C) 60° ID) 90
35. Which o f the fo llo w in g  p a ir  o f  va lues s a t is f y  the 
equation  coe@ - - ! j  ?
(A) 120° and -  150° 
IB) 120° and -120°
|C) 1S0° and -150°
ID) 150° and -120°
36. The genera l s o lu t io n  o f  the  equ a tion  cos0 Is :
TT(a) 0 = 2 n f f t  - j -  
(B) e = m T r  + a it3
i t r(C) G — 717T 1 —5— 
ID )  £ > =  T i f f  T  J L .
37. cos(30 -x )  Is  the same as:
(A) S I V? cos x -  e ln  x) (C) V ic o s  x - f l  s in  x)
(b) S I V l cos x + s in  x) (p) \  (cos x + f j  s ir . x)
38. 6m£>u)t +5in iu l t  la  the same as:
(A) X u rsu iv l s in .iu>t (C) I t o j l t u l l t o s lu l i
IS) Z^in.U.u)Voj9au3t (D) — I(f>>aUu)l5'n.3u>l
jo .  cos(wieoOcosull. is  the same as:
(A) ^ ( C )  ^ c o s lu i t+ d )  + o s m l}
(B )  ^ w s U ' x t + c t ^ - u ^ a J  ( D ) ^ a x s l n t e o O -
40. I f  In  the  f ig u re  on the  r ig h t  
n -3 , p-4 and M-120°, 
then the  va lue o f  m Is :
VB (Bj J19 to Jil to) f r i
The above Is  a stretch o f :
(A) sin, x (B) s in  2x (C) cos x (D) cos 2x
42. I f  v»s ln  x ♦ cos .x ,then  g j  , I s :
(Cl -cos  x ♦ s in  x(A) cos x + s in  x
(B) cos x -  s in  x
47. Using In te g ra t io n  t j -  p a r ts ,  o r e  can  p u t :
I t  \  . I  *  „X f  C X » X  €f - M
vhcre M Is  equa l to :
(A) J ^ dX
<U> j x* e* (
(C> l^xe *  dx 
( x . * ctO) 1 xe dx
(O) -cos x -  s in  x
43. I f  x ■ s in  3 t , then Is :
(A) 2 a ln 3 t
(B) £ s in  3 t
tC) 2 s in  3 t cos 3t
(D) 6 s in  3 t cos 3 t
44. I f  y -x e * , r. then g j  Is :
(A) e* tB) lee* tC Je'+xe* . (D) x+e*’
45. I f  y  ■ i  then 3^  Is :
_  11
(A) V.X-TP-
12x+5,C,1CT*
i n :  _  5 x * 1 4  
,B )  77TT .  ,  1 3 x * 1 0<D) TfiFIl'
4£. te  dx Is  equal to  a constant p lus :
1 m .TZ •
to ,
A P P E N D I X  P
BATTERY OF MATHEMATICS D IA G N O S TIC  TESTS
PART 1
IN S TR U C TIO N S
B e lo w  y o u  w i l l  f i n d  tw o  c o lu m n s  (A a n d  B ) . C h o o se  t h e  e n t r y  
i n  c o lu m n  B w h ic h  y o u  c o n s id e r  i s  t h e  c o r r e c t  a n s w e r  t o  e a c h  
q u e s t io n  i n  c o lu m n  A . W r i t e  t h e  c o r r e s p o n d in g  c o d e  l e t t e r s
i n  t h e  b o x e s  p r o v id e d  i n  t h e  a n s w e r  s h e e t .  You may u s e  e a c h
c o d e  l e t t e r  o n c e ,  m o re  th a n  o n c e  o r  n o t  a t / a l l .
T o  ir.ake i t  e a s i e r  t o  a n s w e r  t h i s  p a r t ,  i t  h a s  b e e n  d i v i d e d  
i n t o  s e c t io n s  b y  h o r i z o n t a l  l i n e s  so t h a t  y o u  c a n  w o rk  w i t h  
e a c h  s e c t i o n  in d e p e n d e n t ly  f ro m  t h e  o t h e r s ,  t h a t  i s ,  t o  
a n s w e r  t h e  q u e s t io n s  1 t o  3 i n  c o lu m n  A y o u  o n ly  n e e d  t h e  
e n t r i e s  (a )  t o  (g )  i n  c o lu m n  E ; f o r  t h e  q u e s t io n s  4 t o  9 i n
c o lu m n  A , t h e  e n t r i e s  (h )  t o  ( r )  i n  c o lu m n  B , a n d  f o r  t h e
q u e s t io n s  10  t o  13 i n  co lu m n  A , t h e ‘e n t r i e s  (s )  t o  ( z )  i n  
co lu m n  B .
COLUMN A COLUMN B
E xp a n d  t h e  f o l l o w i n g :  
%
1 . (a + 1 )
3,
2 .  ( a - 1 )
3 .  ( a + 1 ) ( a ~ l )
(a ) a +1
(b ) a^ +2 a + 1
(c ) cl ""1 '
(d ) a ' - 2 a - l
(e ) a — 2 a + l
( f ) 2 a + 2
(g) 2 a - 2
5.
8 .
W r i t e  as  a s in g le  p o w e r  
o f  x :
y. - 6  *4 . x x
6 .  ( x 6 )
7. (x*)*2
1
9> T^ ) 4
(h )
-36X
( i ) X -'*
( j )
-€»X
(k ) X -3
(1 ) X
(m) 2X
(n ) X .
(o ) 6X
(P ) x 6
(q ) x '*
( r ) x 3b
W r i t e  a s  a  s in g le  f r a c t i o n :
1 0 .  |  +  |  (s )
( t ) JL35
7 5 , . 9
11. 2 " 4 4
(v ) 145
i o 7 5 , * 351 2 .  j  x  j  (w ) ■g*—
(x ) 194
7 5
13. £ r | (y) 5
14
(2 ) -1
INSTRUCTIONS
E a c h  o f  t h e  f o l l o w i n g  q u e s t io n s  h a v e  f o u r  p o s s ib le  a n s w e rs  
o f  w h ic h  o n ly  one  i s  c o r r e c t .  P le a s e  t i c k ,  on t h e  a n s w e r  
. s h e e t ,  t h e  b o x  w h ic h  yo u  c o n s id e r  g iv e s  t h e  c o r r e c t  a n s w e r  
t o  e a c h  q u e s t io n .  I f  y o u  h a v e  no  id e a  o f  t h e  a n s w e r  t o  a 
p a r t i c u l a r  q u e s t io n ,  p le a s e  do  n o t  g u e s s .
1 4  . I f  4 x - 3 = 5 + 2 y , t h e n :
(A ) 4 x - 2 y = 2  (C ) 4 x + 2 v = 2
(B ) 4 x - 2 y = 8  (D ) 4 x + 2 y = 8
1 5  . I f  - 2 x = 3 0 - 4 y , th e n  x  i s  e q u a l  t o :
(C ) ~ 1 5 + 2 y
(D ) 1 5 - \2 y  
a l  t o :
(C) i(V-WK3 )
(D ) i [ v - W ( K - K a )
c2 -  c,
h +  — 75----------- , th e n  c, i s :
(A) i (VK-WK )
x \
(B) i (WK4 -VK) 
1 7 .  I f  CT -  w =
(A) 60-8v
(B ) ~ 6 0 + 8 y
V TP
16. I f  W=~ -  ^  a n d  R £ 0 ,  t h e n  T i s  eque
(A) 2h + c2 -  2 (a  -  \j)
(B) 2 h + c2 ~ (q  -  v/)
(C) h + c2 -  2 (a  ~ w)
(D) 2 h + c2 2 q + w
1 1 11 8 .  I f  ——  =  ■. ~ —  , th e n  R2 i s  e q u a l  t o
(A ) RR» (C) R ~ R .
R -  R, RR,
(B) RR> (D) R| ” , R
R, -  R RR,
1 9 .  T h e  g e n e r a l  fo r m u la  t o  s o lv e  t h e  q u a d r a t i c  e q u a t io n  
a x 2 + b x  +  c =  0  ( a  /  0 ) i s  g iv e n  b y :
- b  -  J  b2 +  4 a c  - b  -  \Tlo  +"(A ) x  =  . r ( o  x  =  - ~ v  .- ..- x T 2ac
- b  ± 71? - 4ac (D) X =  - r p J L ' l  b* -  2 a c(B ) x  - - b—  ■ b -  ~ 4?C' (D) x =  2a2a
2 0 .  The s o l u t i o n s  o f  t h e  q u a d r a t i c  e q u a t io n  x 2 +  3x  + 1 =  0  a r e  
g iv e n  b y :
(A) x =  i  ( - 3  -  J T l )  (C) x  =  |  ( - 3  ±  > / T  )
(B) x  = i  ( - 3  ±  J~13) (D) x  = \  ( - 3  -  s f T  )
2 1 .  The s o l u t i o n s  o f  t h e  q u a d r a t i c  e q u a t io n  3 x 2 + 5x  + 1 “  0  
a r e  g iv e n  b y :
(A ) x = | ( -5  -  /If!) (G) X = i ( -5 ±  / l 3 )
(B) x  = |  { -5 - -fin) (D) X = |  ( -5 i '/TL)
2 2 .  T h e  s o l u t i o n s  o f  t h e  q u a d r a t i c  e q u a t io n  3x - 7 x - l - 0  a r e  
g iv e n  b y :
(A) x=|(7 ± / & 5  ) (C) x=i(7± v/ei )
(B) x=|{7 1  / + 3  ) (D) x=i(7 t > / 3 7 )
"[ 4x-2y=2
(A) x=-2; y=6 (C) x=^;
(B) x=3; v=5 (D) x=2; y=3
24. The solutions of the set of equations x + y - z = 1 x - 2y + z = - 2  
k2x + y + z = 3
are:
(A) x = - 3 ' v y ; z = -2 (C) x = y ? y = yi ; z = -|
■:i
(b ) x = - y ? y = 3  ; z = - I
1 q 3(D) x = y ; y = y 7 z - y
25. The solution of the set of equations x + y + z = 6 2x + 3v + 4z = 20 
3x + 5y + 6z = 3 1
are:
(A) x = 3 ; y = -2 ; z = 5
(B) X  = 1 ; y = 2  ; 2 = 3
3
26. The expression s= ^  i>" is equal to:
f-l
(C) x = -1 ; y = 6 ; z = 1
(D) x = 2  ; y  = 0 ;  z = 4
(AO b+1? +b3 (C) b
14-1+3
^  3
(B) b<b < b (D) b
i»X<3
, - L27. Expanding s= Z- (r+1 ) we obtain s equal to:
r=i
(A) 27 (C) 49
(B) 29 (D) 81
3. Expanding s = / / (2r - 1) we obtain s equal to
r r  3
(A) 16 (C) 49
(B) 18 (D) 81
SISSLISQ: INEQUALITIES - LOGARITHMS -
COMPLEX NUMBERS - THE BINOMIAL THEOREM.
PART 1 
INSTRUCTIONS
Each of the following questions have four possible answers 
of which only one is correct. Please tick, on the answer 
sheet, the box which you consider gives the correct answer 
to each question. If you have no idea of the answer to a 
particular question, please do not guess.
INEQUALITIES
1. If x satisfies the inequality ~3x < y, then
(B) x<-^
(A) x < y + 3 (C) x > y + 3
(D) x > - y
2 . If x satisfies the inequality 3-2x>4, then
(A) x>h (c) x<h
(B) x > - h (D) x<-^
3. The inequality lx~2|< 3 is equivalent to
(A) x<5 and x>-5 (C) x<5
(B) x<b and x>-l
4. The inequality |5 - xl^CS is equivalent to
(A) x < 13 and x > ~ 3  (C) x < 3
(B) x < 3 and x > -3 (D) x <
LOGARITHMS
5 . if loge x=a-b, then:
/■* \ a v> (A) x=e -e (C) x=ea - b
(B) x=e(a-b) (D) x=(a-b)
6 . log a b is the same as
(A) 6 loga logb 
4 logc
(C) ~2 log a ~ 3 log b + 4 log c
(B) 2 loga .+ 3 logb + 4 logc (D) 2 log a + 3 log b — 4 log c
7. log 7  al? is the same as
(A) ~ log a + § log b
(B) ~ log a + y log b
(C) 3l0g a .+ 61og b
(D) 61og a + 61og b
COMPLEX NUMBERS
In the following questions, 1 denotes v/-l
8 . If z = a + bi, then the modulus |z| of z is:
(A) \f a + b
(B) J~a2 - k?
(C) a2 - b2
(D) a ~ b
9, If z = 4 + 3i, then the modulus ]zf of z is:
(A) 1 (C) 7
(B) \[T (D) 5
10. If z = -2 + i , then the modulus \z\ of z is:
(A) \f5 (C) U
(B) -3 (D) 3
11. If z = 4 - 2i , then the
(A) 6
(B) 2 J~3
12. If the complex number z =
fesrffti z = r(cos 0+ isin G  ).. ■ 'j
(A)
(B)
13. If the complex number z - 1 
z = r(cos0 + isin0 ), then
<A>
(b) f i r
14. If the complex number z = 4
z = r(cos 9 + isin B ), then
(A) 0
(B) §tr
15. If z1 = 1 + i and z2 = 2 -
(A) -5 + i
(B) 5 - i
16. If z, = 1 - 2i and z2 = 3 -
(A) 11 - 10 i
(B) -11 + .lOi
modulus I zI of z is:
(C) 2 AT
(D)' 12
a -  i n  is expressed in the 
then the value of &  is:
(C) fir
(D) |Tr
+ ill is expressed in the form 
e value of 0 is:
(d) ’ Tr 
(D) -g i V
is expressed in the form 
the value of 0  is:
(C) ir
3i , then the product z, x z2 is:
(C) -1 +'i
(D) -I - i
4i, then the product Zi x z2 is:
(C) .5 + lOi
(D) -5 - lOi •
If z 1 = -3 + 2i and z2 = 5 + 4i, then the product z 1 x  z 2
(A) - 7  - 2i . (C) -23 -2i
(Bj - 7  + 2i (D) 23 + 2i
If = 1 * i and z2
Zl
= 2 - i , then the Quotient —  is:
2
(A) .•! i5 1
2 3
( o  §  + 4  i
.■(B) i  t— i  7
(D) 3 . 1 1  
3  + 5
h
19. If z, = 3 + i and z2 = 4 + i, then the quotient isr
(A) ^7 + T7 1 (C) 17 + TT“ i
(B) 17 + 17 1 (D) |  + i
Zl
20. If z, = -4 + 5i and z2 ■= 2 - 4i, then the quotient —  is:
(A) - ~ - |o“ 1 ^  5 + 10 1
(B) 4  - 1 o i  (D) -2  -  ! *
P A R T  2
INSTRUCTIONS
Below you will find two columns (A and B) . Choose the entry 
in column B which you cpnsider is the correct answer to each 
question in column A. Write the corresponding code letters
in the boxes provided in the answer sheet. You m ay use each
code letter once, more than once or not at all.
To make it easier to answer this part, it has been divided 
into sections b y  horizontal lines so that you can work with 
each section independently from the others, that is,, to 
ansv;er the questions $nd in column A you only need the 
entries (a) to (c) in column B; for the questions 21 and 22 in
column A, the entries (d) to (g )  in column B.
BINOMIAL THEOREM
COLUMN A COLUMN B
Expand the following:
2 1 * (l+x)^ (a.) l+4x+6x' H-4x3 +x^
22. (l-x)V (*>), l+4x-6xa’+4x3 +x‘1'
(c) l-4x+6xa-4xa +xM'
In the following binomials 
o<x< i
Find the first three terms 
of the series obtained in 
the expansion in powers of 
x of each binomial.
i
23. (1+x)1*
i
24.U+xf'5
/ % i . 1 . 3 ^
( d ) + -22 x
(e>) 1+|.x -  x*
Ti§T==2HE||i==5BIgglQM12BX 
PART 1
INSTRUCTIONS
Below you will find two columns (A and B) . Choose the entry 
in column B which you consider is the correct answer to each 
question in column A. Write the corresponding code letters
in the boxes provided in the answer sheet. You may use each
code letter once, more than once or not at? all.
To make it easier to answer this part, it has been divided 
into sections by horizontal lines so that you can work with 
each section independently from the others, that is, to 
answer the questions 1 to 4 in column A you only need the 
entries (a) to (g) in column B; for the questions 5 to 8 in
column A, the entries (h) to (n) in column B. .
COLUMN A ' COLUMN B
* Express the following angles in degrees
(a) 30p
(b) 60*
(c) 1 2 0 9
(d) 135?
(e) 200Q
(f) 270*
(g) 300°
The value of:
5 . sin ~ TT
6 . sin
7. cos
8 . cos «£****
(h) J3/2
(i) 1 
Cj) 1 /2
(k) 0
( 1 ) - 1 / 2  
Cm) -L 
(11) - 73/2
PART 2
INSTRUCTIONS
Each of the following questions have four possible answers 
of which only one is correct. Please tick, on the answer 
sheet, the box which you consider gives the correct ansv/er 
to each question. If you have no idea of the answer to a 
particular question, please do not guess.
f l
1 0. which of the following pair of values satisfy the 
equation oos 9  =-% ?
(A) 120° and - 150° (C) 150° and -150°
(B) 120° and -120° (D) 150° and -120°
1 1 . The general solution of the equation cos© =% is:
I T  ^  *rr*
(A) €>=znTr± -3-  (c) 0 =
(b )
12. The general solution of the equation sin© = 1/2 is:
(A) 9 =  2 n l i ± ~-  (C) 9=  nTT ± 12  .
(B) 0  -  2nV ~ (D) & — nil — ~
9. From the figure on the right, we have that:
(A) sin© - £m and cos &
_ n
m
(B) sin© -  S 
P
and COS© ll PI
3
(C) sin© II a
 13 and COS 0 _ m 
P
(D) sin©
dieii and cos O = £ m
13. Cos (A - B) is the same as:
(A) sinA cosB 4- cosA sinB (C) cosA cosB + sinA sinB
(B) sinA cosB - cosA sinB (D) cosA cosB - sinA sinB
1.4. cos (30°-x) is the same as:
(A) h ( \[$ cos x - ein x) (c) h (cos x -{3 sin x)
(B) h ( V i  cos x + sin x) (D) h (cos x + / s  sin x)
15. sin (A + B)•is the same as: / •
(A) sinA cosB + cosA sinB (C) cosA cosB + sinA sinB
(B) sinA "cosB - cosA sinB (D) cosA cosB - sinA sinB
16. sin (x + 60 ) is the same as:
(A) (cos x + 3sin x) (C) — (sin x + 3 cos x)
(B) i (sin x + 3 cos x) (D) — (cos x - 3 sin x)
17. sinA + sinB is the same as:
■a i t o A+B . A-B0 A+B . A-B (C) -2sm s m  —(A) 2 cos -~2 ~ s m  -~2 ~ 2 2
/t-jx n A+B A-B n . A+B A—B(B) 2 cos cos — (D) 2 sm.-j- cos —g—
.18. 5ia tbiB'i+5iVi^ ui^  is the same as:
(A) /(icpsm-ujI. 5irt2»u)'b (c) % cosh-uitoos^iO't
(B) *2/‘dirv U-u)i cos
19. " cosA - cos B is the same as:
, ,n ' . _ _ , _. o - A+B . ■ A—B, ~ A+B A-B (C) -2sm —rr- s m  —(A) 2cos ~2— s m  — 2 2
, r, \ o A+B A—B /_» n . A+B(B) 2cos — 2 ~ cos ~ 2~ (D) 2sm — cos
20. Cos 3x - cos x is the same as
(A) 2cos2x sinx (C) 2cos2x cosx
(B) 2sin2x cosx (D) -2sin2x sinx
mn
21. In the figure on the right, we have, according to the 
cosine rule, that:
(A) m 2 = n + p - 2npcos M
(B) in2 = n2 + p2 - 2npcos M
(C) m2 = n2 + p2 •+ 2npcos M
(D) m2 = n2 + p2 + 2npcos M
22. If in the figure on the right n = 3, p=4 and M=120tf then 
the value of m is:
(A) \ f l 3
(B) \f19
(C) f T l
(D) J37
23. I in the figure on the right n=l, p=5 and M=60* then the 
value of m is:
(A) 1
(B) /21
(C) v/28.5
(D) >/3X
24. If in the figure on the right m=2, n=3 and p=120* then 
the value of p is:
(A) f ?
(B) Jii
(C) 4
m
n
(D) y/19 tn
25
\ -
The above is a sketch of:
(A) sin x (B) sin 2x (C) cos x (D) cos 2x
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INSTRUCTIONS
Each of the following questions have four possible answers 
of which only one is correct. Please tick, on the answer 
sheet, the box which you consider gives the correct answer 
to each question. If you have no idea of the answer to a 
particular question, please do not guess.
DIFFERENTIAL CALCULUS
1 # If y=sin x + cos x,then is:
(A) cos x + sin x (C) -cos x + sin x
(B) cos x - sin x (D) -cos x - sin x
2. If y=(x2 + 3)5 , then
(A) 5 (x2 + 3)4 (C) 10 (x2 + 3)4
(B) 10x(x2 + 3)4 (D) 5x2 (x2 + 3)4
3. If y , then is:
(a ) e - 4t
(b ) i e - 4'
( o - i e -41
(D ) -4 e '4t
4. If y = ln(a+bt), where a and b are constants, then 5^
(A) Et
1
If y = sin2t , then -3* is:
(A) 2sint cost
(B). 2sint cos21
(C) 2 sint
(D) 2. cos2t
6 . If y = sin2 3t, then ^  is:
(A) 2 sin3t (C) 2 sin3t cos3t
(B) 6 sin3t (D) 6 s.in3t cos3t
civ7. If y = sin2 (2wt + 0) where 0 is a constant, then ^  is:
(A) 2sin(2wt + 0) (C) 4wsin(2wt + 0)cos(2wt + 0)
(B) 2cos2 (2wt + 0) (D) 2wsin(2wt + 0) cos (2wt + 0)
8 . If u and v are funtions of x, then 4— (uv) is:dx
f^ x du , dv . ,
(A) I S  + (C) u p  + v■ dx dx
du dv „ dv , du(B) -3— -3—. (D) u -=r— + v -3—dx dx ax dx
9. If y=xex , then 4^dx is:
W ® *  ( B ) l + e *  (C) ex +xex (D) x + e *
10. If y= t sint , then is:
(A) 1 + cos t (C)t cost + sin t
(B) t + sin t cos t (D) cos t
11. If y = x Inx then is:
(A) 1/x (C) 1 + 1/x
(B) 1/x + lnx (D) x + lnx/x
12. If u and v are funtions of x, then is:
(c) M v 5R -a ! ; ]
13. if v = /~*y  , then is:2x-l ax
H  (c) 12x+5
K ’ (2x-l)'
dV14. If y = sint / t , then ^  is:
3 1(A) x—~ t - sint cost (C) x— t + sint costt t
1 1(B) -r— tcost + sint (D) x—  tcost - sintt 'u
15. If y = lnx/2x , then ^  is:
(A) l/4x 2 - 2lnx (C) l/4x 4x + lnx/x
(B) l/4x 2 + 2lnx (D) l/4x 4x - lnx/x
INTEGRAL CALCULUS
16 ^(7x2 + 2x + 3) dx is equal to
(A) -^ x3 + x2 + 3x (C) 7x3 + 2.x2 + 3x
(B) |x3 + 2x2 + 3x (D) 1.4x + 2
17. ( **
1e dx . is equal to a constant plus:
u X. . . 1 tCX.
(A) ke kx e
H-X .  „  v
(B) xe  (D) i  ek
■ J18. V —  is eaual to: x
(A) -lnx (B) lnx (C) 1/lnx (D) -1/lnx
f  dx
19. The integral J ~"j===r is most readily evaluated with 
the substitution :
(A) u=l-x (B) u2 =l-x (C) sinu=x (D) cosu=x
c dx
20. The integral J is most readily evaluated with
the substitution:
(A) u=x (B) u=3x (C) u=3x+2 (D) u=(3x+2)
2 1 . The integral J" -^ >  ■ is most readily evaluated with
the substitution:
(A) u=x2 (B) u=x-3 (C) u=x?f-3 (D) u=3x2-9
f dx
22. The integral \    — : is eciual to
^  if  <U , ( <i* f d*
Xdx
(B) (D)
dxf d23. The integral \ -— , w " is eaual toJ b+u)lx+*>  - , . f d5t
24. The integral 
(A)
gU ± [ d* 
z )X - ■X-Vl
(B)
is equal to 
, f  dx.
(D)
J X  + 1
dy.
i ( _ i i
5 3  X - I
d x
X - M X -l
25. If u and v are funtions of x, then to integrate by parts 
we use the formula:
(A) w & v » = U .V - W ( t V *
(B) S « © < “ = UIVJ-• U t & W
(C) ] u UL\J-
(D) W  ( m ) d: t = UV- 1 ( w J d *
26. Using integration by parts, one can put:
J X  0  ci)C= X  £ - M , whe r e  m is equal to
(a) \  - ~ —dx (c) e \ l x
(B)  ^ x2ex dx (D) J  x  ex d x
27. Using integration by parts, one can put:
jx V m x d x = - x W - \here M ,s equal to;
■ (A) ( c ) j ^ x 5dx
...(b)\ ( • " &\n.x)dx (d) |
28. Using integration by parts, one can put
 ^0*COSxdX -e v/here M is equal to:’
( A ) j e * i x  ( o je ^ c b c
(b )  ^exsvxxd* (d)j s>«,x cosxAx
APPENDIX Q
CRITERIA FOR THE .BATTERY OF MATHEMATICS DIAGONOSTIC TESTS
Test one;.Algebra.
Contents . Item Nrs in 
the test
Number of. 
correct items 
for mastery
1.0 Algebra
1.1 Operation with fractions 10,11,12,13 3
1,2 Laws of exponents 4,5,6,7,8,9 4 ■
1.3 Multiplication of brackets 1,2,3, 2
1.4 Transposition of formulae 14,15,16,17,18 4
1.5 Quadratic equation 19,20,21,22 3
1.6 Set of simultaneous linear 
equations 23,24,25 2
1.7 Summation 26,27,28 2
Test two: Inequalities - Logarithms - Complex Numbers - 
The binomial Theorem.
Contents Item Nrs in 
the test
Number of 
correct items 
for mastery
2.0 Inequalities
2.1 Solution of inequalities 1,2,3,4 . 3
3.0 Logarithms
/
3.1 Properties of logarithms -5,6,7 2
4.0 Complex Numbers
4.1 Modulus 8,9,10,11 3
4.2 Coversion from rect..to 12,13,14 2
trig, form
4.3 Product of two complex 
numbers 15,16,17 2
4.4 Quatient of two complex 
numbers 18,19,20 2
6.0 Binomial Theorem
6.1 With positive integer 
. exponent 2 1 , 2 2 2
6.2 With fractional exponent 23,24 2
• Topics Item Nrs. in the test
Number of 
correct items 
for mastery
5.0 Trigonometry
5.1 Definition of sine and 
cosine
9 I
5.2 Conversion of angles 1 ,2,3,4 3
5.3 Trigonometric funtion values 5,6,7,8 3
5.4 Trigonometric equations 1 0,11,12 2
5.5 Addition and Subtraction 
formulae 13,14,15,16
/
3
5.6 Sum and Difference of sines 
and cosines 17,18,19,20 3
5.7 Cosine rule 21,22,23,24 3
5.8 Sine and Cosine curves 25 1
Test four: Differential Calculus and Integral Calculus
Topics Item Nrs. in the test
Number of 
correct items 
for mastery
7.0 Differential Calculus
7.1 Derivative of sine and 
cosine 1 1
7.2 Chain rule (simple funtions) 2,3,4. 2
7.3 Chain rule (trig, funtions) 5,6,7 2
7.4 Differential of the product 
of tv/o funtions 8,9,10,11 O
7.5 Differential of the quotiexnt 
of two funtions 12,13,14,15 3
8.0 Integral Calculus
3.1 Standard integrals 16,17,18 2
8 .2 Integration by substitution 19,20,21 2
8.3 Integration by partial 
fractions 22,23,24 .2
8.4 Integration by parts 25,26,27,28 3
APPENDIX R
EXAMPLES OP THE USE OP THE. T.A.O.I. METHOD
The problems in these examples- are:
1. Solve for x the inequality 3 ~ 2x>> H
2. Solve for x the inequality |x — 3| < 2
. 2
3.“ Evaluate s m  tt - cos ir
T
U. Expand log ( ~  , using the properties of logarithms.
Keys: .
a.- Remarks in round brackets ( ) are remarks made by the interviewer
b.- Remarks in square brakets [ ] are explanatory notes.
EXAMPLE No. 1
(a) Solving the problem
Comments Student's written answer
[ He writes down the problem and 
solves it without saying anything]
[He goes over the problem again checking 
what he has done. Then he introduces a 
minus sign in one of the inequalities in 
his solution]
[pause]
[He crosses out the above inequality and 
solves the problem again from -2x > 1 ]
(b) Interview (transcribed audiotape)
(Why did you change your mind at this point.? [What he crossed out].
Did you check with particular values for x? ) .
If this was the answer for x, x had to be less than 1/2. In fact, if 
x is less than 1/2, then 2x is less than one, and 3 - 1 is not bigger 
than 4, so it is wrong.
(You have here -2x > 1 and then here 2x > -1 [in his second attempt]. 
You did not change the direction of the inequality )
[pause]
Yes, right. I was not sure about it.
(When you multiply by a negative number... )
Oh, I see. The first time I had got the minus sign but the second time 
I took it the other way round.
3 - 2x > 4 
- 2x > 1 
2x < 1
x  -cJL 
2
2x< -1 
x<4-
2x
2x> 1
2x> -1 
x > - -
(c) Summary
This student gave the impression that he did not know that .he should 
change the direction of the inequality when both sides of it are 
multiplied by a negative number. He doubted after he had checked his 
answer for x< — and apparently thought that something should be 
negative, as he then introduced a minus sign just before he crossed 
out what he had done. The interview situation after the completation 
of the test revealed that in fact he had idea of the rules for 
transposition ( when he interrupted the interviewer) but that he was 
not sure about such rules.
EXAMPLE No. 2
(a) Solving the problem
Comments Student's written answer
[He writes down the problem] | x — 3|
[He thinks for about 45 seconds but 
does not say anything. Finally he 
decides to leave the problem and 
solve another one ]
Later
[He writes] | x - 3 | is always true
x - 3 < 2 
x < 5
for all positive values of
[pause]
but also x > 1 
therefore 1 < x < 5
(k) Interview (transcribed audiotape)
(You attempted to solve this problem but then you decided to leave it 
for later. What happened in the first attempt? )
I did not know the correct way of doing it.' I do not know.... I do not 
know a method for doing that. I just more or less, not necessarily- 
trial and error, but more or less, you know... thinking what the upper 
limit was going to be and what the lower limit was going to be... as 
supposed to... knowing a set method to go for it.
(Now, from here [ x t 3 < 2 ] you go to here [ x < 5]. How did you 
obtain the 5 ? )
As I  said, you know, not necessarily trial and error, the x - 3 is 
less than 2, so x has to be less than 5
(And the one [in x S 1 ]? ) /
Substituting values [ in | x - 3| < 2].
(c) Summary
The difficulty that this student had was that he did not know how to 
solve inequalities involving modulus. (Before attempting this problem, 
he had previously solved the inequality 3 - 2x < 4 with no difficulty).
He knew that there had to be an upper limit and a lower limit for x but 
he did not really know how to find them, so he decided to solve the 
inequality x - 3 <'2 to find one of the limits and then to use trial 
and error to find the other limit.
EXAMPLE No. 3
Process (transcribed audiotape)
[He writes down the problem]
Evaluate....Evaluate.... what do we 
mean by evaluate?
Let us convert that [he writes]
I shall use [ he writes ]
Now you get x = -J- , therefore
[he writes]
Student*s written answer
s i n 2  r\ -  c o s t t
~T
sin2 x *
cos 2x = 1 - 2 sin2 x
cos 7T = 1 - 2  sin2 it
. . 2 7T 1 -  C O S it
sm  T  -^-------
Yes, I will substitute that in [the
expresion sin2 tt - cos tt] [he writes] 
T
1 - cos tt cos TT
2
COS TT
[pause]
J  -  J  COS TT
2
[He goes through the solution again to 
check that everything is correct].
(What is tt ?)
TT is a number, it is 90° which is 1 [ i.e. sin 90° = 1 ]
[pause ]
I should have done it that way, 1 is sin2 y  , cos 7r is minus 1,
therefore 1 - (-1) = 2. I forgot, I suppose that is what I should
have done. I did it that way [what he actually wrote] but..... .
it would have been easier to do it that way, but I always.... I 
always tend to do it that long because that.... I mean, you do 
not doubt when it is 'substitute1 the values: .in and when you 
actually.... in our mathematics questions we had got things like 
that and we had actually to do them in this way, that is why I 
went about.... that long way rather than this... substituting in.
After this student had read the question, he apparently got confused 
by the word "Evaluation", and moreover, he said "what do we mean by 
Evaluate? ". Apparently, he has the tendency to do a problem in a 
particular way because he expects the problem to be of a particular 
kind. In this case, he expected this problem to do with manipulation 
of trigonometric identities. Since in his A-level mathematics course 
he used to solve problems in which he had to use a lot of trigonometric 
manipulation, he did not hesitate with the present problem and tried 
to solve it doing the same kind of things he used to do at school.
Summary
Process (transcribed audiotape) Student's written answer
[He writes the question] log ( —£-)
[pause]
(What are you going to do?)
I am trying to ... I have done questions 
like this before... I know that it comes 
to the power of something...but I actually...
I think I will write it down [he writes] _ log a x lofc b
log c
I think that is ... I can do something with 
it but I cannot explain why I have done that...
I am losing myself a litle bit here. I guess., 
to be quite honest, I cannot really answer the 
question for some reason... I have complety 
forgotten all my old work.
(Do you remember how to expand the logarithm 
of a quotient ?).
c lLogarithm of a quotient [ he writes] log ( ) =
Oh! It is the same as [he writes] log a - log b
Is that the same as... let us see, let us 
have a try. I think I will try... let me
explain it here. Let us choose [ he writes] a = 10,  b = 100, c =
Then that is equal to [he writes] log ( — ) =
1000
therefore, using now properties of logarithms
[he writes] log( ) = log a + log
log c 
= 1 + 2 - 3
r? 0
I think that looks like the right answer...
It was very... I do not know, I just... I was 
doing.... that is not one of the standard ones.
We were doing that earlier, were not we ? When
1000
b -
you get x to the power of something times x
to the power of something [ he writes] X~ * X~
It is the same sort of method.....
(Why did you first write log( =  — ■& ^
Because I ... because in our mathematics course we did 
that [product of powers with the same base] and that 
[properties of logarithms] in the same week, and I had 
got a doubt between the two...1 do not know it was 
something like you multiply by log c and therefore 
the log cancel out or something like that. I cannot 
quite remember what it was... I had completiy gon^ off 
the track. It took me a little while to figure what 
exactly was happening.
Summary
The difficulty that this student had was that he did logarithms and
product of powers with the same basis during the same week in his
A-level mathematics course and this would appear to have confused him.
He tried to sort this out with an axample using powers of 10 because
he knew that log 1=0, log 10 = 1, log 100 = 2 and log 1000 = 3 .
He found that log ( ' ) = 0 and he knew that log ( ~ )= log a - log b,
therefore he concluded that log ( — j ) could not be equal to log axlog b
c log c
because log lOxlog 100 _ 2 and not zero,
log 1000 "3
3-bFrom this, he concluded that log C —  ) should be equal to
log a + log b - log c and checked it with the values he had chosen for
a,b, and c , that is, log a + log b - log c= 1 + 2 - 3 =  0 .
To summarise, if we had only asked the student to solve the problem ,
he would have written log ( —  ) = - .L^ ---- and would therefore& c ' log c
have left the problem there, not allowing us to detect what his difficulty
was.
Fit ASK WRITE SOLUTIONS OH THfc tEST FAPKR
Dtp«rtMnt
Trigonometry
Algebraic Manipulation
1. Expand
2. Simplify (a7)^/
3. Solv« a* -  4a -  J -  6 .
4. Factoriaa In* -  11a ♦ 3 .
5. Solva th* ant o f aquations
7a -  j  » J 
3a ♦ 2y 11
■ ' . .  . . .  7a -  1 7« 1 .6. S iap lify  2 *
7 . R a t io n a l la n  th a  d e n o m in a to r  i a  th a  a a p r ts a io n  J  '
S. Divida 7a* -  6a* ♦ 7a -  1 hy a* -  a ♦ 2 .
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Guildford Surrey GU2 5XH
O r  . S U R R E Y
T  0483 71281 Telex 859331
Institute for Educational Technology
May 1977 EG/JH
Dear Student,
Programmed Trigonometry
I am designing a programmed text in trigonometry which should he useful 
to anyone vho vishes to revise his knowledge in this subject. At the moment 
I have got a version on trial and I vould like to ask your co-operation in 
helping me to improve it. At the same tine you will he able to improve your 
knowledge of trigonometry. '
Would you therefore please do the following:
(1) Work through the text, writing the answers to each frame into the hook, 
(ignore the instruction not to write in the hook.)
(2) If you have any questions or comments, pleese write them on the page 
opposite to the appropriate frame. Anything in connection with the 
instructions, content of frame, wording, etc., that you can comment on 
will help me.
(3) As you work through the book, please write down the date and time, each
time that you start and finish any part of the book, against the frame
where you start and the frame where you finish.
(U) I shall come to see you on ( date)
&t (time) to see how you are getting on end to gather your impression
Thank you very much for your help.
l l . j . l . f l :  ..f So.-w? I l.v.iti.n: F„ P. |;. Kr > S: . IM'i.r.P.. I  .I.M. A.. F.IS..VA.
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OF ENGINEERING STUDENTS
b y
EDUARDO GONZALEZ-LEON 
2-
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•EvaluoU e e a c t . a j- 4-W. -^olloiwitia :
I)  5 4  2 ) ( - i f  3 ) - 5 - a  4-) -M -C M -)-3 '
3 , ^  $ e c i i? m !  e x fo n e t t - b  *■■ ■
'To £Valua-l£ expressions such, as 7L 'm u)-e •need do 
use locjaeilh'ins.
\X/e -first a|] recall tw o  basic properties
^  Ike. logurikhrfl ; Y iaynelj 
3 'o i-l cl* := b  log ex.
3 -U -2 . to g (< x b )~  to g a .4 -  tog  b>
tW  f i r s t  o i tOVi’ic\i 15 needed belouL Xf- th e s e  cxre unfairnil 
Vo xjou th e n  ^you cxce adMisedi to  looto cct ex bootc oa. 
\ogaritViTns elseuih-ere-
E X A M P L E S  :
t 3 .7
cl)  T o  ^ v a lu a fe  2 / proceed as -foUoujS:
S e t  X  = 3 . and tatoe logarithms:
r= 3-7bog2> (hvj p ro p erty  3 .a , l )
tog X  3 '7  (o -3 o io )  (using •fov>r*-«flgurs’ ta b le s  ° |-
common logarithms).
The^-fare
to a  % =  I - U 3 7  
and 5 0
%= 12-99 (using loun-liQorer tables tornmoa
a n tilofttuTilhirns).
#Z*8>
b) T o  evaluate (<M7) proceecL ms ^ollovus:
S e t  % ~ (o *n ) 8 and ta ^ e  logarithm s*.
Cog%- log (0.17) » 2 -8  $og CO-17) (b y  property '3--<a»-0
; log'X  — c l ' 3  ( l -2 3 o i+ )  (using ^ o r-f-ig v te  ta b le s  o^ .
toTOTnon lo g arith m s ) -
Therefore
,tog'X=r 2-8 ( - )  +  <?. 2 3oi+) 
to g X  = - 2 - 0  -H o .b i+ 5 !
to  a % ~ —3^1 5 4 *9
~  ^  -------
toq X  =  -2> -  0 -15U -9-1  -+ 1 
*J  r   t
lo -.X  =  - 3  + 0 - 8 * 4  51
So.
0 * 00*7 (usiflg-foufTgv).^ Ladles o f common lo g a r ith m s )
X-| you have difJ.ic.olties u»i4Vi this example- > you 
vnaM have to Thresh your LenowlecSqe use
° \  logarith'ms -therefor®' you a.vc advised to  loo to a  
ft. bop-te. on loaaritVrms edseuiherev
£xzrcise3:{%
Evaluate, each, o-f tVa S h o w in g -
a j  | a  . v0*7
0 3 a) lo" 3) (a*t|-) *v) (o-o3i)
'3.0 Zero exponent
W e  d&jine a = j  ^  a.=#o  
EXAMPLES .-
a )  5 ° - l  
t > )  ( - M - )  ■ =  1
3 ) 1 \  G e n e r a !  la w s  o f  e x p o n e n t
Xj- \> and a am real ruumbefs, tVm. followinoj laws 
hold (note that they can be read and use in- either
d i r e c t io n ) :
3 - u - l  a p. a T ’*
EXAMPLES
a) 23- 2* S s= £m + 3 = a)8,
b) 3"'1- 3 9 =  5 ‘ ^ 9= 3 &
3:14-2 (Q.P) L  ClT*
E X A M P L E S
^  w 3 = y \
b> (£f7f  =  V s
3 - 1 4 - 3  Q t  _  ^  a s s u m in g  a ^ o
a J
.EXAm PV-ES
\  2 /G ^ fc-4 - ■ n "a )  - g —  —  ^
c 4  n - [ - 3 )  _ tv + 3  7
b )  _ 2 _  =  3  =  5  = 5
S>
. p t> b
3 - i 4 - 4- ( a  - b )  =  a!. - y >
E X A M P L E S
cl) ( a -  3 ) V  a ! t  ^
b )  ( U . x f = L ^ X 5
C) ( - 2 )  =  ( - ! •  2 )  =  ( - l ) - 3 / =  - 3 2 ,
V b J  y r
E X A M P L E S
w  w = x 3
C f 3
\ - - •
3*57  M i  s e e  11 a n e w  e x a m p l e s
a )  ( - s x y 3)x = (-5 )  x a i ^ f f =  -z5x^ j&
M  ( - 2 % )
-2/
( - 2 % )  l | X a
c) ( 4 - lo " b) ( 2 - lo 4)  =  14-2  - \ d fe. 1 0 ^ =
d)  -  ^ ~ 1 0  — l_v. \ o " ^ °  = .  M - \ o &
1  ■ \o~fo
e )  - i L 2 i _ E _ £ _ 2  -  / i t )  c / + i - t r z + lf  - i - i
■Xc lV c  W
x e r t i s e  3 3
S \'ra p liii) :
5 q  X 3- X T *  x ‘
S - l o " *
2/O l. b  C
3 * 6  e x y v n m b
T h e m  is  cl useful p ro p e r ty  inViicb a llo w s  os to  s im p l i f y  
povoecs inhere 0  appals cus cl base avid the \oga**r\VVi‘TQ 
Vo base 0  {also called 'tiaVuml loganklrm 7 In )  cca 
sio r\ ^  e xp > o n e a t, T h e  p ro p er b y  ie>-.
3 -& - 1  0  =  X
E X A M P L E
5-v ■a.Eny.
€ ? r m p l i f y  0  
W e  -first of al) use p ro p erty  3*4-. 1 CrcouJina i t  fcotn. 
ciqht -Vo le f t )  t o  y e t
5 + a i n X  3  a -trix
VL —  0  • 0
3 _  taoS1 .  . *
— 0  - 0  (. om property 3 - 2 - 0
3  S .  <* .  i
. ■ r=  0  ' T  Cbvj pct>p>ecbg 3-£>-0
x x e r c t s e  3 .* i f -
5 ,™ p iy U *
A 0 ^ 1 ■ * )  e hx*  5 )  e a u *
a )  p ^ + 4 £7)  r > ^ n : t+ &^n.vi pb  ^  £ )  0 €n-x -a in y
A radical is an express'*on the fo rm  V (L  u3VncYi, 
den£>^es Iha principal TLk ro o t of. CL. \^/g shall be  
concerned imTK. real rooTs on Up
U '\  1 4  Tfi a n d  Tt a r o  ^ p o s itive  m fe g e fs   ^ a n d  (X>o \
y\ i s  e v e n  5 \>re d e f in e . -
, 4 . 1 . 1  C ?  =  V o f
- -  1 
4 -1 -X  c l  — — —
0 0
M O T E : \X l-e .d o  Y io t u j r i le  th g  2  w . s q u a r e  ro o ts  
e g .  v / lT  =  2  ? w o t  I / 14. =  2 /
I n  a d d i t iv e  n e e d  to  vcvtoio h o w  t o  t r e a t  - f r a c t io n a l  
p o w e rs  of - I  tV u  g e n e r a l  r u le s  a r e ;
1
4 -1 -3  ( - l )  e'ie’n 5 no real ro o fs
_ i  " . .
u . 1. 4. . - C - 0  0 . ,  t - 0  is t\u?. o n ly  r e a l  r o o t
E X A M P L E S
a )  M*. — 'Jl± — \[<b 4- =  8>
w &*= _L - = _i_
&3 W  ^  4
c) (~2J o nx> -real root
B X e r c i s e  %
H v a 'u o d e  ea.c.k. o f  \Vie fo llo w in g -.
0  2 )  ( . -& ?  3 )
4 )  8 1 b )  8  3 G ) - & *  7 ) L - & ) 3
L a w s  f o r  r a d i c a l s
I f  D i and 71 cue- ^aosi-Uve 'm Vegers,LYu fo l lo w in g  law s 
h o ld :
( n°t e - i f  Ti is « ven  , assuvne o )
  *YV
u.'Z'l ( \ / a  )  -  c l
E X A M P L E S
a  ) ( ^ r - 3
—  a + b
H - a - H ,  nJ ^ = V £ - V b
EXAMPLE 5
Ol)  \ / &  —■ \ /  4  • 2  — '1 4  \12> — 2  '1 2
w  V ^ = ^  =  ^ - SJ 5  =  3 3^
U -2 -3  \ l
T b
B  XAMPi-ES
a l a r z  -  T L  
V  3 a  SM
T L
7 j
b)
CL
l / o \ + b? 
iV o T .
( a - V b )
CL
V ^  =  ( V a f
EXAmPVJES
a )
w  < f i?  ■= I ' f e f  =  tS ■= e>
nr) I  ^  I  . wn, I
U-eL.5 V s/CL =  \/C L
e x a h P l.e s  
a.) , / V f - V s
, . 3 / 5 /  v5  iE7 ~ ^b )  v v  C tb  -  v / a b
If,3 M iscellaneous exam ples
I n  ( j a c k  c a s e  r e m o v e  b  V i e  ra d ic a l s i  a n  a n d  s i w p l i i y  as  
•nuxck as  p o s s ib le :
cl)  t / i i ,  W  i j  s x 5y
a) V ia ,  -  V  x3- u- -  z  V r
b )  n / s x 5^ 7 =■ v / x f x % 7 =  ^  x ^ 3 \ / ^ r y
E x e r c i s e  M
Raxno\je the radical signs arid svmph|g ai ■much u i possible:
0  \A &  .2)  5 ^ 2 .1 4 3  ?) CL \/  9 S c 3 n y ^ /G I+ X 7^
5 )  f 7 / 40b )  &) J j z b b  7 ) “  \ [ lS dL&
(latioiriciltejtig 4he denom inator
R a t i o n a l i s i n g  t h e  d e n o m i n a t o r  c o n s i s t s  { y \ -  r - e t n o x i i n g  
t h e  r a d i c a l  s i g n .
JEXAHPL£5
a )  l b  r a t i o n a l i s e  V h e  d e n o - m i n a b o r  o l  - ~ -X ^
t o e  p r o c e e d  ^ / J k e  i b i s :
W e  m u l t i p l y  t h e  m r m e r a t o r  a n d  d e n o m i n a t o r  ^
e x p r e s s i o n  f o A n o h  k < 2 *J T  t k e  G x L d \ ‘a ' H l > 3  t r k ^  racUccU-
s c g v ^  t h e  d e n o m i n a t o r  c l  p c c - f e c t  T i l H  p o w e r
t h e r e  n~3)  a n d  t h e n  f - e m o M e  t h e  d e n o m i n a t o r  
J f V o r n  u n d e r  t h e  r a d i c a l  s i g n .  . - . . . :
3 I HZ. ej,
T h e  e x p r e s s i o n ,  i n ,  t h i s  c a s e  i s  v  ^  x  i j
T h e n
4 X . * f  _  i p o f  U . x t f f f i x 3’})
V a x i f  I J W x J  ~  X J ' t f ' t f y
T j %
b) To r a t io n a lis e  t w  denctnXruitor vue
f e v f s
use tbe -[act ihoi-t. (A-v&)(a~b) = (« e  3-1
a n d  p r o c e e d  a S  t o U o i o s :
a. a, b-\Ts o.(b-\fiT)
b -v v P a  U > I i ’ b - N f i  V > V 3 . .
B xerc 'tee  U J
^ ta ^ io n a V i *2.e iH<? deyxo Tn m a^or :
0  3  . 7 ,) J ? ^ L  5 )  ’o q . I p c .
v s *
u) ' 3 ^ * I Z M . '  5)  1 - 6 ) - l A _
v x. J 7 - Z  ■%-\Fb
■7 )  % — 3< &  8 )  'S t'Ts
\ f c - v 5  >!& - f X /
'Addition
TY\e addition o^ - pol^ YiovniaAs is dona bu combining -blw-e 
terms. One simple u)om bo caxrvj this oob vs \o  write 
I  Yu poluncmials under each one with tYu Uae terms in. 
the same colvmh and then add these columns.
E X A m P iS
Add ^  - x - t a j -  -0 & $ +  % - ' ) ?  avid X-ZOj +  'Jc'-ivu
bolution
'X>9a'-v y ' - %  -t ^
-  %a  + 3 m*
•Xs - U i j S x  - O h  ■*
( adding) -vO + 9C -  3
A n s . 2 % % %  - 3
The subtraction o^ . poYgyiornials is done b\j chang \na the 
<5kjn o \  berm \vx- b\ie expression uoYucH is- V>e\no^
5 obtrue^cS cmd -then adding tVie f<£SV)Ut -Vo V^ie obYief
^ x p r s s s io T u .
E X A M P L E
Sobtvcx.C.t S X  - v X  +  'SAj “- 8 >,XAJ ^fDtYl 7 X  ■+ GTLy • t  5 ^
Ans. -a.yU'-i- 9 X3  -v 3m2'- x
B x e r c l e e  S I
Qn/Srn the ^polynomials •
A  =  X  +  y *  a ’X.h -  a.xj-2:
. • B =  2%- ■a.X^  -v Um2;
C= j f ' - x .  + 3
D =  oc ~ - a j  + oo^  -  4 .3 ^
JE= 33^ + x  -  7?
find : .
t) A-vB- Z) A-v C 3 ) C-VD 14.) Dt-E
5) A -©  6) 8 - C  7) C -E € ,)£ -£>
5 ' 3  f l v l h ^ h c a h a n
To multiply two polynomials by each other , "multiply
each <4 the. terms one polynomial by each. o\. the terms
0^ . the other polynomial and combine the results , tavcing ivvbo
account the rules o| tYu signs, the \au>s o| tha -exponents and
the usual laws o| TUulkilplication.
I t  is °4t<?Yv useful +0 arrange the polynomials vn. descending
or ascending powers one the. Mar\u\?Ws vnXoWed.-
£ X A n p L £
M u ltip ly  A =  X —
Solution
Arranging ivc descending powers «4 % :
J\ — x  -v % — B y  
B r r - 'X 1 4- % + B y
(MoHiptymy V>vj -x1) -  ^  -'X? +  5 x V
3 SL
(Mo'tjiplyiiy bvj x ) % +  % *~ 53 ^CTj
(Multi ipljjiig b\j 3 X 4- ^  % Ij
- % * * . + o b & f t r g  -eo t” - a x y  
Ans. - % \  8  % ^  +  -  3  X y  -  i
*7 ,4  P ) V i 5 t c ? r i
To divide oasl ^polynoYnia] (called dWIoI-end'i by ooajotH er (called  
tb e  d iv is o r )  twe \xoceed &$ -fo llo w s :
(ci) Arrange tVie t e r n s  ^4 b?o-tV\ ^olyyooYmals \w. d^Sceuditjy 
(or ascending) pouoerr o 4 04 tk a  v a r ia b le s  COYnrnon
lax)\:\v ^pjo\\jYU9mni^S-
(b) tDWiel-e tW  Tbervn +Yul dWvdead b y  tbs.
term  \vv. tV& d iv isor. T *h is  g iv e s  b \u  -fits-t be:rrr\ 04
t W  cjuo-Uen/t (see beloul)
Cc) M u lt ip ly  TV? -firs t te rm  ° y  W t. 'g u o tie n .t \>y tYu>_
a h  is o r  and s u b t r a c t  •from th e  di\iicl-eact,  t h u s  obtain ing  
a. n e w  d iv id e n d -
[d V .U s itu g  -the d iv idend  o b ta in e d , in- .(.c^ r e p e a t  s t -e p s  
CM a.nd CO u n t i l  a . re Y n a in d e r is  o b ta in e d , w h ic h  
W  e i t h e r  o \. d e g re e  lo w e r  t h a n  th e . d e g re e  o-f- the . 
div i s o r  o r  3.e r o .
le ) TYre r e s u lt  is  w r i t t e n  t h e  -form  
d iu id e n c l _  +  _ rem aw -d er
d iv is o r cJl\J W^Q'C
E X A M P L E
Sb
5)W id e  +  1 3 X 1 - I X 3  b y  3 + X  ~ 2 X
C DiVi&\£Ti(0 {‘Divisor)
F i r s t  te rm  -t\\e ^ a t ie r v - t  C s tep O )}
, ■ s x ^ x a
0 G - - Z X + 3  )  3 ^ - 7 ? +  \ 3 X a
4* 3 2 /
3 X % 6 X  -  9 X
~ 2 j
- 2 L
-  X 3
X 3  - X X ^ + B X
- 2
2 X  +  3 X
- • r f  t u x  - G
t h e n
( 5 t e p  CO)
1
y ( Step (d))
7 X  - b
- w ^ - ^  _  3 ^ _ x  + 3 / +  _ 7 X - 8
9cf-  TLX 1 2>
(Stepfe))
■ E x e r c i s e  & Z
Gttven, th a t  the  '^oUjuoYnials :
A = x M' +  v - x a' e > =  i - x  t - t 3 - 3 x +- \
D -  X+4- £ = ^ /+0C-a-3X
t h e n  4 \v \d  =
0 A* B> -=0 A -C  M C - D  mA A - l >
5 )  A _  6 ) X .  7 ) 8 ) _ E _
&  D  c  E>
f y l t j r t a m t t . i l  \ ± i i 0 f i * a A ' w n
V’olu'tumutl tac.-Voriso.kioa is tVia process °-f 
separating , or resolving oc polynomial \<v\-o
factors. IV. is wot alwoys possible: Vo do 
tYus iw. Cc feui s im p le  ■steps > but uiYien it
is the following results fteguenAy pirWe
useful.
&J Common Jfacior 
T y p e  = CLC4- a d  =  cx.tc.-v.dV
E X A M P L E  
l o x y 3- 4- G x ^ y  -  8 X 3 y 3 =  2 . X V ) (  5 v ) - t - 3 X - i 4 - ‘X ? y f )
M  ,O i | j f e r e n c e  <?£ i w a  e ^ v a f c s
T y p e -. =  C a + b H o i-b )
E X A M P L E
W X '-9yl+=  ( a x f -  =  t a + ( a x - b y a)
.*3b
(ex -Vb>)
C a - b f
0 3  P e rfe c t semcure
Types; C i \2 a b  -v V  ^ =
0,a-  aoubt k^ =
E  X AMPLES
*Xs + 8X *V\b
l  4
x  4- {sgoajce roo tsA
2 tx ) tu .A =  8 >X.
■there!ore
X  - v b x - v l b — C x -v h A
i ,
abA 9 x  -  lx x y  +  U-y
1 .; ■ V
•3X XM . coots)
• a ( 3 X ) U y l =  l a. xu
o r?  ^
Q xT ia xy+ .ity% =  ( 3 x - a y )
G4  C th^r e x a m p le s
"Types: -t (ci+bAX-t a b  =  (x+a.) (x + b )
a cx^ -v  (a d + b c )x  + b d =  (Q.x-vb) tcx -vc l) 
a) Factorise- X5' - 4 - x - a i
S o l u t i o n
T o  fa.ctoriso OcV — Lj.%-" 2 1 We have ht> fin d  Awo lu m b e r s  
cl and b> suth that their sum cxvb-= a  cund
th e ir  p ro d uct a -  b  =  - 3 1
8>y -trial we find that a=3 and b = -7  x there-[onr
x ^ - U r X  -a i -= r  ( % - t 3 ) C x - 7 )
Id )  F a c t o r i s e  6x  - v \ \ X -\0
S c n O v io n .
13 fa c k is e  S>^+11X - l o  we Vuive k> £incL numbers 
° -)b ,C  and. d such th a t ac=<b3b d ^ - \o  a v x A  
a d +  \?c *=•1 j
We i^nd W Wift-l tHat 0.= 3 , c - ^  0 and d= 5
saVis^ies these Conditions, AY\ere-[ovz
. e x . x + l i x  - I O  = r C 3 X - - Z ) [ ^ X +  3 )
6 ' 5  G roup ing  te r m s
‘ T v j p e - - -  a c + b e  +  a d + b d =  C ( A + b )  +  d  ( ( X 4  W
=  Cc^tb) Cc-vd)
e x a m p l e
-  a , x  + - 8 > =  % ( b - y - a ) - + U - [ 3 \ ) - - 2 )
Factorise eacK. 4Vul tollowinq expvessions:
0 SxN f' 4 b x  j^3 <b)
3^ M - 9 0  B) ^ - 7 ^ + 1 3 -
4) q) a-xNioX-el^
6 ) 4 %a+4 X-p] |o) GX^-ISX+G
A  rational fraction 15 oui expression, «iViic.Vx can. b e  
ior itten a s  the o w o t i e n t  of t w o  pohurvam'icxls 
€-Q 9C7 - a x - i s
%+3 •
T h 2 rules -for manifsuuda.tion o f  rational functions are- 
the s a m e  as -for fractions wc arithmetic..
7 1  ‘C j m p j i ' C t j l n ^  &  rcJc iQ tfcd  f v n d i o n
T o  symplifn cl _given. -expression, uie factoris-e its n u m e r a t o r  
arid dewo'mina-tor ornd -VVien cancel c o T m n c m  J f a a V o ^  a s s u m e  
tVievj a n ?  a o t  ecyjua.1 4o  ^eftx
£ X A M P U £
__ p fD M id e d  lX !+ - 3
* * 3  0 + 3)
I ’Z  A cJ iiiirn  and
7*2 .)) T o  a d d  a n d  s u b t r a c t :  rational f u n c t i o n s  u n t K .  
cl tormmon d e n o m i n a t o r  w e  p r o c e e d  a s  toe d o  
\»u a r i t h m e t i c  and t h e n  s\mp\if\j t b e  resulting 
fraction..
E X A M P L E
S > X  +  3  3 X-ZL, & X - 1+  (5 L  +  ? ) +  (3x - - a ) - ^ G x - i + )■V
X  +  i /C 4* 1 /£ ■+I 9\, 1
- 4- -V t-V ___
X  +  | X . + I
7 -2 -2 )  To a d d  and  s u b t r a c t  fra c tio n s  V iav in q  d if fe re n t .
a,) Factorise tins denominators of the awten. fractions
b) W r i t e  each. of YYuj fractions a s  e a u c M a A e a t  ftuclior 
h a v i n a  a. c o m m o n  d e n o m i n a t o r  (.Tha lea. 4 . c o m m o n ,  
d e n o m i n a t o r  of the n\v<?a s e t  of fractions i s  the 
JLeai-t Covnmon M ultiple o f  tVa den.oTfu.nators o f  
•VVuL fractions')
c) PfoceecL o-S \w- 7-2.1 
E X A H P L g
3  ■ % ' X .  _  3 X  2 . X
( x - v y ^ x - g )  ^x + i f )  
3 x  (x -i-3 ) - - a x f r - ^ )  _  3 : x f - t - 3 % ; y - 2 ,x % - 3 .x v {
tx * jjf  £x-y) Cx+3V Cx~y)
*Xs *+*
Cx-vrj) tx-y)
I d  M u J ii
E X A M P L E  .
XZ-l4*X+3 •-.., X+| (x -s ) (x -1) (x+l)
«... n  I■ ■ I■ —   1* iii -■* — I I *  ,nwa«i 1      I II. 1.1 ■ f —1*  -         - P T  I ■ ■■■ I I I
X '-X -S / ‘ X -3  (x+\)(x-x) Cx-3)
_  ( x - 9 ) ( * - 0 £ x + i )  _  z - \
t x * l )  C x -z )  X - 2 ,
7 4  P i  v i s i o n
T \u  auotiertt of -j-yio rational f pactions is obtained t  
inverting the divisor and then
E X A M P L E
<X^ _L}. . x - x  _  t x + x ) jx - x )  ' fot+i)
X + 3  X-+I ( X + 3 )  (X -2 )
Z x e r c i s e  7
Perform the. -follovuing oipercutions.- 
A 5 ( x + i )  a  ( x - 3 )  x
■' ------------------  — — 5;---------------+ ---------------
x - a  x  -1 4  x + a
a )  * - 3  t * - *  
o£vfox+9 x2- 9
6 % - ia
   » •» — ' " ' "
lY X iJ - l4 X  X + 2 X  +  1
x 'l  g x  a x % -  a x  o c - i Y X + a
L 4 -X -1 +  " %x - 9  # a *
06'+  3 X - v a  ■x  + m.x + h -• _    _
x? +  4 x - a i  o^T- 9
•5 )
4V
6 )
(x -va)(% -n )
(.X + 3 )
V '  y w v t i c n  c )  v n c a r
EXAMPLE 
Q obje f o r  x
Soloii°n
XX -9  _  3X+4-
M-
FifstU j u)-e 'YnDjli’phj bo-th sides of. 4Vt eq u a lity  bvj -FAS, 
( boiwest Common ©enoTninaAor) o f 6  and M* ,  i-c - \3» ■ .
•Z ( -2 . X - 9 V =  3  C 3 X  +  U-)
th e n  h x - \ e > =  9 X + l ^
i+X. - 9 X  = t& + ia ,
. - P ) X  -  3 0  
30X  =
- 5
rX . - - b
£ v e r c ' is e  9
5 o l \ i e  f a r  %  :
0 3 X - x = 7
•2.) l+X—3 — 5 - - & X  
3 ) X + 3 ( X - H f  =  l4.
3
D
X
"aT
Crmoxiina bflxc\4-es) 
(•I vans p os in a berms) 
(s rn ip V ify m g )  
(dividing bn -5 )
(ansuier)
5) X - 3
“  4
•2.X+M-
l o
9 ' w \ M c n  4  j 'm a r  e a p a t i m #
A Unear ecnxxtioa, ho two unknowns x a n d  y  is of 
the form u.x+-by = c. > Where a^b^c cxee constants 
and a  and b are not both  xero. i f  we consider 
two such enuations:
a i % + b, y  =: Ci 
Q a ,x  + b n  v j =
we s a y  th a t , we have tw o  s im u lta n e o u s  l in e a r  
e au a tip n s  in- two unknow ns, o r  a. s e t .  o f  t w o  
lin ear e q u a tio n s  bv tw o  unn.ux>wns. k  p a i r  o f  
values for. % and y  W hich s a t i s f i e s  b o t h  
egjjuotions is called a  Solution o f  W sl g  i V e a  
•ecwuaticms.
\Te illustrate V10W to solve such a  s e t  by using 
tYifi. elimination method - This consists of TnoliifUjincj 
one or both of the ecy-uxtions by a  number which 
results ivc one of the unvcuowns occ.ui-l.wj un'th the. 
same, coefficient h a t  opposite, signs 'vv th a  tu>o 
eawlhions.
E X A M P L E
bo lve  th e  s e t  of equations  f u x - t - 'a .y  =  s
I  S X - 3 w  =r—'2,
“S o lu tio n .
M u ltif lg in g  the f i r s t  eavuxtion by 3  and the second by &  
w e o tta im
i x x +  (by — IE>
\ 0 X - t o  y  =  - 14. 
l a x  ^  || (adding)
‘S ubstitu ting  ~  \o r x  \vu tKe eqmaA-ion we obtain,-.
Thus *
% + avj =  s
U V l  =r B  
■ a v j=  3  
3
3 '
J^
2/
a
and nj - 3^Qj
£ x c r c i s e  9
Solve tW  jcllouJifig se t o j equations •
(CM Tne •simple'st .^ind o^ . quadratic equation is one o-^  tha. 
(orYn x  =-k> , inhere- -H- is some bos\tive number 
or aero j  and its solution consists op t\\a 'pcixr o j 
roots (solutions) X =  ± \J M ,
EXAMPLE.
Solve -for % •- Q.X^-lb—o  
Solution
9 X  =  \C? (.transposing-lb)
x3j=  -ik. (dividing by 9)
_ -v (T b  _  + k  (ixtrac-ling sguafe roots)
£ x ^ c is e  ICM
Solve |ar x  ■.
0  4  X ^ - 3.5 =  0  3) x a' - l » l = o
•») 3 X a,- 7 = o  4 )  x C _ a 7 = o
3
10^ TYu genital solution oj tha cyjuCtdratic ecpxcxtion 
a X  -tbX+C-=o is gvuerb bn tVvfi -formula-•
- b + \ / l o - l 4 a c
X  =
■a a,
wUwhen b - L v a c  =  o  tw  r o o t s  a r e  eajjuxh, u ) h e n  
Y T - U a c . c o  t he  roots a r e  c om pl e x-
e x a m p l e
Solve forX by formula.: 3 x t -5 X- 3  =  o
Tr\ this case CL=33 b = -5  Q.nd therefore > we
get by fo rra u la , : p —  ------   _---------------
%  -  -  v  ( - t f -  M- ( 3 ) C - z )  _  B ±  \ / a b  +  aM -
•a. ( 3 ) 6
$o tH cit x =  - § ! ^ r =  5 ± 7
o  6
then 'X.= ’2,S - 3
MOTE .- T h is  equation  co u ld . also be solved b y  faetori^ab'o
(3  x + i X x - x )  — o
X  =  |  o r a
MoiMCver this method can only be used if- the 
roots are- simple numbers-
Z x e r c t e e  \Q.Z
Solve -(or % by -formula,:
0  3 5 ^ - 7 X - v b = o  3 )  X  +  3 X - - ^ = o
a )V x t -3 x + a , = o  u) 40<f4-ix:>c+9 = o
10-3 Thi eepjuxtion Q-X-hbx+C—o  is easy "to solve 
when z - o  , Le. ax '-i-b % = o  svnc-e %—o  is 
one solution and tVue remaining solution ■may 
be obtained by dividing through b y  X .
E X A M P L E
S o lve  -for % • 3 ' X ? -  <o - o
Solution.
T h is  mo-V) be •rew ritten  in, -fa c to re d  te r m s  CIS
A -
Since the fwduct, on the. left-hand side of- th is  
equation is O uohen either factor - ecyuals 0 3 tYuz. 
condition o f the equation {5 satisfied i f  we-set-.
3 X = o
which Tneans % - = o ) 
and we s e t
X -X  =  a  (equating the second factor-to o) 
then 5c=x> .
T h e  re f  ore , the answers a r e - x = o  • x -
E x e r c i s e  10 * 3
S o lv e  f o f x - .  •) X  - I X  = o
■a) 4 x \ & x = o
3 ) = o
A n s w e r  i o  S x e r c i e e #
Exercise I -
l )  3 o l  - v 2 . b - 5 c  3 )  6 b
3 c t - 8 b  +  9 c  1+) l 0 C L + b - 3 j
E x e rc is e d
0 8 c l \? 4- IH-Ol £  6 ) g 'X ^ - S O X ^ E + X B ^ * '^
S.) - I b X ^ - v l b ^ 3 7 ) X ^ a+ X t ) - 5 6
3 )  X ^ - X ^ X I J 3 —X \ j  8 )  . 3 5 X *  H b P O j -  S l f
H ) 6 X * ^ - 8 X l j - 3 ^ a +44ja' 9) l o  e ^ + i B ^ - i l
5) l(?X ■4'3'l-l-X ^  +9
E x e rc is e ^ !
■ H a s .  » ) - £  5 ) ^  M - > - - q :
E xerc ise  3 ,#
0  1-346 a) u -o a  3)1-54*5
E x e rc is e
9 x?- * )  x 9 <9 4-) x~^
5 )  J L _  6 )  7 - 1 0 3 1 )  J L  8 )  a l j  c b
18 15
Exercise 3 .
o  \  ■») x \ j  3 ) X a' 4 - l x e 1
5 )  x 3 Vjs 6)
*)G
Exercise U-l
0 4  z ) - a  3)-q; 4) a  5 ) ±. 6) ~ ~  7 ) - ^
Exercise iw
0 3 \[a  x ) 15^/9" 3) 3a.bc\fc u) i+x1^ \ / x
5) 98>\|a>ab 6) a.^ 4  7) 5 o l\/3oL
Exercise U-3
0  ^  36 X) n/&b 3) bbc s/ scl b
~3j b  3ou
4 ) 3) 6) -aC ^-tN fb)
0? •
7) n/ x - 5  8) \[3 ( \ |6  -Z>)
Exerci se fM
0  “XT'-*-UX\j +  7U}% 5 ) xa-  X Z '-M -^Z .
2.) 3 x - x - a x i j - a u i  -v-■a-ya- 6 )  -  zxVx-t-xxy+xvj2 +vj -v-zT 
3) 3x*'~3rja' - 4  7) 3Xa'-a»x-a.vj1'4r \ j
It) Z X —aAj—^  8 ) —X  ”^”7 4  "V
Exerevse fz£
0 - - x f  -\--%%-%3- % - x  4 [ 7.) X6-3 X 5+3X5- 3 X  + l
3) % ± %  -11X  +1+ 40 XS+ 4-x f-X 5 -  14X + X +  1
e) Cuoberib-.- X - X  g ) ftvotie<vt = %-7
Remainder: 1 Remai-ndef.- — 2/7
7 )  c2« o U e f l - b :  X 3 + 3 X + 1 0 X + S . 7  8 )  •• - ' J t - X - S X ^ ' - S X
Exercise G
0  x )
a.) 5 X  t u ^ - z x 3^ ^ )  
.3 )  ( a . - + x &) ( a - x B)
. 4 )  ( 3 X l j + 4 Z ) ( 3 X y _ l 4 a : )
5 0  ( x x - t - l )
T i /
Exercise T
0
6 X - i i x  vifc
t f - l f
• x
Exercise B
0  3
G ) [ j X - i + v | 3 )
7) tx+iHx-7)
8) 0 - 4 ) 0  “ 3 )
9 )  a  C x -= o  O - a j
10) ( 2 X - 3 ) ( 3 x - a )
2 ,)
5 )
a Q - i V
£ x -v -3 )  
0 4 - 0  Q - 3 )  
( x - 7 ) ( x f 2 . )
3) 3  (■ *-£ )( X -Q
a ( . i j - i )  ( x - n )
3 )  4 4 )  6  5 )  3 3
( X )  7 C = - 1  ,  3
Exercise JCM 
0  |  i  1 Z )  3 - i l
3/
>sc }0'Z
'%) i-
Exercise j(73
0  0 -c 7  a )  0 )
e>
M-
3)
O )  . *=>■§■ , 3 = - ^
( 4 )  % = ~  > 3 = - 4
^  4 ) - ± - ( a .  dooi>)2 «>ot)
—) eR/
3 )  ± 1 1
3 )  O s  1
4 )  ± 9
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PROGRAMMED TRIGONOMETRY
The programme presented in this appendix was designed 
in a programmed text with ''through-the-book" format 
with one frame on each page and the answer corresponding 
to a frame on the next page. The student, after having 
read and responded a frame, turns the page in order to 
find the correct answer and instructions of what to do 
next. For easy inspection, the programme is presented 
here in "down-the-page" format.
PROGRAMMED 
TRIGONOMETRY
BY
EDUARDO GONZALEZ-LEON
I nstitute For Educational Technology 
University  Of Surrey
GUILDFORD/ SURREY ,
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Tills programmed, booklet is designed to fill in the gaps in your understanding of 
trigonometry and to aid its revision.
A g e n e ra l fe a tu re  o f  programmed te x ts  is  th a t  th e  m a te r ia l  b e in g , ta u g h t is  broken  
down in to  s m a ll steps which a re  c a l le d  fram es. Each fram e p re s e n ts  a c e r ta in  
amount o f  in fo rm a tio n  and i t  w i l l  a lso  re q u ire  you to  use w hat you have le a r n t  
by ask ing  you to  f i l l  a b la n k , so lve  a p ro b lem ,,d erive  a fo rm u la , s e le c t  th e  
c o rre c t answer from  among s e v e ra l a l t e r n a t iv e  Answers, o r  make some o th e r  a c t iv e  
response b e fo re  you go on to  th e  next fram e.
I t  i s  e x trem e ly  im p o rta n t th a t  you a c tu a l ly  w r i te  th e  answer t o  each fram e b e fo re  
proceed ing  fu r t h e r  because i t  w i l l  a llo w  you to  decide  w h e th er you have understood  
a p o in t  o r  w hether you re q u ire  a d d it io n a l e xp lan a tio n s  and examples a cco rd in g  to  
yo u r grasp o f  th e  m a te r ia l .
A void  th e  te m p ta tio n  to  race  .ahead because you " th in k  you c o u ld  w r i te "  and  
answer c o r r e c t ly .  Take as much tim e  as you need w ith  each, fra m e  and do n o t w r i te  
yo u r answer u n t i l  you understand what is  b e in g  asked. There is  no p r iz e  f o r  
com pleting  t h is  b o o k le t in  re co rd  tim e .
7. Further instructions
B efore s ta r t in g  the  programme attem pt th e  p r e - te s t  and check y o u r -answers w ith  th e  
ones im m ediate ly  p rov ided  a f t e r  th e  p r e - t e s t ,  and th en  go on to  th e  s e c tio n
you should c o n s u lt.
I f  you l i k e  to  read fu r th e r  in fo rm a tio n  about th e  development o f  t h is  b o o k le t ,
Th is  b o o k le t co n s is ts  o f  th e  fo llo w in g  sec tio n s
1 . A l i s t  o f  o b je c t iv e s , which describes  
what you should be ab le  to  do upon 
com pleting th e  programme
9 . A p o s t - t e s t
8 . -The programme
ii
1 0 . Answers t o  th e  p o s t - t e s t
2 . .A p r e - te s t
1 1 . Supplem entary problem s
3 . Answers to  th e  p r e - te s t  
k.  O b je c tiv e -P re te s t-F ra m e  Correspondence
5. P lan  o f  th e  programme
6 . In tro d u c tio n
1^ . Appendices (A , B , C , D)
13 . A l i s t  o f  fo rm ulae
1 2 . Answers t o  th e  supplem entary
problems
O b je c tiv e -P re te s t-F ra m e  Correspondence" to  see which frames o f  th e  programme
th e  bookl
1. To be able to define the trigonometric functions sine, cosine and tangent for 
an acute angle .in a right angled triangle*
2. Given one trigonometric function (sine, cosine or tangent) for an angle 0 in 
a right angled triangle, to be able to calculate the other two by using 
Pythagoras1 Theorem and the definitions of the trigonometric functions.
3* To be able to define cotangent, secant ana cosecant for an acute angle in a 
right angled triangle.
h. Without using any tables, to be able to give the values of the six 
trigonometric functions for 30?, ^5° and 60°.
5. To be able to define the six trigonometric functions for any angle and to be 
able to state the signs of the trigonometric functions for angles (in standar 
position) in the different quadrants. /
6. Without using any tables, to be able to give the six trigonometric function 
values for 0°, 90°, 180°, 270° and 360°.
7. To be able to use the tables of Natural Trigonometric Functions to find the 
trigonometric functions for an acute angle measured in degrees or radians.
iv
8 . To be able to use the tables of Natural Trigonometric .Functions to find an 
acute angle whose trigonometric function value is given.
9. Given an angle measured in tadians, to be able to express it as 0 + 2nTr,
where O<0<2ir and tj is an integer, i.e. ri = 0,±1,±2,..., and to express its 
trigonometric functions in terms of the trigonometric function of 0 .
10. Given an angle measured in degrees, to be able to express it as 0'+ n x 360°,
where O£0<36O° and in is an integer, i.e. n = 0 ,±1 ,±2 , and to express its
trigonometric functions in terms of the trigonometric functions of 0.
11. To be able to express the trigonometric functions of -0 in terms of the 
trigonometric functions of 0.
12. To be able to find the sine, cosine and tangent of (a + 3) and (a - 3) by
using the addition and subtraction formulae. '
13. To be able to use the tables of Natural Trigonometric Functions to find the
trigonometric functions for an angle greater than 90°•
lU. To be able to draw, the graphs of the trigonometric functions and describe
their behaviours,
15* Given sinQ (cosO) to be able to find cos© (sin©) by using the identity 
sin^ O + cos^ 0 " 1 ,
17. To be able to express sinA + sinB, sinA - sinB, cosA + cosB and cosA - CosB 
as a product by using their respective formulae.
18. To be able to apply the sine and/or cosine rules to find the unknown side(s) 
and angle(s) of a triangle in each of the following cases:
(a) Given one side and two angles.
(b) Given two sides and the angle opposite one of then.
(c) Given two sides and the included angle.
(d) Given the three sides.
19. To be able to relate sinG, 0 and tanQ, when 0 is a small angle measured
in radians.
PRE-TEST
1. According to the triangle in Fig. 1 sinG =
VJL
El
Figure 1
Complete the following in the same way: 
cosG = —  tan0 = —
Given that sinO = 1/3, where 0 is an acute angle in a right angled triangle, 
calculate cosQ and can0 by using Pythagoras’ Theorem and the definitions of 
the trigonometric functions.
According to the triangle in Fig. 3 cotG = ~ro
Figure 3
Complete the following in the same way: 
sec© - — cosecG = —
J L i iU
30° 12 2 .
5^° ' 2 2
60° 3 ' 3
5- Complete the table ‘below by writing + or - as in the example*
0 in quadrant sin© cos0 tanG cotG secG cosecG
I + +
31 - - '•
III + /
IV - -
6. Complete the following, as in the examples:
(a) sin 0° = 0 (c) sin 270° =
(b) cot l80° = co (<j) cos 180° s
(e) sec 0° =
V I 1
(f) tan 3 0^° =
(g) cot 90° «
(h) cosec 3 0^° =
7* Using four-figure tables of Natural Trigonometric Functions, find the values 
.of:
(a) cos 160 8f (b) sm 2tt
10
Using four-figure tables of Natural Trigonometric Functions, find the values 
of 0 (0<G<90°) in each of the following cases:
(a) Given that sin0 = 0.3507
(b) Given that cos0 = 0.1*355
i l l
Express —  tt as 0 + 2rjTT where O<0<2tt and n is an integer, i<e. n = 0,±1,±2,..
5 lH .and then express sin -^-ir m  terms of sin©. .
Express 8t0° as 0 n x 360° where 0°<G<360 and n is an integer, i.e.
rj = 0 ,±1 ,±2,... and. then express tan 8t0° in terms of tan0 .
11. Complete the following, as in the example:
(a) sin (“73H°) - -sin 73H° (c) cot (-a) =
(b) cos (-17°) - (d) cosec (~55°) =
(a) sin 105° (do not evaluate square roots)
(b) sin 2 0.
(c) sin (90° + 0)
(d) cos (l80° - 0)
(e) sin (l80° + 0)
13. Using four-figure tables of* Natural Trigonometric Functions * find the values 
of:
(a) cos 283° 5 (b) sin 9^ 5°
lU. Sketch the graph of tan0 for O<0<l8O° and describe the behaviour of tan© as G
approaches 90° through values less than 90° and through values more than 90° .
15. Find sin0 given that cos0 = J and 0 is in the fourth quadrant.
16. Find sec0 given that tanG = I and 0 is in the third quadrant.
IT. Complete the following:
sin 50° + sin Uo° = 2 sin ^5° x ......
l8. Find the unknown side (to one decimal place) and angles of the triangle in z 
the figure below, given that: a = c = 5 and' B = ^5°
. C
A c
19. Complete the following by filling in with > or <:
sin 0 ..... 0  tan 0
(0 is a small angle measured in radians)
ANSWERS TO THE PRE-TEST
1 .
2.
3.
k.
5.
6.
7.
8.
9.
10.
n . . mcos 0 = — ; tan 0 = —P n
2/2cos 0 = ; tan 0 =
5 5sec 0 = ■}- ; cosec 0 = —
6 sin© COS0 tan0 cosec0 sec© cot0
30° 1/2 1/>/3 2 2/J3 /V3
U5° 1 JS /2 1
60° ^/2 X/2 *5 2//3 2 X/^3
0 in quadrant sin0 COS0 ■ tan0 cot0 sec0 cosec©
I + + + + + +
II + - ■ - - - +
III - - + + - . - .
IV - + + ~ + -
xii
c) - 1  e) 1 g) 0
d) - 1  f) 0 h) 05
a) 0*9607 b) 0*7817
a) 20°32* b) 6U°llf
. lU . 2sm —  ^ir = sm — ir 
tan 8U0° - tan 3.20°
1 1. h) cos 17° c) -cot co d) - cosec 55°
1 2. a) 1 + ■/§ h) 2 sin8cos0
2te "
c) cos9 d) - cosG e) - sin0
13. a) 0 -226  ^ h) - 0*9063
xiv
ih. The tangent of an angle 
can he made larger than 
any chosen positive 
number hy taking the angle 
close enough tos yet less 
than 90°.
The tangent of an angle 
can he made less than any 
chosen negative number hy 
letting the angle exceed 
90 hy a sufficiently 
small amount.
XV
15. sinG = VT5 
*T
l6. secG
17. cos 5°
18. b = 3*6 ; A = 51°1nr’ ; C = 83°13
19. < ; <
Now go to the section "Objective-Pretest-Frame correspondence" to see 
which frames of the programme you should consult.
OBJECTIVE-PRETEST-FRAME CORRESPONDENCE . 
OBJECTIVES “ J '  ^FRAMES
1 1 1 - 7
2 2 8-13
3 3 lit  -  it
Jt U 1 8 - 2 2
5 5 23 - 28
6 6 29
7 7a 30 - M(
78 U.5 - 1(6
8 8a 1(7 - 55
8b 56 - 62 '
9 9 63 - 6U
10 10 65 - 66
11 11 67 - 69
xvi
OBJECTIVES PRE-TESTQUESTION FRAMES
xvii.
12 12a 70 - 73
12b 7^
12c 75-76
12d 77 - 78
12e 79 - 81
13 13a-13b 82— 89
lh Ih 90 - 98
15 15 99 - 102
16 16 103 - 106
17 "■ 17 y 107 - 112
18 18 113 - 129
19 19 130 - 137
NOTE: Before consulting any of the frames of the programme read the
sections "introduction" and "Further instructions", which are 
just before frame 1.
PLAN OF THE PROGRAMME
FRAMES
Sine, cosine and tangent of an acute angle in a
right angled triangle 1-13
Cotangent, secant and cosecant of an acute angle in 
a right angled triangle 1^-17
Trigonometric function values for 30°, 5^° and 60° 18 - 22
Generalization of the definitions of the trigonometric
functions to any angle 23-28
Trigonometric function values for 0°, 90°, 180°,
270 and 360 ° 29
Tables of Natural Trigonometric Functions for acute
angles 3^0 - 62
Trigonometric Functions for angles greater than
2tt (360°) 6 3 - 6 6
Trigonometric Functions for negative angles 67 “ 69
Trigonometric Formulae JO - 8l
xviii
FRAMES
Use of Tables of Natural Trigonometric Functions
for angles greater than 90° • 82 - 89
Graphs of the trigonometric functions . 90 - 98
Trigonometric Identities 99 - 106
Sum and difference of sines and cosines 107 ~ 112
Sine and cosine rules 113 - 129
Small Angles 130 ~ 137
INTRODUCTION
At this stage I would like to introduce to you some terms and symbols 
■which are concerned -with the idea of an angle and which will be used 
throughout the booklet.
Imagine the half line 0A (figure I) which is rotated about a point 0 
in the direction indicated by the arrow.
Let it take up the position indicated by OB. In rotating from 0A to 
OB an angle AOB is described, so we have an angle formed by the 
rotation of a half line about a fixed point.
3
xx
OA is called the initial side, OB the terminal side, and 0 the vertex
of the angle AOB. '
TheMangle AOB” is denoted hy<AOB or AOB.
It should he noted that the first letter, in this case A, always 
indicates a point on the initial side, the middle letter the vertex of 
the angle and the last letter a point on the terminal side of the angle..
An angle may also be denoted by the vertex letter if there is only one
angle having this vertex, as 0 in the figure I.
So that we can avoid confusion and more easily describe the direction of 
the rotation of an angle in the plane, we refer to a clock and say that 
anticlockwise rotation is positive, and clockwise rotation is negative.
xxii
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FIC-URE II
In figure II, L BOA and ZRTV are positive, whereas MTfP and ZYX are 
negative.
In figure III, Z DEF is a-positive angle, its initial side is ED, 
its terminal side is EF and its vertex is E.
£
FIGURE III
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FURTHER INSTRUCTIONS 
To go through the programme you must proceed like this:
Read the frame, then write down the answer to the question asked at 
the end of it.
Remember that it is extremely important that you actually answer each 
frame before proceeding further.
After you have written your own answer, check it with the correct one
which will be found on the next page with instructions of what to do
after you have checked it.
The numbers of the frames are ringed, for example (5) means,fframe 5"
X X V
The symbol —-------J>(^ / means Mgo to frame 5" > and the symbol
at the end of a page means "go on to the next page".
The structure of the programme is shown in the figure below.
A n s w e r  t o
PR EV IO U S - T R A M E  
And 
INSTRUC'TiPKS
N£XT
F f t .A h £
After you have completed the frames which you have been asked to consult, 
go to page xxvi.
©
The right angled triangle is a figure of special importance ‘because it 
it met in many of our ordinary everyday experiences and has numerous 
applications in Science and Engineering. Kence the right angled triangle 
is given special attention in trigonometry courses.
We shall-"begin our study of the right angled triangle "by learning the 
definitions of the trigonometric functions of an acute angle-’
Mark all the right angles on the figure below -with the conventional sign.
FIGURE 1
Remember that the answers to all questions are given on the next page 
Always check your answers before continuing.
ANSWER @
>
© 2.1
Let us consider the right angled triangle in figure 2, and let 0 he 
the particular angle shown in it.
FIGURE 2
The trigonometric functions of 0 
which ve are going to define are:
NAME OF THE FUNCTION 
sine of 0 
cosine of 0 
tangent of 0
ABBREVIATION 
sin 0 
cos 0 
tan 0
They are defined hy the following ratios: 
sinO _ length of the opposite side length of the hypotenuse
cosO
tar.0
- length of the adjacent side 
length of the hypotenuse
length of the opposite side
. „ opposite sidesm0 = ■  -------hypotenuse
q - ad.jacent side
COS hypotenuse
_ opposite side *c&Hu - ,hypotenuse
According to the notation in figure 2, we have that:
. ■ • a sm0 = — c
Complete the following according to the figure 2: 
cos0 = ......... tanO =
Answer ©
Cos0 = — tan0c
All right ----------- D>
Otherwise ---------- —[>
Perhaps you made a mistake in identifying the opposite side* the
adjacent side or the hypotenuse in figure 2, so let us identify them: 
In figure 3(a) we have with respect to 0 that:' 
a is the opposite side 
b is the adjacent side 
c is the hypotenuse
Sine = °EE22ite _ a cos 8 = j g jggent _ b tan0 = c ^ s itg. = |
hypotenuse c hypotenuse c adjacent b
Now* try the definition of sine* cosine and tangent with the triangle in 
figure 3 (b)
d 
cva(o.)
Then
s m  a cos a tan a
x
z tan a
v
sm a cos a xz
i l l  T - i  c r h f- — *- — —O '"  ^
Otherwise
-o ©  
£> ©
4©
We can remember the definitions of the trigonometric functions by 
using the mnemonic rules SOH - CAH - TOA, where:
J5ine is the Opposite divided by the Hypotenuse 
Cosine is the Adjacent divided by the Hypotenuse 
Tangent is the Opposite divided by the Adjacent
NO RESPONSE REQUIRED -
SOH:
CAH:
TOA:.
® V
Having learnt the definitions of the trigonometric functions of an 
acute angle in a right angled triangle, let us apply them to particular 
right angled triangles.
From the triangle in figure 5 ve have that sin is:
(ring the appropriate answer)
2/ . • .2/ _ 3, ,__
a) . b) v 1 2  c )  * y' l 3  &) donTt know
FIGURE 5
Answer Q)
If your answer is a) /3'------------------
b) 2/ / n ------- — — —
c) 3//l3 --------------- >(6)
d) don’t know ------------ \
©
Your answer was c) /\jl3 but notice that 3 is the adjacent side and 
Vl3 is the hypotenuse (figure 6), hence, you have:
6
>£3
adjacent side 
Hypotenuse = cos9 not sinQ as required
(remember th e  mnemonic r u le s  SOH-CAK-TOA)
2,
FIGURE 6
Try now with the tangent. In the triangle of figure 6 
tanO is:
(ring the appropriate answer)
a) 2/3 b) 2i m  c) 3//l3 d)
Abswer ^6^
If your answer is a) /3-----------  O ^
b)2//L3 ---------------- 1> ©
c) 3/^3 -------- - O ©
d) don't know -------1>
we have that
don't know
again
(I)
Your answer was a) 2/3 "but notice that 2 is the opposite side and 3 is 
the adjacent side (figure 7)s hence9 you have:
opposite side = tan 0 not sin 0 as required, 
adjacent side
(remember the mnemonic rules SOH-CAH-TOA)
FIGURE 7
Try now with the cosine. In figure 7 we have that cos* 
(ring the appropriate answer)
is:
a) 2/3 t) 2 /Jl3 c) ? /Jl3 d) don't know
Answer (7)
If your answer is a) 2/3 - 
t>) 2/7T3 
c) ?'/yi3
d) don't know-
© again
©
C o r r e c t .
how, l e t  us so lve  a more g e n e ra l problem  
U nd cos e from  th e  t r ia n g le  in  f ig u r e  8
PlGuaE 9
3
X
Hint: In the .first instance find the value of .X
Answer
x = h
cos0 - k fr
A l l  r ig h t  
O therw ise 4 ®
(D 9
In the first instance ve have to find the value of by using Pythagoras1 Theorem:.
2 2 2 X + 3 = 5
X + 9 =25
X = 25 - 9 = 16
3
X = s / l6  = 1* 
then hy the definition of cosine ve have that:
cos 0 =
NO RESPONSE^ 
REQUERED
Nov try this problem:
land tan « from the triangle in figure 10
,OL
PiGo-a-H l o
All right ------:------ > (12
Othervise ------- ) (ll)
©
Again in the first instance ve have to find at the value of X by using 
Pythagoras’ Theorem.
2 2 2 
X + 2 = 5
X +  ^ =25
X2 = 25 ~ h = 21 
X = 'J 21 FlGO&EL U
then by the difinition of tangent ve have that: tan a =  x_ = J 21
2 2
NO RESPONSE 
REQURED
{12)
Now, let us try another problem, a little bit different *
In the triangle in figure 12(a), sin 0= 1/2, let us try to find the value of cos 0
C L
C i&uttE 12(a) *=\Gv>as 12 CV?>
We know that sin 6 = l/£ and sin 6= a/c (figure 12(a)), so for simplicity we
choose a = 1 and c = 2 in a right angled triangle, as shown in figure 12(b)
Wow we can proceed as we did in the previous problem, :
, 2 ■- 2 : ■ 02 • i.e. b + 1 = 2 . . . . . .  ^
b2 + 1 -4= k
b2 = k - 1 = 3 /. ■ b = 73
then by the definition of cosine we have that
cos 0= b = s/~3 
' 2 2
■>
Cont' / •  • • • • (5*2 12.2
WOTS: We could also choose a = 2, c =  ^or a = 5, c = 10, etc.,
but this would lead to the same answer.
In fact, suppose we had chosen a= 5 and c = 10, then sin 0 = a ~ 5
c 10
the same would have happened If we had chosen a = 2, c = ^  or a = 3, c = 6, etc, 
In the triangle in figure 12(c) tan a - 3A, find the value of sin 0 .
r
71
F 1603JE. 12 (c)
Answer (12
sin a = 3/5
If right — -------- ©
Otherwise  --- --;— > (13)
©
13
We know that tan a= 3 A and tanct= n/p (figure 13(a)), 
so we can choose n = 3 and p = k (figure 13 (b))
CL
P 4-
\ 3 ( a )  P  i 6 u R - £
Now ve can proceed as ve d id  b e fo re , i . e .
2 2 2 m = p + n
m2 = k2 + 32 = lo + 9 =■ -25 
m = ^ 25 =5
then by th e  d e f in i t io n  o f  s in e  we have th a t :
s in  a = 3
m
NO RESPONSE 
REQ UERED
■=* ClH
14
We can now define three other trigonometric functions: 
NA4E OF THE FUICTION ABBRE\EATION
secant of ® sec q
cosecant of 0 cosec 0
cotangent of 0 cot 0
They are defined hy the following: 
sec 0 = 1  cosec 0 = 1 cot 0 =
cos 0 sin 0 tan 0
Having defined these new trigonometric functions, we obtain from the triangle in 
figure l4 that:
sec 0 = 1 = c
cos 0. b
Complete the following:
cosec 0 =• ...
cot 0 =
hypotenuse 
adjacent side
CL
b
Answer ©
cosec 0;
sin 0
c = hypotenuse 
a opposite side
cot 0 = 1 = b = hypotenuse
tan 0 a opposite side
If all right 
Otherwise —
-> <45,
11 )^ again
Having learnt the definitions of these new trigonometric functions, let us 
apply them for acute angles in particular right angled triangles.
E*om the triangle of figure 1 5, we obtain that cotC? is:
(ring the appropriate answer)
a) U/3
b) 5/3
c) 5A
d) donft know
3
Answer
If your answer is a) U/3------
b) 5/3-- - --
c) 5 A -----
d) don't know'
-> a
Your answer was 5 A  notice that 3 is the hypotenuse and 1; is the adjacent 
side (figure 1 6), hence you have:
-p = hypotenuse—  _  ^ cot0 as required
k adjacent side 3 -
H-
Let us now try the cosecant. E*om figure 16 we have that cosec0 is: 
(ring the appropriate answer) /
a) k/3 t>) 5/3 c) 5 A d) donrt know
Answer ©
If your answer is a) h/3  -----
b) 5/5-----
c) 5 A ------
d) don't know
"> \l6) again 
(l
—— •>j. n«.w >jj j /j uu.o nuoxut; oii.au is one nypotenuse and 25 
opposite side (figure 1 7 )9 hence you have:
5 _ hypotenuse rt , .
3 ~ oppooite-side " CoseC0 • not cot0 as ^uired
V-lSUR.ii \~J
Let us now try the secant. Jrom figure 17 we have that sec8 is:
(ring the appropriate answer)
a) U/3 b) 5/3 c) 5 A d) don't know
Answer ©
If your answer is a) b /3 — —--:------  ^ (15)
h) 5/3 -----   ^ (17)again
c) 5A    * (S
d) don’t know (l*
1 8
C o rre c t ,
There a re  c e r ta in  s p e c ia l angles vhose tr ig o n o m e tr ic  fu n c tio n  va lu es  can he 
d eterm ined  g e o m e tr ic a lly . Among these are  th e  angles 30°9 5^° and 60°.
The fu n c t io n  values  fo r  ^5° may he read  d i r e c t ly  from  a r ig h t  angled t r ia n g le  
vhose a cu te  angles a re  each equal to  ^5 ° .
Ib r  conven ience , ve l e t  th e  le n g th  o f th e  equal s ides he 1 . ( f ig u r e  1 8 )
Then hy u s in g  Pythagoras* Theorem:
2 2 1 + 1 = 1 + 1 = 2
c = n
Them s in  1 5 °  -  1  = 1
C
Com plete: cos ^ 5° = :_____
\&
Ansver ( l 8
+  {19
19
The same trigonometric function values for 5^° 'would have "been obtained if 
we had chosen 2, 39 U etc. as the length of the equal sides of the triangle.
In fact* if we had chosen 3 for example, we would have obtained (see figure
19 )
p p p
. C = 3 + 3  = 9 + 9 = 1 8
c = s/l8 = 3 / F
then sin kf = “g" = JTf = ~/T 
cos = -jj- = YJz = ~jT
tan .1*5 =o _ 3
3
= 1
NO RESPONSE 
REQURED
- 20.1
To obtain the trigonometric function values for 30° and c0°, we use one of 
the right angled triangles formed by bisecting an angle (dividing into two 
equal angles) of an equilateral triangle (triangle which has its three sides 
of equal length).
Let us consider the triangle in figure 20(a) and suppose, for convenience, that 
the length of its sides are 2.
If we bisect one of the angles of the triangle we will form two right angled 
triangles with angles of 30° and 60° (figure 20(b)).
So we have, in figure 20(b) that b = 2 and c = 1 because M is the midpoint of
the side AB.
Then by using Pythagoras' Theorem we obtain:
a2 = b2 - c2 = 22 - l2 = h - 1 = 3 . \ a = S~3
then we have that:
^o c _ 1s m  o0 = — —
cos o0 =
vOtan 30
b 2
a_ =J/3
b 2
c _ 1
a s/3
cont1 (55)
Complete the following:
Answi
NOTE
sin 60° = 
cos 60° = 
tan 60° =
A
"?-0 (.Cl)
B
Y ' i  is the tnid-poir,.k AB
A
sr 20
_ asm 60 = ~—o
cos 60° =
tan 60 =
JL
2
1
2
JJ
1 = n/3
: The same values would have been obtained if ve had chosen any
other number for the length of the sides of the triangle.
Complete the table below:
e j sin 0 cos 0 tan 0
 ^u
> o ! 
° 1/2
^5° 1 / 7 2
60° 7 3
/
0 sin 0 COS 0 tan 0
30° 1J2 '  x m
b5° x lJz 1
60° ^  J2 1 1± y/3-
^.\
( 22)
11 ov, complete the table below:
0 cot 0 sec 0 cosec 0
30°
^5°
60°
‘
Answer
■e COt 0 sec 0 cosec 0
30° J 3 2 / J 3 2
U50 1
6o° 1
7f 2 2 / n
We are now ready to generalize the definitions of trigonometric functions for 
any angle.
Let us consider a Rectangular Cartesian Coordinate System. First let 
be an angle in standard position with its terminal side in the first quadrant. 
Take any. point P, other than the origin, on the terminal side of 0 * Let us 
call the coordinates of P (X3y). Then in figure 23(a) CM = X andMP = y;
X is called the abscissa and y the ordinate of P
We can see in figure 23(a) that the triangle OMP is a right angled triangle* so 
according to the definitions of the trigonometric functions in a right angled 
triangle, we have that:
s m
_ opposite side 
hypotenuse
ordinate of P 
length of OP
cont'
adjacent side
cos = — r-— r-------hypotenuse
_X_ _ abscissa of P 
r length of OP
23.2
tan °PPQs^ e s^ e 
adj’acent side
- y _. ordinate of P 
X abscissa of P
2 2where length of OP = r = x + y
NOTE: These values depend on the angle 0 and not on the position of the point
P, on the terminal side0 To show that this is true, let Pf be.another point on 
the terminal side of 8 with v 1 , y'1 the coordinates and rJ the length of OP* 
(figiire 23(b)).
'Z3{.
ContT (23)
23*3
Then the right angled triangles CMP and OI-MP1 are similar (i.e* they are 
identical in shape hut not in size) and their corresponding sides are 
proportional.
We have the equal ratios:
r v 
X-' )
a'JL. which we showed equals sin 0
■2l L
X1
which we showed equals cos 0
= -X_ which we showed equals tan 0
This shows that the same values of the trigonometric functions are obtained 
by choosing P or PT.
NO RESPONSE 
REQUERED
(§) 24*1
The definitions of the trigonometric functions given in frame 23 for an acute 
angle can be used as the definitions of the trigonometric functions for an 
angle of any magnitude5 no matter in which quandrant it lies* - lor instance, 
if the angle is in the second or third quandrant (figures 2^(a), 2U(b)), we 
proceed as before, to take a point P(< y) on the terminal side of the angle 
and then define the sine of e as
s m  0 = y _ ordinate of PT length of OP where r = x + Jr
X
Note that y (and also x) can be both positive and negative but that r is always 
taken positive.
Cont1 24.2
Complete the definitions of cosine and tangent according to figures 2^(a) 
and 2h(b)„
cos 6 = 
tan G =
Answer (2h
- ^ abscissa of P
c o s e  =  —  =
. « y oramate of Ptan 0 = —  —  = — r------
X abscissa of P
If all right 
Otherwise--
-* (g> 
* (§>
© 25
Perhaps you did not realize that ve said that the definitions of the 
trigonometric functions are always the same for vhatever angle in vhatever 
quadrant. So in our case (figures 25(a), 25(h)) we have that:
n X abscissa of P
C O S  6 =  —-f-V— =  I I ■ < " ■" ■' 1 ■
cos r length of OP
tan6 = - 2 - =
X abscissa of P
/
Complete the following according to figure 25(c):
sin8 = -X_ = _r|_
cos0 = tanS =
Answer
cos 9 = — =
V13
If all right 
Otherwise —
-7 \ 26 
-y fphS
As we have seen, the values of the trigonometric functions of an angle are 
ratios of numbers which have signs, hence the values of the trigonometric 
functions can be positive or negative._____
Since r is always positive (i.e. r -  + y^} the signs of the trigonometric
functions depend on the signs of the coordinates X and y .of any point on the 
terminal side of $ .
Hence the signs of the trigonometric functions will depend on the quandrant 
in which the angle is.
lor instance, for an angle in the second quadrant (figure 26) we have, for 
any point °n the terminal side, that X<o and y>o, so we have that
tan® = • < oCOS 0= • < o,r ’
Cont
26.2
We can put all these results in a table
0 in quadrant X y r sin 0 C O S  0 tan 8
I
II - + ~ r a. - -
III !
IV i i! I
Complete the table above by writing + or - as in the example
0 in quadrant X y • r sin 0 ’ COS 0 . tan 0
i + + + + + +
II ■ - + + + - -
h i - - + - - +
IV + - + - + -
If all right 
Otherwise —
(2$
27
Notice that for an angle in the third quadrant, for example, for any point 
P(Xjy) on the terminal side, X<0 and y<0> so we have that:
s m is —2— o, cos 0 = — — ^ 0, tan 0 = (  0
Now, go to frame (2 6 ) and try to fill in the given table
2 8
The definitions of the cotangent, cosecant and secant for an angle 0 
of any magnitude are taken to he the same as in frame l8, i.e.
cot 6 = cosec 9 sec 0 =tan 0 u sin 6 ~ cos 0
Thus, for example, if 6 is in the third ouadrant, tan 0 is positive and 
’ ~ 1 '  *  “  
tan 0
hence cot 9 / ) is also positive;
t a n  ft
_ . , I s .
cos 0 is negative, hence sec 6(= ) is also negative sin e is negative,
hence cosec 6, 1 \ „ co? 0
v- ) is also negative. .s m  u
Complete the tahle below as in the example.
Bin quadrant. . cot 0 sec 0 cosec 0.
I
II
III + -------------- . . --------------- .
IV
.0.in. quadrant . cot 0 . sec 0 cosec 6
I . ... + + +
..... II..... . -
Ill + , ,
IV +
If all right 
Otherwise — 2^8) again
We wish now to apply the definitions of the trigonometric functions to angles 
whose terminal sides are along a coordinate axis* particularly 0°, 90°, l80°,
270° and 360°.
In finding the values of the trigonometric functions for these angles we are 
confronted with a new situation- namely, one of the coordinates of the points 
on the terminal side is equal to zero. If the terminal side is along the 
X~ axis, y = 0j; if the terminal side is along the y — axis,X =0. This means, 
graphically, that if P(x;y) is a point on the terminal side of the angle, the 
quantities x ^ y and r do not yield a right angled triangle, hut the relation 
r = Xp + y still holds.
We shall find the values of the trigonometric functions/for 0° to illustrate
the method for determining the trigonometric functions for any angle whose terminal
side is along a coordinate axis.
The terminal side of 0° is along the positiveX - axis (figure 29a). Let P&^0) 
he a point on the terminal side of 0°, then r =\|x ^  + 0^ = \fx = X
Cont1 /%»...
29.2
tt.-a.xiS
Applying the definitions of the trigonometric functions of an angle we obtain:
si n 0 °  = —^ — = ——  = 0  cos 0 °  = — — = — — = 1
■ r  r  r  x
t an 0 °  = — = 0  - sec 0 °  = ——— = ~ ~  , 1
X X  X X
o o •  *Not i ce th a t  we have o m itted  cot 0 and cosec 0 . I f  we t r i e d  t o  o b ta in  e i t h e r
of these functions in the usual way, zero would appear in the denominator.
oDivision by zero is not defined and hence 0 has no cotangent value and no 
cosecant value. Let us see what actually happens.
Cont1/..... (29) 29.3
Let us consider a Rectangular Cartesian Coordinate system* First let ^  
be a small positive angle in standard position with its terminal side in the 
first quadrant. Take any point P(x_,y) other than the origin, on the terminal side 
(figure 29(b)).
wtQuas, 390o)
Let r = length OP. Now x is slightly less than r and y is positive and very
y r
small; then cot 6 = /y and cosec 0 = j j  are positive and very large.
Next let ©decrease toward 0° (i.e. op turns toward X — /axis) with- length.
0P = r. Now X increases but is always smaller than r while y. decreases but
remains greater than 0. Then cot 0 and cosec 0 become larger and larger
(to see this, take r = 1 and calculate cosec 0 when y = 0.1, 0.01, 0.001, etc.)
Frequently the s y m b o loO (read "infinity”, which is not a number) is used to
express this, i.e. we write
cot 0° =co and cosec 0° =C>0    h
Cont /...
Complete the table below as in the examples
29.4
sin 0 cos 0 t an 0 cot sec 0 cosec 0
90
180
co270 -1-1
360 '
Answer
0 s in  0 o o cn CD
!
t a n . 0 cot 0 sec . 0 co sece .
0° 0 1 0 oO 1 o a
90° 1 0 OO .0 co 1 . . .
1 8 0 ° 0 - 1 0 cO . - 1 ° o
270° - 1 0 oa 0 . © o . - 1 . . .
360° 0 1 0 . o <T 1  ‘ © o . .
If all right ---   =----
Otherwise ---------------- ^(29) cx-cjcutl.
(§) ‘ • 30.1
The determination of numerical values of trigonometry functions is required in 
many problems of trigonometry. With few exceptions, the values of the 
functions cannot he given exactly. Approximate values for acute angles are 
given in Tables called Tables of Natural Trigonometric- Unctions to distinguish 
them from the Tables of Logarithms of the functions.
Some tables give the values of the six functions, others are restricted to the 
functions sine, cosine, tangent and cotangent; some give the values to four 
decimal places while others give values to four significant figures (four- 
figure tables). We shall use the four-figure tables here (see figure 30).
Cont * /... (30) 30.2
N a tu ra l s in es Mean
O' 51 1 0 * 151 20’ 25x 30' 35* ko ' h5' 50f 55* 1 »2T3’k '
0 0.0000 .0015 .0 0 2 9 .0 0 1 1 .0 0 5 8 .0073 .0087 .0 1 0 2 .0 1 1 6 .0131 .01U5 .0 1 6 0 3 8 9 1 2
1 .0175 .0189 .0 2 0 1 .0 2 1 6 .0233 .02^7 .0 2 6 2 .0276 o0291 .0305 .0320 .033** 3 8 9 1 2
2 • .03^9 •036k .0378 .0393 .0*107 . 0*122 . 0 ^ 3 6 .0151 . 0  k65 . 0 U8 0 .019** .0509 3 8 9 1 2
3 .0523 .0533 .0552 .0567 .0 5 8 1 .0  596 . 0 6 1 0 .0025 .0 6 1 0 . 0  65k . 0 6 6 9 .0683 3 8 9 1 2
k ,0 6 9 8 ,0 7 1 2 ,0727 .07^1 •0153 .0110 .0785 .079.9 •0 8 l4 . 0 8 2 8 .08U3 .0857 3 8 9 1 2
FUaOR.£ 3 0
/
Some examples w i l l  i l l u s t r a t e  how th e  ta b le s  f o r  th e  S ine and Cosine fu n c tio n s  a re  
used Gthe ta b le s  o f  th e  o th e r tr ig o n o m e tr ic  fu n c tio n s  a re  used in  a s im i la r  m anner).. 
To work, th ro u g h  th e  n ext frames you need a fo u r - f ig u r e  t a b le .  In  t h i s  t a b le ,  down 
th e  l e f t  hand s id e  you w i l l  see angles from 0 °  to  8 9 ° ( 0 °  to  in  f ig u r e  3 0 ) .
 1>
Cont * / . . . .  ( 3 0 )  30 3
At th e  to p  you w i l l  see v e r t ic a l  columns headed in  m inutes i n  5 ' in t e r v a ls  from  
Of to  5 5 * • E n a l ly  to  th e  r ig h t  o f  th e  5 5 * column a re  U columns w hich  a re  headed  
’Mean d if fe re n c e s " .
The la y o u t o f  ta b le s  v a r ie s  s l ig h t ly  between d i f f e r e n t  books and, in  p a r t i c u la r ,  
some ta b le s  l i s t  every  6 ' and not every  5 * .
NOTE: A t th e  moment we w i l l  consider 0 < 0 < 90°
31
Example: Hud th e  v a lu e  o f  s in  1 5 °
s in  1 5 °  -
Answer
s in  1 5 °  = 0 .2 5 8 8
If right---------:------- f 3U
Other wi s e ---------h / ^  9', V\.*^ *3/
© 32
To f in d  th e  v a lu e  o f  s in  1 5 ° we lo o k  down th e  extreme le f t -h a n d  column o f  th e  
ta b le  headed "deg” u n t i l  ve come to  th e  number 1 5 * I t  is  th e  f i r s t  number on
th e  l e f t  in  th e  h o r iz o n ta l  row. We th en  la y  our r u le r  a long th e  row . The
1number in  th e  column im m edia te ly  to  th e  r ig h t  o f  th e  1 5 , th e  column headed 0  ,
i s  Oo2 5 8 8  which is  th e  v a lu e  o f  s in  1 5 ° , - i . e .
s i n  1 5 °  = 0 .2 5 8 8
Now find the value of sin 68° /
s in  6 8 °
Answer (§ 2 )
s in  6 8 °  = 0 .9 2 7 2
I f  r i g h t -  
O therw ise
Example 2:
- Knd the value of sin 15° ho *
sin 15° Uo* =
Answer
sin 15° U0» = 0.2700
If right ------------^ 37
Otherwise  ^ 35
(§) 35
To find sin 15° 0^* we lay our ruler along the horizontal row at 15° and then 
look down the column headed 1+0* until we come to the ruler. The number 
we see in that column is 0 o2T00 which is the value of sin 15° ^0 TS ie.
sin 15° to* = 0.2700
cos 20° 1 0f =/lind cos 2o° 1 0' .
Answer (35
cos 20° 1 0 1 = 0.9387
If right   ^ ^3
Otherwise  ------------ ^ (3
To find the value of cos 20° 10* lay your ruler along the horizontal row at 
20° and then look down the column headed 10* until you come to the ruler.
The number you should see in that column is 0.9.387 and is the value of cos 20
IL o 6 o
cos 20° 10* = 0.9387
Sind cos 35° 25*
cos 35° 251 =
Answer
cos 35° 25' = 0.8150
If right- 
Otherwise
Nov ve come to another task : vhen the number of -minutes of the given angle
is not a multiple of 5, as in 2k° 1*3* •
In this case ve can find sin 2h° h3x by using the Mean difference columns.
Example 3: Knd sin 2**° 1*3r.
To find this value ve lay our ruler along the horizontal row at 2b° and vrite
dovn sin 2**° 1*0* i.e., sin 2h° 1*0! = 0.U173
The angle 2b° 1*3* is 3* more than the angle here. The adjustment for the extra 
3f is given in the Mean difference columns.
We look along our-ruler-until ve come to the Mean difference columns. The number 
ve see under the 3T column is 8.
The value of sin 24° f is nov found as follovsr
sin 2l*° 1*0* = 0.1*173 
Mean difference for 3*1= 8
(Adding) sin . 2**° 1*3*' = 0.1*181 ; 5 . — -----
ContT /_____ (37) ,
If you vanted to find sin 70° 2* you vould proceed like this (.complete):
• firstly, find sin.......  .....
V
Secondly, find the Mean difference fof' * ' ' ' ’
Thirdly, add the adjustment for the extra 2* to the value of sin ©
U r s t l y  s in  7 0 °  0 1
Secondly . . . . . . . . .  f o r  2* .
T h ir d ly  . . . . . . . .  s in  7 0 °  0 *
I f  a l l  r ig h t  ------------- :--------------------( 3 8 )
O therw ise  --------- -------- — —------- y  ( 3 7 ) again
sin 70° 2* = 0.9399
If right - 
Otherwise
/
(39) ' ' 39
To find sin 70° 21 lay your ruler along the horizontal row at 70° and write 
down sin 70° O’
You must have found sin 70° 0* = 0o9397
The angle 70° 2* is 21 more than the angle here* The adjustment the extra 2f 
is given in the Mean difference columns. Look along your ruler until you 
come to the Mean difference columns. The number you will see under the 2*
column is 2.
The value of sin 70° 2* is now found as follows:
sin 70°.0 ! = 0.9397
Mean difference for 2* .....  2
(Adding) sin 70° 21 = 0.9399
• &nd sin 10° M
sin 10° M  -
If right 
Otherwise
Before going on let us point out something very important about the Mean 
differences. 'When we use Mean differences from a smaller angle to the 
larger:
a) The adjustment (mean difference) is added in finding sine, tangent and 
secant.
b) The adjustment (mean difference) is subtracted in finding cosine, 
cotangent and cosecant.
So far we have worked examples where the mean difference has been added, let us 
now work some examples where it has to be subtracted.
NO RESPONSE------ } (S)
REQUIRED •
®  : 4U1
Exampel 4: land cos ^7° 7!
To find this value we lay our ruler along the horizontal row at ^7° and write 
down cos ^7° 5T> ie. cos k j0 5* = 0.6809
The angle ^7° 7* is 2f more than the angle here.
The adjustment for the extra 2T is given in the Mean difference columns.
We look along our ruler until we come to the Mean difference columns. The 
number we see under the 2 1 column is-k.
The value of cos 4 7° 7! is now found as follows:
*
cos h j° 5* = 0.6809
Mean difference for 2’ = U
(Subtracting) cos ^7° T1 - 0.6805
If you wanted to find cos 16° 8* you would proceed like this (complete):
' firstly, find cos ■ ' '
Secondly, find the Mean difference for ' 1 }
Thirdly, subtract the adjustment for the extra 3* from the value of
cos .
cos 16° 5 *
Answer
Urstly .
Secondly for 3*
42
Find cos 16° 8* 
cos 16° 8* zz
/
Ansver
ix nsnt
cos 16° 8* = 0.9607
Otherwise  -----------------  ^ { 4|)
To find cos 16° 8’ lay your ruler along the horizontal row at l6° and write 
down cos 16° 5*»
You must have found cos 16° 5' = 0.9&09
The angle 16° 8* is 3* more than the angle here0
The adjustment for the extra 3T is given in the Mean difference columns. Look 
along your ruler until you come to the Mean difference columns. The number you 
must see under the 3! column is 2.
The value of. cos l6° 8* is now found as fellows:
cos 16° 51 ■= 0 .9c09 -
M ean difference for 31 = ...  2
(Subtracting) cos 16° 81 = 0.9607 ,
End cos 57° 181
cos 57° 1 8* *••••••• ..........
Answer
cos 57° 1 8* = 0.5^03
If right ---------------- ^
Otherwise-------------- — ^
44
When we use Mean differences from a smaller to a larger angle, the adjustment
is a) added in finding '   »....  and............  and
h) it is subtracted in finding ■■•••••-  ^ , and' .
Answer
a) sine, tangent and secant
cosine, cotangent and cosecant
If all right  -------  ^U^ s)
Otherwise  -----} Re-read (40) and then—  ^ sf?)
If we want to find the trigonometric function values of an angle measured in 
radians, we proceed like this:
a) Express the angle in degrees
b) Proceed as in the previous frames
3"7TExample: To find sin —g— ve proceed like this:
*TT = i80° = -^ .8-Q-- = 67.5° = 67° 30'
then .
sin = sin 67° 30’ = 0.9239
re  ^ * '2vrUnd sin “y ”
2»\
s m  —=-
Answer
sin —  sin 51° 25* = 0.7817
If all right ---- ^ (Vj/1
Otherwise -----------^
Answer (^ 6
If right - 
Otherwise
We have learnt to find, using Tables of Natural Trigonometric Iunctions, the 
trigonometric function values for a given angle between 0° and 90°
We now come to the converse process: find an angle between 0° and 90° whose 
trigonometric value is given,
A few examples will illustrate the procedure to use in this case.
Example 1: Hnd the value cf 6. given that sin0 = 0.358^
Answer ©
6 = 21°
If right-
Otherwise
To find the value of ve run our ruler down the column headed O’ in the table
The angle shown to the left of the row, in the column headed "deg" is 21°, and 
this is the value of 8 , i3e, 8 = 21° (Remember that we are only working with
o < e < 90° )
Find the value of 0 given that sin 0 = 0.5090
Answer ©
e = 5i4°
If right -
Otherwise ■v ©
49
To find the value of 6 given that sin = 0..8090 we look down the 0r column of 
the table until we come to the number 0.8090. The angle shown to the left of 
the row, in the column headed ’'deg” is 5 »^ i.e. 6 = 5 °^.
Hnd the value of Ggiven that cos 0= 0.5150
Answer
0 = 59°
If right ---------------- 7? (50
0thend.se -— :----------------fj^Q
Example 2:
If the given number is not in the 0 * column.
Hnd the value of 6 given that sin G- 0 »l636
6 = ....................  /
Answer ^o)
6 = 9 °  25*
If right -
Otherwise
~> ©  
* ©
51
If■ we look again in the 0 ! column we will notice that the number 0 „l636 is not 
in this column, in this case we must proceed like this: look down the 0 ! column 
until we come to the number nearest to but still less than O .1636 (i.e. 0.156*0 > 
now we lay our ruler along the horizontal row in which 0 .156** occurs and look, 
along it until we come to the number O.1636.
Now we read off the number of degrees at the extreme left of the ruler, in the 
column headed ,fdeg", and the number of minutes vertically above the number Q d 636.
d e g
(degrees')
0 = 39° 55’
If right 53)
52
The exercise which you -were asked to do vas exactly like the worked example in the 
frame (50). You should therefore check that you have followed the method of the 
worked example. .
NO RESPONSE  ---^ (50
REQUIRED
Example 3:
53
If the given number is not in the. table. Find the value of 0 given that 
sin e = 0.3507 (The number 0.3507 is not in the table).
Answer
IF right 
Otherwise
To find the value of 0 given that sin 0 = 0.3507 we proceed as "before looking 
■down the column headed 0 * until we come to the number nearest to hut still less 
than 0.3507 (0.3^20)
Now ve lay our ruler along the horizontal row in which 0*3^20 occurs and look along 
it until we come to the number nearest hut still less than 0 .3507? this number is 
0.3502
If the sine value were 0.3502 the angle would he 20° 30’ hut this number
(0 .3502) differs in its l*th decimal figure from the number we want (0 .3507) by
5 units, so we keep our ruler still and leek along its edge at the Mean difference
columns. As the difference 5 occurs under the 2! column, 21 must he added to the
angle we found before (20° 30*) because the angle increases as the sine value
increases, i.e0 7
0 = 20° 30f + 2 *
0 = 2 0 °  3 2 f
In the same way, find the value of given that sin G = 0.8686
0 = ..........
Answer
e - 60° 18*
If right  --------- -
Otherwise------------ >
* (56J
To find 0 given that sinO = 0.8686 we proceed like this:
Look down the O' column of the table until you come to the number nearest 
to but still less than 0.8686 (0 .8660). How lay your ruler along the 
horizontal row in which 0.8660 occurs. Look along it until you come to 
the number nearest but still less than 0 .8686 (0 .8682)
If the sine value were 0.8682, the angle would be 60° 15r but this number differ 
in the Uth decimal figure from the number we want (0 *8686) by U.
Keep your ruler still and look along its edge at the mean difference column*
You will find that  ^is under the 31 column.
Then 3f more must be added to 60° 151 as the angle increases as the sine 
value increases, i.e.  ^ +
G = 60° 1 8‘
In the same way, find the value of 0 given that sin0 = 0.9302 
• . 0 = ___________________________
e = 68° 28 '
If right
Otherwise
Let us try some examples with the cosine function* 
Example U:
lind the value of 0 given that cos 6 = 0 ,^ 38^
e =
Answer
0 = 6k° (Remember that we are working
with 0 < 0 < 90°)
If right
Otherwise
The exercise which you were asked to do was exactly like the worked example 
in the frame 1*8.
You should therefore check that you have followed the method of the worked 
example.
WO RESPONSE ^ \^Q) --- ^ [5
REQUIRED
Example 5:
If the given number is not in the O’ column. 
Pind the value of 9 given that cos 9 . = 0,9830
58
Answer
10° 35'
If right —  V  (hS
Otherwise — ; ^ (p9
59.1
If you look again in the 0* column you will notice that the number 0.9830 is
not in this column, in this case you must proceed like this: look down
the 0 * column until you come to the number nearest to and greater than 0 .9830  
(i.e. 0 .98^8).
Now lay your ruler along the horizontal row in which 0.98H8 occurs and look along
it until you come to the number 0.9330.
Now read off the number of degrees at the extreme left of the ruler, in the 
column headed "deg", and the number of minutes vertically above the number 
0.9830.
(de^ 'Tces) 0 .^ 2>30
Nov in ohe same way find the value of 0 given that cos 0 = 0.88^ 3
Answer (59
o -
6 = 27°  5 0 ’
If right
Otherwise
(§0) 
■ * 0
Example 6:
If the given number is not in the table.
Und the value of 0 given that cos 0 = 0.^355 (The number 0 .^3 5 5 is not in 
the table).
0 =
Answer
0 = 6k°: 11*
If right
61.1
To f in d  th e  v a lu e  o f  9 g iven  th a t  cos 0 = 0.1*355 proceed as b e fo re  lo o k in g  
dovm th e  column headed 0 * u n t i l  we come to  th e  number n e are s t to  and g re a te r  
th an  0.1*355 ( i . e .  0.1*381*)
Now we lay our ruler along the horizontal row. in which 0 o 1*381* occurs and lo o k  along 
i t  u n t i l  we come to  th e  number n e are s t to  bu t s t i l l  g re a te r  th a n  0 . If355* t h is  
number is  0.1*358.
I f  th e  cosine v a lu e  were 0.1*358 th e  angle  would be 61*° 1 0 r b u t  t h is  number 
(0.1*358) d i f f e r s  in  i t s  l*th  decim al f ig u r e  from  th e  number we want (0 .1*355) 
by 3 u n i ts ,  so we keep our r u le r  s t i l l  and lo o k  a long i t s  edge a t  th e  M ean  
d if fe re n c e  columns. ' /
As th e  d if fe re n c e  3 occurs under th e  -1* column, 1* must be added to  th e  a n g le
we found b e fo re  ( 6b° 1 0 * ) because th e  ang le  in creases  as th e  co s in e  v a lu e
decreases, i . e *  • '
0 = 61*° 1 0 * + 1
6 = 61*° 1 1 ' ^
61.2
Cont */.... (6l)
In the same way, find the value, of 0 given that cos 0 = 0.6392
If right •------ — — — > *63)
Ot h erwis e------ ---- 7 \ 62)
/
62
To find the value of 6 given that cos 0 = 0.6392 we look down the column 
headed O'* until we come to the number nearest to and greater than. 0.6392 
(i.e. O06U28)o
Now we lay our ruler along the horizontal rov in which 0.6*428 occurs and 
look along it until ve come to the number nearest to but still greater than 
0,6392, this number is 0,639*4. '
If the cosine value vere  0.639*+ the angle would be 50° 15* but this number
(0.639*+) differs in its *4£h decimal figure from the number we want ( 0 . 6 3 9 2 )
by 2 units, so we keep our ruler still and look along its edge.at the Mean 
difference columns.
As the difference 2 occurs under the l1 column, lf must be added to the angle 
we found before (6*4° 10*) because the angle increases as the cosine value 
decreases, i,e.
0 = 50° 151 + I 1'
0 = 50° 16’
In the same way, find the value of0 given that cosO = 0.7*+06
0  =
e = k2° 13*
I f  r ig h t  — ------------------7* ( 6 3 )
Otherwise -- ------ --3 (6o)
63.1
How we come to a new point: How to express a trigonometric function of an 
angle, measured in radians, in terms of the same trigononometric function hut 
of an angle between 0 and 2rr.
If we draw the angles 0 (measured in radians) and 0 + 2tt in standard
position (i.e. when Its vertex is at the origin and its initial side coincides 
'with the positive ve can appreciate that they have the same terminal
sides (figure 63). Therefore, for any point P 011 it,X , y and r will he the 
seme for both angles.
The figure is drawn for the first auadrant hut the result is clearly valid for
all. y-axiS
G 3
Tc-aXiSt—r
Prom figure 63 we obtain that:
sin (0*- 2 -t t  )  = sin G cot (Oh 2 t t  )  = cotG
cos (£H- 2 t t -  ) = cos Q sec (O 2 t t  ) = seed
tan (6+ 2 t t  ) = tan G cosec (6H- 2 t t  ) = cosecQ
Similarly, we can see that if we have an angle 0 (measured in radians), 
adding or subtracting 2ir radians any number of times does not change the 
value of any of the trigonometric functions because they will have always the 
same terminal sides. We can express this by writing:
sin ( 6H- 2n t t  ) = sin 0 cot ( 0 t -  2n t t  ) - cot 0
cos ( 0*- 2n *rr ) = cos 0 sec (0** 2n-rr ) - sec 0
tan ( 0  ^2n - t t  ) = tan- 0 cosec (0f- 2n t t  ) = cosec 0
Where 0 ^  0 < 2 tt and n is an integer, i.e. n = 0 , +1 , +2 , this enables us
to find the trigonometric function values for angles greater than 2 tt , or less 
than 0 , by first reducing the problem to the corresponding trigonometric function 
of an angle between 0 and 2 -rr . /  .
 -----
Cont1/..... 1^ 3) ' 63 *3
Example:
. ' i t
Express sm -3“ ~Tr terms of the sine of an angle between 0 and 2*rr .
To do this we proceed like this: 
i t  2  ,——-T T  = ^ ... -TT -u u T T
therefore
i t  . 2sin — —^ t t  = sin ( — t t  + k t t  ) = sin
25Express cos t t  in terms of the cosine of an angle between 0 and 2t t
cos -rr
Answer
'25 _  hrrcos — !—  TT = cos —
If right  --- — —  >
Otherwise   ^ (S)
64
25
To express cos — jj- fr m  terns of the cosine of an angle between 0 and 2 -nr. 
we proceed as follows:
25 1 s•j-—  T T T  r= — ^ —  T T  + 5
rnereior
25 , 1 . . 1
COS  r- “  -  COS t~ i ------r 0~TT ) —  COS —T- TP
Express tan —j- "rr in terms of the tangent of an angle between 0 and 2"rr
tan
tan -~-TT = tan TT
If right -----  > [6%
Otherwise -------  4
©  : 65.1
So far we have seen how to express a trigonometric function of an angle, 
measured in radians, in terms of the same trigonometric function hut of an 
angle between 0 and 2 T T  »
If the angle 0 is measured in degrees, the equivalent expressions to those
given in frame \p3j are:
sin'( &r n x 3c0°) = sin 6 cot ( 0 t n x 3c0°) = cot 9
cos ( 0 f- n x 360°) = cos 8 sec (6+ n x 360°) = sec 9 .
tan (0+ n x 360°) = tan 6 cosec (9+ n x 3o0°) = cosec. 9
where 0° <_0 < 3o0° and n is a integer, i.e. n = 0, +.1, jJ2, .....
Cont1/••»». »• (65) op. 2
'•Example; •
Express tan 8H0° in terms of the tangent of. an angle between 0° and 360°.
To do this we proceed like this:
81i0° = 120° + 2 x 360°
therefore
tan 8U0° = tan (|20° + 2 x 360°) .= tan |20°
Express cos 1000° in terms of the cosine of an angle between 0° and 360° 
cos 1000° =
Answer (65) cos 1000 ~ cos 280
If right --------- >
Otherwise
{ 66) 66
To express cos 1000° in terms of .the cosine of an angle.,between 0° and
36o0' we proceed like this:
1000° = 280° + 2 x 360° therefore
cos 1000° = cos C280° + .2 x 360°) = cos 280°
Express cot 1*50° in terms of the cotangent of an angle between 0 r and 360(
cot ^50° =
Answer (66,
cot 1*50° = cot 90°
If right (? r)
Otherv'ise
In figure 67,0 and'-0 are constructed in standard position* On their 
respective terminal sides the points P(Xj[- y) -^n(^  y-^ ) are located so
that OP = OP.1
f = i G 7
Cont'/  (67) ‘ 67 ,2
The triangles CMP and CMP^ are congruent (i.e. one can be superimposed 
on the other), therefore we have: x ^ = 'X> - T  and OP = OP^
Applying the definitions of the trigonometric functions we obtain:
tan (- 8) =
II = _=£
OPl OP
- X1 _ X
OP, OP
y-!
-  zx.
X1 X
OP
= cos 0
sin0
—  TP1
X
We could have obtained the same results if vs had considered the angle 
G in any of the other quadrants. “
This enables us to find the trigonometric function values for negative
angles by first reducing the problem to the corresponding trigonometric functio
of a positive angle.
Complete the following, according to these equalities:
X l l lO  w e x
sin C~T3°) = - sin 73° 
cos (-1U50) '= cos 1^5° 
tan (- ) = -tan
If all right
Otherwise again
68
To express cot (- 0) in terms of cot 0 we use the definition of cotangent and 
the results obtained in frame 69 .In fact:
cot (- 0) - ---7— r-> ~ — r— r ~ ~ -  - -- - = - cot 9tan G; — tanO tan 0
In the same way show that:
sec (~ 0) = sec 9 and cosec (-0) = - cosec 0
To check your answers-------- > (69
sec (.“ 8) —   “7—  ----——— -  .sec 0
cos 0) cos 0
cosec C“ 0) / \ ~~ ' — — — ;——  — — cosec 0sin C- 0) - sin 0 ' sin 0 cosec o
NO RESPONSE  ---  ^ (JO
REQUIRED
70.1
By the definitions of the trigonometric functions we know that, for the angle 
in figure JO:
sin 0 = •v J S yj _ X tan 9 ~ —iL
(The f ig u re  is  drawn fo r  th e  f i r s t  quadrant but th e  re s u lts  a re  c le a r ly  
v a l id  fo r  a l l ) .
Now note th a t :
s in  0 y  /r  _ 
cos 0 x A*
= tan G hence tan 6 = s m  9 cos 0
ContJ /. „ „. 7 0 . 2
This result enables us to find the value of the tangent of an angle if we know 
the sine and cosine of the angle. Jbr example, we.know that sin 30° = \ and 
cos 30° = ^ / 2
therefore
sin 30° _ 1 /2 _ 1
cos 30° 73 h v/I
Find, in the same way, tan 60°
tan 30° =
Answer
rrS> _ siri 60° '73/2 J~Z
tan 60 - r t f r -  = 7 3
(71.
71 *1
If we have two angles a and 3 , we can express the sine* cosine and tangent of 
the angles Cot + 3) and Cot - 3) in terms of the sine, cosine and tangent of ct and of 
3 in formulae which are called addition and subtraction formulae.
These formulae are:
Addition'formulae:
sin Ca + 3) = sin ct cos 3 + cos a sin 3
cos Ca + 3} = cos a cos 3 - sin ot sin 3
tan Cot + 3) - 'tan ct * . tan 3 
1-ta n ot tan 3
' Subtraction'formulae:
3) = sin ot cos 3 - cos a sin 3
3) - cos ot cos 3 + sin a sin 3
3) - -tan ' ot - tan 3
. 1+ tanot tan 3--------- -------- _£>
sin C a~ 
cos C a~ 
tan C ot-
Cont * /• • •. • \Jl) rj\ o
(if you want to see the proofs of these formulae see Appendix A}
These formulae enable us to find the sine, cosine and tangent of angles which
can he expressed as a sum or difference of two angles whose sine, cosine and
tangent we know.
Let us look at an example.
Example: Thing the addition and/or subtraction formulae, find sin' =05°
We can express 105° as 105° = 60° + ^5° us we know the trigonometric function 
values of 60° and 5^° therefore.
sin 105° = sin (60° + 5^°) - sin 60° cos h ^ °  + cos 60° sin ^5°
s in  io 5 °  = p i  _ i _ +  _ 2 _  Y = _ i _  (£ L  + i \
2 y/Z 2 -J2 sfZ y 2 2 1 72 v 2 '
Using the addition and/or subtraction formulae, find cos 75°
o
Lote: do not evaluate square roots
r r c -O _cos 75 -
1 / y/3 -  1\c°s  75 = L — ------ )
If right ----------- — } (7
Otherwise  ------:   ^ ( l2
V'if' 72
We can express 75° as 75° = 30° + A 5° as we know the trigonometric function 
values of 30° and ^5°, therefore cos'75° = cos (30° +■ *'5°) = cos 30° x cos ^5° 
sin 30° x sin ^5°
cos 75° ■ x — x — - - = —i— rV3 — 1 \
0  2 2 n / 2  v / 2  1  2  2  J  > / 2  ' 2  '
le aad.ition ana/or suotraeiion ioimuiae,
Answer
( 7?)
sin 75° = -^ 2 C
If right  V (jU)
Otherwise -------------) (73
73
We can express 75° as 75° = 30°+ 1*5° as we know the trigonometric values of 
30° and ^5°s therefore
sinl5°=_7?
If right --------- ( jk )
Otherwise ------ i ^  (71
74
Using the addition formulae ve can determine formulae for sin 20 , cos 2 0 
and tan 2 0. These formulae are called the double-angle formulae.
lor example, for sin 2 8
sin 2 0 = sin (df8) = sin 8 cos 8 + cos 8 sin 8 = 2  sinG cos 8
For tan 2' 6: tan 2 8 = tan (8 +8 ) = ^ a- - 9-■ * ~^n 0 = f-1 - tan9tan0 1 - tan ^6
Obtain, in the same way, a formula for cos 2 8
cos 2 0 =
cos 2 0 = cos (_ &*• 9 ) - cos 8cos 0— sin e sin 0
2 .2 cos 2 0 = cos 0 - sin 0
+  175
■©
75
Now let us find other trigonometric formulae which are .very useful and can "be 
easily obtained from the addition and subtraction formulae.
Let us evaluate sin (90° - 0) and cos (90° - 9)
sin C90° -  a) -  sin. 90° cos9 - cos 90° sin 6
sin (90"’ - 6} = 1 x cos 8- 0 x sinG = cos 6
cos (90° - 0) = cos 90° cos0 + sin 90  ^sir8
cos (90° — 0) = 0 x cos 6+ 1 x sin 6= sin 6
then
sin (90° “ Q) = cos 9 and cos (90° —6 } = sin G
Evaluate, in the same way, sin (90° + 0 ) and cos (90° + 0 )
sin (90° + 8) = cos (90° + S ) =
XUi O  i '— O-
sin (90° + 8 ) = cos 0 
cos (90° + 0 ) = - sin 8
If all right ------------- } (TT)
Otherwise —----- :---   ^ (t6)
76
sin 90° cosG +■• cos 90° sin 6
1 x cos0 + .0 x sin 0= cos 0
cos (90°+ 0) — cos 90° cos0 - sin 90° sin8
cos (90° + 8) = 0 x cos0 - 1 x sin0 = - sin 6
sin (90° + .0) = 
sin (90° + 0) =
NO RESPONSE 
REQ TIRED
In the same way evaluate:
a) sin (l80° - 8 )
b) cos (l80° ~ Q) ■
Answer (77)
a) sin (l80° - 0)
b) cos (l80° - 6)
If right --   ---   >
Otherwise______________ h
= sin 0
- “ cos 0
sin (l8o° — 0)-= sin l80° cos 0 — cos 180° sin 0
sin (l80° - 8) = 0 x cos 9 - C“l) sin 0 = sin 0
cos (l80° - 0) = cos 180° cos 0 + sin l80° sin 0
cos (l80° - 0) = (-1 ) cos 0* 0 x sine = - cos 0
Then sin (l80° - 0) =. sin 0 /
cos (l80° - 0) = — cos 0
. NO RESPONSE--------^ ®
REQ TIRED
© 79.1
These two formulae:
sin (l80° -0) = sin9
cos 'l30° -6) = - cos3
are particularly useful vhen 0 0 90 "because they enable us to find the
trigonometric function values for angles "between 90° and l80°, by first 
reducing the problem to the corresponding trigonometric function of an angle 
betveen 0° and 90°.
These results can also be obtained from the figure 79 belov
« 0
C ? - O Q
sin (l80° - 0 )  -  — q q  -  ~ Q p  -  sinO 
cos (l80° —0-' = = -Qp = - cos6
v^aluace- sin (±80 + 0) and cos (l80° + 8) by using the addition formulae, 
sin (180°+ 0) = ________  cos (l80° + G) =
Answer (79
sin (l80° + 0 ) = - sin
cos (l80° + 0). = — cos 0
If right --------- —T' (^81
g-'
Otherwise --------- ? \8C)
sin (l80° + 0 ) = sin 180° cos 0+ cos l80° sin 6
sin (.180° + 0 ') = 0 x cos 0+ (-1 ) sin 0 = - sin 0
cos (l80° + 0 ) = cos l80° cos9 — sin 180° sin 0
cos (l80° + 0 )  = C-l) cos 0“ 0 x  sin.0= ~ cos 0
Then sin (.180° + 0) - — sin 0 
. cos (l80° + 0 ) = — cos 0
NO RESPONSE--------- ( q±)
REQUIRED
©
81
These tvo formulae: sin (l80° 0 ) = - sin 0 and cos (l80° t 0 ) = -cos S are
particularly useful vhen 0 < 0 < 90° because they enable us to find the 
trigonometric function values for angles between l80° and 270°, by first 
reducing the problem to the corresponding trigonometric function of an angle 
betveen 0° and 90°.
These results can also be obtained from the figure 81 belov
sin (l80 + 0 -y smOP
o ?  - o Q .
COS (180° + 0 ) = ~0Q =  OP = - COS 0
NO RESPONSE 182
REQUIRED
Emotions for angles between 0° and 90°, and nothing was said about the 
trigonometric function values of angles greater than 90° and angles less than 
0. This is what we are going to do in the next frames. Some examples will 
illustrate how to proceed to find the trigonometric function values of such 
angles in the Tables.
CASE 1:
If the angle is between 90° and l80°
Example' 1:
- - - - -  i „ o  ’iana s m  141 •
We can express 1^7° as 1^7° = l80° - 33° so
sin 1^7° = sin (l80° - 33) = sin 33°
(Remember that in frames 77~79 we saw that sin (l80° - 0) = sin 6 ) ----—  --
Cont1/.... ^
Wow we look for sin 33° in the table.
sin 1^7° ~ sin 33° = 0.5^6
Example 2: 
land cos 120° iiO*
We can express 120° *+0T as 120° ^0’ = 180° — 59° 201 
therefore "
cos 120° U0 * = cos (180° - 59° 20») = -cos 59° 2 0*
(Remember that in frames 77~79 we saw that cos (.180° - 0 ) = -cos6 )
Now we look for cos 59° 20* in the table
cos 120° Ho1 = - cos 59° 20’ = - 0.5100 
Hmd sin 9^° 501
sin 9^° 50’ = ________________
Answer
sin 9**° 50* = sin 85° 10* = O.99ob
If right — — ------— >
Otherwise-------- — ^ (82) again
CASE II: The angle is between l80° and 270°
Example 3: . find sin 255°
We can express 255° as 255° ~ l80° + 75° so 
sin 255° - sin (l8Qw +. 75 )^ = “ sin 75^
(Remember that in frames 79~8l we saw that sin (l80° +9
Now we look for sin 75° in the table.
sin 255° = -sin 75° = - O.9o59 
Find cos 199° 0^'
= - sin9 )
cos 199° ^o1 -
Ansver
cos 199° 4of = - 0.9917
±f right ~-----:-------^ (84)
Otherwise — --- — -----^ Remember that cos (l80° + Q  ) - - cosG
Row try (8-3 again /
84.1
CASE III:' The angle is in the fourth quadrant.
An angle which is in the fourth quadrant can he written as (360-® ) 
(figure 84)
FiGufcfc 0 4 -
In figure 84 we can appreciate that (360° - 6) and - 0 have the same terminal 
sides,, so sin (360° - 0) = sin ( -0 ), cos (360° - 6) = cos (- 0), etc. 
hut. in frame 67 we have shown that
therefore
sin (- 0) = -sin 0 and cos (- 0) = cos
sin (360 - 0) = -sin 0
cos (360° - 0) = cos
Let us look at some examples.
Example k z Hnd sin 305°
We can express 305° as 305° = 360° - 55° so 
sin 305° = sin (360° - 55°) = - sin 55°
Now we look for sin 55° in the table:
sin 305° = - sin 55° = - 0.8192
Example 5» . Find cos 296° ^51
We can express 296° 5^* as 29o° 5^* = 360° -  63° 15 so' 
cos 296° .U5.r' = cos (360°. - 63° 15') = cos 63° 15*
Now we look for cos 63° 15* in the table
cos 296° U5* = cos'63° 15* = 0.^501 
Find cos 283°-5' cos 283° 5' =
Answer (^8U)
cos 283° 51 = 0 .226^
If right — --------- > ( 87)
Otherwise
©
To find cos 283° 5* we proceed like this:
\Je can express 283 5* as 283° 5‘ = 360° - 76° 55? so
cos 2oo >' = cos (360' - 76" 55!) = cos 76° 551 
Now.we look for cos 76° 55* in the table
cos 283 5 f = cos 76° 55’ = 0 .226** 
Und sin 273° 25* sin 273° 25’ =
Answer
sin 273° 25’ = - 0.9982
If right — -----  :----- — 7*
Otherwise *  ©
66
To find sin 273° 251 we. proceed like this:
We can express 273° 25’ as 273° 25 * = 360° - 86° 35f so 
sin 273° 25’ = sin (3c'0° - 86° 35,)'= “ sin 86° 35’
Wow we look for sin 86° 35* in the table0
sin 273° 25* = -sin 86° 35* = -0.9982
lind sin 280° 30* sin 280° 301 =
Answer \8
sin 280° 301 = - 0.9833
If right
Otherwise---- —------  ^ (86)again
CASE IV; The angle is negative.
To find the trigonometric function values of negative angles ve use the 
expressions ve studied in frame 67, i.e. sin (- 0) = -sin 0 
cos (- 0)*cos 0 etc., to reduce our problem to one of the cases ve have 
just studied.
Example 6: • M.nd sin (-1 0^°)
In this case ve proceed like this:
' ' /  
sin (-1 0^°) = - sin 1 0^°
Nov ve proceed like ve did in Case I, i.e.
sin (-1^0°) = -sin 1^0° = -sin (l80° ~b0°) = - sin ^0° = - 0 .6^28 
Hnd cos (-200°)
cos (-200°) = ' ____ '
Ansver
To find cos (-200°) ve proceed like this: 
cos (-200°) = cos 200° (see frame © )
cos (200°) = cos (180° + 20°) = -cos 20° (see frame 
therefore
cos (-200°) = -cos 20° = -0.9397 
End sin (-325°)
sin (-325°)=
Ansver (88)
sin (-325°) = sin 35° = 0.5736
If right 
Othervise
->(§)
(89) 89
CASE V; If the angle is greater than 360°. -
In this case ve use the expressions ve obtained in frame 65 to reduce the 
problem to one of the previous cases.
Example 7 : To find sin 9^5° ve proceed like this:
sin 9^5° = sin (2^5° + 2 x 360°) = sin 2U5 (see frame 65)
Ifov ve proceed like ve did in case II.
sin (2 5^°) = -sin (l80° + 65°) = sin 65°
sin 9^5° = -sin 65° = -O.9063
Snd cos 2000°
cos 2000° = ..........
cos 2000° = cos 200° =-cos 20° = -0 .939T
sin 965° = 
then
If righi
Othervise
to
90
/
We will now consider the graphical representation of* the trigonometric functions, 
Complete the following table* to two decimal places* by using a Table of 
Natural Trigonometric functions and then plot the graph of the sine function*
>0 0° 30°; . 6o° VO 0 0 120° 150° l8 o ° 210° 2^0° 270° 300° 330°. '360
sin© 0 0 .8 7 0.50 -O .8 7 -0 .8 7 -0 .5 0
I -- 
0-87 - •
0.50 - -
0.50 
.37 4*
-1
ewe
30* go' 90
4-
120’ 1 ©o’ tao’/
Z'cT 2 4 0 '  270* 3^0 32c?* ?feo“
■4  i. . V—-......................... .... - I —
&
Answer <§>
• e 0° 30° 60° 90° 120° 150°
00COH 210°
00OJ 270° 300° 330° 360°
sin 0 0 0.50 0.87 1 0.87 0,50 0 -O.50 -0*87 -1 -0.87 -0.50 0
2 4 0 ’ 27° ’ 5 0 0 “ 32o' ££>©”
- 0.07..
■> (9
91
As ve have seen in-frame 65, sin 0 = sin (0 + n x 360°) where 0 <. 0 < 36sO° 
and n is an integer* i.e. n = 0, jJL, +.2, ....
This means that the curve you plot in frame 90 may he repeated in the intervals 
-3o0° to 0°* 360° to 720°, and so on (see figure 91) The graph is called the 
sine curve. I
540" 72(?
--1
As the sine function repeats its values after each interval of 360°, ve say 
that the sine function is a periodic function and its' period is 360°.
The largest value of the sine is and the smallest value is '
Answer (9l) 1* -1
If right -— ------ :---^  (92)
Otherwise* check these values in figure 91 ------—----- (92
■-x
92
Complete the following table, to two decimal places, by using a Table of 
Natural Trigonometric Emotions and then plot the graph of the cosine function.
e 0° 30° 60°
00cr\ 120° 150° 180° 210° 21+0° 270° 300° 330° 360c
COS 0 1 0.50 -0.87 -0.87 0.50 0.87
f < >
o .e  7+
-0.5P-. .
-0.B7 
-\ •- 
4"
< >•—--\----1--- -1-— U  [------1---- -u
«
4--- 1------ b
Answer
e 0° 30° 6o° VO 0 0 120° 150° l 8o° 210°
0O-=!•CVJ 270° 300° 330° 360°
cos 0 1 0.87 0.50 0 -o'. 50 -0 .87 -1 -0 o87 -0.50 0 0.50 0.87 1
As we have seen in frame 65, cos 0 = cos (0 + n x 360°) where 0 ^  0 < 360°
and n is an integer, i.e. n = 0, +1, +2, ... •.
This means that the curve you plot in frame 92 may be repeated in the intervals 
-360° to 0°, 360° to 720, and so on (see figure 93). The graph is called the
As the cosine function repeats its value after each interval of 360°, ve say
f 0
that the cosine function is a periodic function and its period is 360 .
The largest value of the cosine is  and the smallest value is......
Answer \93) 1* ~1
If right
Otherwise, check these values in figure 93 ---- ■----
Complete the following table, to two decimal places, by using a Table of 
Natural Trigonometric Junctions and then plot the graph of the tangent 
between l80° and 360°.
e . 0°
00m
60° 90° 120° 150°
00COH 210° 2U0° 270° 300° 330° 360°
tan  0 0 0 .57 1.73 c<7 -1 .7 3 -0 .5 7 0 1.73 0 0 -1 .7 3
6cr W j \2sf is>vioo* -z\cT JZIo* Jao* 33o'
F»C>\>a2: 9 'i-
V
Answer
0 0° .30° 60° 90° 120° 150° l8 o ° 210°
°S|CM 270° 300° 330° 360°
tan 0 0 0 .57 1.73 cO -1 .7 3 -0 .5 7 00 0.57 1 .73 -1 .7 3 -0 .5 7 0
IZor IS D */1 B 0 ‘ -210’  2 q o ‘ JZlo' Joo* 3>3'
-^ >•(950
As ve have seen in frame 65, tan 0 = tan (0 * n x  360°) vhere 0 G < 360°
and n is an integer, i.e. n = 0, +1., + 2, ....
This^means that the curve you plot in frame 9k may he repeated in the intervals 
~36o to 0°, 360° to T20°s and so on (see figure 95)
The graph is called the tangent curve.
ir»- A»o*
95.2
Cont1 /....
Frequently the symbol 00 (read "infinity”, vhich is not a number) is used in 
describing the behaviour of the tangent function as the angle approaches 90° 
through values less than 90° and through values more than 90° (see frame 29).
Thus
tan 6— 00 as 0 -----^ 90° —
tan 0—  ^- 00 as G V 90° +
The first line here indicates that the tangent value of an angle can be made 
larger than any chosen positive number by taking the value of the angle close 
enough to, but less than 90°.
The second line indicates that the tangent value of an angle can be made less 
than any chosen negative number by letting the value of the angle exceed 90° 
by a sufficiently small amount.
Describe the behaviour of tan© as 0 approaches -90° through values less than 
-90° and through values more than -90°.
Answer
tan 0---- ^ + oo as 0  } -90°
tan 0-----> - Oo as 0  ^ -90° +
If all right ^
Otherwise _ — ----  ^ (95) again
In frames 91 and 93 we said that the sine and cosine functions are periodic.
Now ve are going to see the precise definition of a periodic function. A 
function f is a periodic function if it repeats its values at regular intervals 
of the variable. If this interval is, say, p, then for a periodic function we 
have:
f( 0 + p) = f( 0) for all 0
i
You should always use the smallest interval, which makes the function periodic, 
to define the period p.
In the case of the sine and cosine functions the period is 360° because 360° is 
the smallest postive* value such that
sin (0 + 360°) = sin0 and cos (0 + 360°) = cos 0 
Irom figure 959 it can be seen that the tangent function is a periodic function. 
Its period is (ring the appropriate answer): 
a) 90° b) l80° c) 360°
Note that in figure 95» the curve between 0° and 180° is repeated in the 
intervals —180° to 0°, l80° to 360° 9 etc.
Since the curve repeats its values after each interval of length 180°, we 
see that the tangent function is a periodic function whose period is l8 0 °9
i.e.
tan (0 + 180°) = tan 0
Notice that it is true that tan (.0 + 360°) = tan 0 but the period is the 
smallest number of degrees 9 and in the case it is 180° (see frame 96)
NO RESPONSE  ----- — > (9§)
REQUIRED
Correct.
You should be familiar with the graphs of the trigonometric functions so the
graphs of the cotangent, secant and cosecant functions are shown below.
COTA>JGs;Mrr
* 5*0  »
I
It
I
I
I
Cont1 A ....
The cosecant, cotangent and secant are also periodic functions, The 
cotangent has a period of 180° and the secant and cosecant have a period 
of 360°, so (complete)
a) cot9 = cot (0 + ______ °)
t>) sec0 = sec (0 + ______ °)
c) cosecO = cosec (0 +  °)
Answer
a) 180° 
h) 360°
c)------------------------ 360° 
If all right  ---------  ^
Otherwise, review (96) ------^
©Nov ve come to a very important formula connecting sin 0 and cos 0 
In frame 23 ve have seen that for all 0 :
V • • x 2 2 2
sin 0 = -*■—  cos 0=    vhere X + y = rr r
hence '
? ? v 2 y 2 2
sin 0+ cos 0 = — —  = Z— t..?,.. s __E—  - i
2 2 2 y r r
then sin2 0 + cos2 0 = 1
This means that if ve knov sin 0 ve can find cos 0, and conversely, if ve 
knov cos 0 , ve‘ can find sin 0", /
Example: To find cos ©given that sin 0 = 1  / I and 0 is in the first quadrant,
ve proceed as follovs
2 2 2 2 sin 0+ cos 0 - 1  therefore cos 0 = 1  -sin 0
cos2 0= 1 ) 2 = 1 --- j ~  =
-o
99*
then cos 0 = + . /—r— - +
• 7 7since cos© > 0 for 0 in the first quadrant, cos 0 =
iind sin 9 given that cos 9 = 1/4 and 9 is in the fourth quadrant.
sin 9 =
Answer
sin 0 = - \/l5k
If right   ) @
Otherwise ----- -—  ^v-OOj
100 
1100)
We know that cos 0 = I j h  and 0 is in.the fourth, quadrant, so;
.2 2 .2 2 sin 0 + cos 0 = 1  s m  0 = 1 - cos 0
then
- 2 . _■ , 1  x2 _ : 1 • ■ 15
s i n e  = i -  ( - r ) = i - - 3 5
•  ^ , / X5 . s/15s m  0 = J  —  = +
then
_ _  ^
since sin 0 0 for 0 in the fourth quadrant,
n - "^5s m  0 = --- ;--
NO RESPONSE -------- ^ 'JO
REQUIRED
land cos 6 given that sin 0 — — 1/3 and 0 is in the third quadrant*.
Answer 1101
cos 0 =
If right ------- — ------ (S)
 > @Otherwise
/
3
We know than sin 0'= - 1/3 and 0 is in the third quadrant, so:
2 2 sin 0 + cos 0 = 1
2 2 cos 0 = 1 - sin 0
2 „ _ , { ■ ' 1 ,2 • 8 cos 0 = 1 - C-- j- ) = 1  = —
then cos 0 = + .
Since cos 0<O for 0 in the third quadrant
2 J2
COS - 0  -- =r—
NO RESPONSE 
REQUIRED
U03>
' 2 2Another useful identity can he derived from sin 0 + jeos 0
2 • sides of the identity hy cos 0 .
2 2sin 0 + cos 0 =' ' ' 1 r/sin0 >2 . _ ;' 1 ' *2
2 . • 2 2 . 1 cos0 J 1 cos0 1cos 0 cos 0 cos 0
but remember that
7 = tan 0 and — -—  = sec cos 0 cos 0
therefore.
2 - 2 tan 0 + 1 = sec
2 2Show, in' the same way, that 1 + cot 0 = cosec 0
?
Hint: Divide both sides of the initial identity by sin 0
TO, CHECK
YOtR ANSWER
  @
103
1 by dividing both
>  (105)
2 2 . . . 2 2 
To show that 1 + cot 0 = cosec 0 we divide both sides of sin 0 + cos 0 = 1
.2
by sin 0 , then:
2 2 
sin 0 , Cos 0 _ 1
sin 0 sin 0 sin 0 
but remember that
and — = cosec 0 sin 0
therefore
. /
2 2 1 + .cot 0 = cosec 0
NO RESPONSE
• . ’• .REQTJERED
©
find sec 0 given that tan 0 = 3 A  and 0 is in the third quadrant
Cos 6 
sin 0
= cot 0
sin 0 x /cos0 x 2 _ r 1 x2
sin 0 sin0 sinQ
sec0 =
Answer (105
Ifrichi
Otherwise
sec 0 = - 5 Jk
\10r
-> (106]
106
We know that tan 0 = 3A  and 0 is in the third quadrant so;
2 2 1 + tan 0 = sec 0
25 5
>ec 6= +_ *~i6—  ~ i. — —
Since sec 0 0 for . 0 in the third quadrant
5sec 0 = -
106
NO RESPONSE --------} (107)
REQUIRED
107.1
^  2  . p
In frame 75 we have seen that cos2 0 . = cos' 0 — sin 0 for all values of 0
hut sin^g = 1 - cos^ 0 (from sin^ 0 + cos^ 0”'= l)„
therefore
2 2 2 2 2 
CO s2  0 =  COS 0 ~  ( l  — COS 0 ) =  COS 6 — 1  +  COS 0 = 2  COS 0 ~
2 2 2 2
On the other hand cos 0 = 1 -  sin 0 (from sin 0 + cos 0 = l)
X
therefore:
2 2 2 
cos2 0 = 1  -sin 0 - sin 0 = 1 - 2  sin 0
Summarizing
cos 2 0 = 2  cos^ 0 - 1  
cos 2 0 = 1 — 2 sin^ 0 
These formulas are very useful when dealing with calculus and you should he 
familiar with them.
, 1> -  ,
Cont* /..... ’ 107.2
Other formulas which you should he familiar with are:
sin A + sin B = 2
. ‘A + 
s m  2
B A
cos 2
B
sin A - sin B = 2
A +
cos 2
B . • A 
s m
2
B
cos A + cos B = 2
A +cos B
A
cos
2
B
cos A - cos B = - ^ * A + 2 s m  2
B
s m
A - B
2
These formulae are called Sum and Difference of Sines and Cosines (if you want 
to see the proofs of these formulae see Appendix B).
Let us apply them in some examples.
Example 1 ; Express sip 50. + sin ^0 as a product of suitable sines and/or - 
cosines by using the sum or difference of sines and cosines formulae*
We know that sin A + sin. B = 2 sin — cos —
If ve put A = 50° and B = 40° ve obtain:
• M o ± . i.^ o _ „ . 50° + ^0° 50° ’Uo°sin 50 + s m  40 = 2  s m ---—-- cos — — -— —
then sin 50° + sin W 3 = 2 sin U5° cos 5°
Example 2 : . In .the same vay, express cos 65° + cos 15° as a product of
suitable sines and/or cosines.
£ Co , nco ^ 65° + 15° '65° - 15°cos 65 + cos 15 = 2 cos     cos .
cos 65° + cos 15°’= 2 cos ^0° cos 25°
In the same'vay, express sin 25° — sin 5° as a product of suitable sines and/or
cosines. sin 25° — sin 5° = ............
Ansyer (107
sin 25° - sin 5° = 2 cos 15° sin 10°
If right * @ )
108
• I . r - O  . . - • ■ r * 0
. r-O   ^ 25 + 5 . 25 - 5sin 25 “ sin 5 = 2  cos  ~--  s i n ----- ----
then sin 25° — sin 5° - 2 cos 15° sin 10°
NO RESPONSE ----- :--- — ^ (l09)
REQUIRED
©  ■ " ’ 109
In the same way, express cos 35° - cos 75° as a product of suitable sines 
and/or cosines.
OC- 0  r r r - O
cos 35 ~ cos Tp ~
Answer
cos 35 - cos 75 = 2  sin 55 sin 20(
If right ---------------------- (111)
Otherwise ------------ --- — ^ (llOJ
(no) . * 110
We know that
t, ^ . A + B . ‘ A - Bcos A - cos B = — 2 s m  —   s m  — -—
If we put A = 35° and B = 75° ve obtain:
.r-o rvr~o _ . . 35° +. 75° . 35° ~ 75°cos 35 “ cos 75 - - 2 s m ---  ----  s m -■----------
cos 35° ~ cos 75° = - 2 sin 55° sin (- 20°)
but sin (- 20°) = - sin 20° (see frame 69)
therefore:
^  r  O  f— O  -  » _  ~ 0  •  _  _ O
cos 35 - cos 75 = 2  s m  55 sin 20
NO RESPONSE--------V (ill)
REQUERED
In the same way express cos 12°+ cos 30° as a product of suitable sines 
and /or cosines •
/
Answer (111
cos 12° + cos 30° = 2  cos 21° cos 9°
If right ---— ----------------(113,
Otherwise ----------  > (ll2,
*112; 112
The exercise which you -were ashed to do vas exactly like the worked examples 
in frame 107.. You should therefore check first that you have followed the 
method of the worked example and then check for mistakes in your caluclation
NO RESPONSE— * (l07) —  
REQUIRED
©  ' 113
We will now study basic rules used in dealing with and triangle. These rules 
are called sine and cosine rules.
Sine rule
Let us consider the triangle ABC in which all angles are less , than 90°
(figure 113(a)). ■ ...
We draw'- CD perpendicular to AB. We have now two right angled triangles:
ACD and BCD. Let CD = h (figure 113(h))
c  - \  ' ’
\ > J
F I G U R E
A Z_ . X B
In triangle ACD: h = h. sin A
A
In triangle BCD: h = a. sin B
. ------------ --— i>
A
Instead of denoting the angle like A and B we will denote them simply by A 
and B, respectively, as the majority of the books use this notation.
So
h  = b. sin A  and h = a. sin B
Thus the terms on the right-hand side of the two equations above are equal r
a sin B = b sin B 
therefore
'a . ■ _l' ‘ b . /
sin A ’ sin B
In a similar manner (by drawing a perpendicular from B to AC or a perpendicular 
from A to BC), we obtain:
a c
sin A sin C
o r  -— : ------------ =  — ; ---------
s m  B s m  C
Cont* /, ©
Thus finally
sin C
c
This expression is called the Sine rule
RSQIIRED
We could use similar arguments to prove the Sine rule for a triangle which 
has an ohtuse angle (figure Ilk)
P
M
State the Sine rule for the triangle of figure Ilk
. : s '  ’ -  =   •
sin W
Answer (ilk
 ____________~ ft - _______u_
sin M sin iN sin P
If right -
Otherwise
-5>(rL5)
There are two cases in which. we can a p p ly  the sine rule*
CASE I : Given one side and two angles 
'Example:
Hnd the unknown sides and angle of the triangle of the figure 115 Ca*)
given b = 10, A  = 30- and B = 45
To find C we use C = 180 ~ (A + .B)
C = 180° - (30° + .45°) = 180° - 75° o
Cont* /.___  (115) 115.2
To find a we use — = •— because 
sin A sin B
1) We require a, so we put it in the numerator
2) We know b, A and B (we do not use — rC —  as we do not know c)
* sin C
™  b sin A 10 x sin 30° _'10 x 0.5 _ rr ^
Then a =  :— = --- :— j-=o  - vrvAy:--------f-Ofs m  B s m  45 0.7071
so a .= 7*1 (to one decimal place)
c Id s.
To find c we use — :— — = — :— — ( we can also use — as we have found a
s m  C s m  B s m  A
and A)
Then
_ b sin C 10 x sin 105 _ 10 x 0.9&59 _
C " ' sin B " sin 45° 0^071 - 1 3 . -o
So c = 13.7 (to one decimal place)
Cont'/  \115J 115.5
NOTE: ■
Every value we get from the Tables of Natural Trigonometric Junctions is an 
approximation, and the errors made in successive approximations can build up.
We cannot be accurate to more than about jK3r in the value of some angles*
H n d  the unknown sides (to one decimal place) and angle of the triangle in figure 
115(b) below9 given that B = 100°, C = 30° and c = 6
C
F \ < o O R . £  U B C V > )
Answer (115
A = 50°, b = 11.8, a = 9.2
If all right
Otherwise —
The exercise -which, you •were asked to do was exactly like the worked example in 
frame 115* You should therefore check first that you have followed the method 
of the worked example and then check for mistakes in your calculation
NO RESPONSE --- ---- (ll^)
REQIICRED
,117) 117.1
CASE II: Given two sides and the angle opposite one of them.
Suppose h, c and B are given (figure 117)
' C
A
W7
B>
Difficulties can arise in this case and you must remember the various
possibilities
^  Sin C sin B . _ c sin BIrom  —  = — -—  , s m  C - -------
Cont1 /....
We get two angles C and (l80° - C)s where C is the acute angle for which
(i) If B + (l80° - C ) y  l80°, the second solution is impossible and only 
the first solution is valid C f i g u r e  117(a)).
c
(ii) If B + (l80° - C) < 180°, there are two possible solutions (figure 117(b)).,
C
o _  ■ ^
U7(V>)
It will be seen that in (i) we have b >  c and in (ii) b < c 4 >
i  / 
j  •
Cont1 (117]
(iii) If sin C>1, there is no solution
117*3
NO RESPONSE
REQUIRED
Example 1 : . Jind the unknown side (to one.decimal place) and angles of
the triangle in figure 118(a) given that a = 7? c = U and A  = 20°
C  '
V1GOSJB USOfV
E> c A
Brom —" we obtain sin C =
c a a
as a = 79 c = 4 and A = 20°
. „  _ ^ x sin 20° __'U x 0.3^20 
s m  C = -  — . = — -------- y ---- - - 0.1954
thus sin C =  0.195^
By using a Table of Natural Trigonometric Functions we obtain:
. C = 11° 161 or C = l8o° - 11° l£» = 168°
J....
Cont1 /..... V-lS)
The value C = 168° is impossible since it would make A  + .C l80°
Them, for C = 11° 16*
B = l80° - (A>+, .C)
B •= l80° - (20° + 11° 16*) = 1^8° h h '
To find b we use b „ a
s m  B sin A
a s m  B 7 x 0.5190 ^
thenb=- ^ n  = ' 0.-3420 —  = 10”62
then b = 10.6 (to one decimal place).
118.1
118.2
•  >
t
Cont1 /.
Find the unknown side Cto one .decimal place) and angles of the triangle in 
figure 118(1)) given that a = 8, b = 12 and B = 52°
A
CL
Answer (ll8
c = 15.2
A 2 3^° 25!
C = 87° 351
118*3
If all right 
Otherwise — (118/ again
k119' 119.1
Example 2 ;
ELnd the unknown side (to one decimal place) and angles of* the triangle in 
figure 119Ca) below, given that A = 18° s a = 3 and c = U
A .  *
U9(cl)
' ' sin C ' ‘ sin A „ 'C‘sih A 3rom — —  =.-----  we obtain sin C =
_ k  x  sin 18° _ U x 0.3090 __ q ]± j2 0therefore s m  C = ^ y
&
Cont* /.
By using a Table of Natural Trigonometric Junctions* we.obtain:
G = 2^° 20* or C = l80° - 2 k ° 20* = 155° h o 1
In this case both values of C are valid as A +  .C 180°, and it is not
possible without further information (such as C is acute) to decide which,
is the correct one. Ibr this reason this case is know as the "ambiguous
case".
So we will solve the problem for both values of C by using the expressions 
B = l80° - (A + C) and b = to calculate B and b, respectively,
a) Ibr C = 2 h °  2h *
B = l80° - (18° + 2 k ° 201) = 137° Uo *
119-3
b = 
then b = 
b) lor 
• . B = 
b = 
tben b -
Cont1 /. .
lind the 
a = T, c
3 x Sin 137° to' 3 ■>: 0.673^ _ '(■
sin 18° ' " 0-3090 " :w
6.5 Cto one decimal place)
C = 155° ^0*
l80q - Cl8°+ 155° ^0*} = 6° 20*
3 x  ‘Sin 6° 201 1 3 x 0.1103 . , n7
^ 18° *“ 0.3090 = 1 - T
1.1 Cto one decimal place)
to) 119.4
unknown side and angles of the triangle in figure 119 Cb) given that 
= h and C = 20° *
a .
F \ G o f t £  n S ) C v > )
There are.two solutions:
i) A = 36° 1*5* 9 B = 123° .15 *, b = 9*8 
ii) A = 1^3° 15*, B = 26° k 5 * 9 b ~ 5.3
If all right 
Otherwise — - again
120
Una the unknown side (to one decimal place) and angles of the triangle in figure 
120 given that a = 5, *> ~ 9 and. B = ^2°
b
ex.C
Answer (l20)
A = 19° 36*
C = 111° 2 k 1 
c = 7.1
If all right -----— ----- ^ (ipt)
Otherwise, review 117 —   V U2o) again
( S )  121.1
Cosine rule
Let us consider a triangle ABC in:which all angles are less than 90°
(figure 121(a)).
We draw CD .perpendicular to A3. This divides side c into two parts:
Let AD = X, DB = c - X. and CD = h (.figure 12lCb)).
Cont1 /..... \121)
We now have two right angled triangles: ACD. and BCD
Thing Pythagoras1 Theorem for both, triangles we find:
In triangle ACD: h^ = b^ — ^
In triangle BCD: h^ = a^ - Cc -
Thus the terms on the right-hand side of the two equations are equalj
,2 2 _ 2 ( x2
b - x = a - Cc - x)
• ’ • ' /
By algebraically manipulating this equation, we find that
2 - 2  u f \ 2 2 
a = b -F Xc - x)
2  x 2 ‘ 2  0  „a = b + c — 2c X
Cont*/..... U 2! 121
but from triangle ACD: X = b cos A.where A is the angle BAC Cue.. BAC}?
therefore:
2 2 2
a = b + c - 2bc cos A
This expression is called the Cosine rule. Similarly we could prove that:
2 2 2b = a + c - 2 ac cos B
2 2 2
c = a + b - 2 ab cos C
NO RESPONSE----------
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122
We could use very similar arguments to rpove the Cosine rule for a triangle which 
has an ohtuse angle (figure 122)
F X & o f l E  \ 3 . a
State the Cosine rule for the triangle in figure 122
2
m =
Answer (122
2 2 2 
m - n + .p — 2np cos M
2 2 2
n = m + p — 2mp cos IT
2 2 2
i) = m + n - 2nn cos P
If all right - 7 ^
Otherwise -V (121
There are two cases, in which, we can apply the cosine.rule- 
CASE I ; Given two sides and.the included angle .
Example:
Hnd the unknown side Cto one decimal place} and angles of the triangle in 
fijgure 123 Ca) given that
a = 4, c = 5 and B = 1^ 5°
C
c
F I G U R E  \ 2 3 ( o . )
Cont* /.
' ' . 125.
2  2 2 
To find h we use b = a +. .c - 2ac cos B
then
h2 = h2 + 52 - 2{b) C5) cos ij-5°
h2 = 16 + 25 - ^0 CO.7071 
b2 = In —  28.28 = 12.72
then
D = 12.72 =3.56
so h = 3.6 (to one decimal place)
m 1 M sin A siri B , _ 2 ,2 , 2 0 aTo find A we use ------- = — ~—  (we can also use a = h + c — 2nc cos A
a h
we know a , b and c )
' sin A = k (0.7071)
,. . a s m  B k s m  ^5
then s m  A = — =---- = — r—7— —b 3.6
3.6 = O .7856
Cont1/---.. 1123)
123.
By using a Table of Natural Trigonometric Functions -we obtain A = 51° ^7'
To find C we use C = l80° - (A + B)
r sin C _ sin B 2 _ 2 , -.2 0Cwe can also use — -—  = — -—  or c = a + d - 2 ao cos C)
then C = l80° - (51° 1*7 * + *+5°) = 83° 13f . ' ■
Find the unknow side (to one decimal place and angles of the triangle in figure
123(b) given that:
b = 33 c = 6 and A = 120°
c
ex.
Note: Remember the note given in frame(115
Answer (123
a = 7.9
B = 19° 121
C = hi0 8l
If all right 
Otherwise —
The exercise which-you were asked to do was exactly like the -worked 
example in frame 123. You should-therefore check first that you have followed 
that method of the worked example and then check for mistakes in your 
calculation. .
NO RESPONSE— (l23J
REQUEUED
"125J 125-1
CASE II:. Given the three sides.
'Example:
lind the three angles of the triangle in figure 125(a) given that 
a = 5, h - 6 and c = 7
IS L& C C L >
2 2 2 To find A we use a = b + c - 2bc cos A
uorrc * /••••»
then cos A = -  ~ ■? ■■ = 3 6 + 8j|9 ~ -2-5-. = 0.7Xlt2
then A = 25*
In the same way we could find B By using
. . . 2  . . .  . 2 , 2  a + c ~ D  . .
cos B = — - ..... — , hut it is easier to use2ac
then
. ^ _ h sin A , „
sin B  -------  as we have found A
a
sin B = 1 ^ 6 9 9 8 1  =
so B = 57° 7'
To find C we use C = l80° - CA + B)
then C = l 8 0 ° -  i b k °  25* + .57° 7 !) = 78° 28*
Cont1 / .   ' (12J
H n d  the three angles of the triangle in figure 125(b) 
given that a = 6, h = 10 and c = 9
C
P I G U R J 5
*Read also the note given in frame 115
A - 36° 20* 
B = 8 0 °  561 
C = 62° kkl
If all right  > \1 2 J j
Otherwise- --- — ----- —^ fl26.
126) 126
The exercise which you were asked, to do was exactly like the worked example in 
frame 125- You should .therefore: check first that you have followed ..the .method 
of the worked example and then cheeki for mistakes in your • calculation.
NO RESPONSE------------ } fl25J
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The Sine and Cosine.rules can.he applied to:
(ring the appropriate answer}*
a) Any triangle
b) Any triangle unless it is a right angled triangle
c) Eight angled triangles, only.
Answer i (^j)
a) Any triangle
If right 
Otherwise
6-28)
Head - (n3) and then (3)
In which of the cases below should you start by using .the Sine rule 
(you can ring more than one answer).
a) Given one side and two angles
h) Given two sides and the angle opposite one of.them
c) Given two sides and the included angle
d) Given the three sides
Decide, according to the figure 129, ■which, rule you should use first and which, 
angle or side you. should find initially.
(ring the .appropriate answers)
f  \Gv)Ri£ U.9
a) Sine rule c) R
h) Cosine rule d) S
el t
Answer u.29
a) and d)
If all right
Otherwise —
- y @ )
■V (l28)
Cl39) 130.1-
We will now examine an approximation .which is' very useful.’
0'
DECREES RADIANS Siii 9 tan 9
1° 0.017 0.017 0.017
2° 0.035 0.035 . 0.035
5° O.O87 O.O87 0.088
.10° 0.175 0.174 0.176
15° 0.262 0.259 0.268
30° 0.524 0.500 0.577
45° 0.785 0.707 1.000
60° 1.047 0.860 1.732
The table above shows values of 0 (in degrees'and in radians}, sin9 and tanO
. • • 1 * •
■ - ;   : £>
Cont17..... 3^o) 130.2
Note .that if, 9 is. a small angle and 9 is measured in radians, 9 and. 
sin© .approximately equal when' 9 is a small angle measured’ in.degrees 
Ccheck. with the table).
YES | | NO
Answer
No
If right ------------- ) (13;
Otherwise, check, this answer in the tahle of frame 130, and the -____ ^ ^  13lj
t3t
According to the table given in frame 130, are 0 are tan 0 approximately 
equal when 0 Is a small angle measured in radians ?
YES I NO
Yes
If right -7 /1 2^  ^vVLV
Otherwise, check this answer in the tahle of frame 130, and then-----^ \13
132
According to the tahle given in frame 130, are $ and tan q approximately, 
equal when 0 is a small angle measured’ in .degrees ?.
YES [“ I ! » □
If right — — — — — (l33)
Otherwise, check this answer in the table of frame 130 and then
Then, 6 , sin 9 and tan 9 are approximately equal only when 8
a ' ‘    angle and 0 is measured in' •....  »
Answer (l33
small; radians
If all right 
Otherwise — 130
Let us illustrate the last result obtained, 
Gs*mcill
134.1
Note that in figure 13^(a), where 0 is small, the lengths of the lines a and 
c, and the arc b are more nearly equal to each other than in the figure 13^(b}, 
where 6 is large; in both cases 0 is measured in radians.
.Cont1 (l3}i) 454
From either figure ve have that:
a = r sin
h = r 0
c - r tan 0
If ve put r = 1 ve obtain:
.a = sin 0
b = 0
c — tan 0
Cont3 7.
134
Thus from geometry it vould appear that vhen. 0 is a small angle measured 
in radians; 0, sin 0 and tan 0 are approximately equal*
It can he actually he shovn that for small angles sin 0 <0 < tan 0
If you vant a proof of this, see Appendix C.
NO RESPONSE 
REQUERED
Is 1 a good approximation to sin
IB S □
Answer (135) 
No
If right ----
Otherwise ----
(137)
( S )  - 136
Your answer is YESj hut remember that we saw in frame 125 that 0 and sin 6 
are approximately equal only when 0 is a small angle and it is.measured in 
radians, therefore 1 is not .a good approximation to sin 1°.
NO RESPONSE -----— > (Sj)
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@ ) 157
You have completed this programme. If you like to see how you have improved, 
attempt the post-test that follows.
The numbers of the questions in the post-test are directly related 
to the ones in the pre-test, e.g.
Question 1 in the post-test the same thing 
as question 1 in the pre-test.
Attempt the questions which you failed in the pre-test.
According to the triangle in FigJU cos© “ ^
FIGURE 1
Complete the following in the same way: 
sinQ = tan© =
. # 3  ^
Given that cos© = where © is an acute angle in a right
angled triangle, calculate sin© and tan© by using Pythagoras" 
Theorem and the definitions of the trigonometric func tions. ■
According to the triangle in Fig.3: cosec© - 3"
FIGURE 3 
4-
Complete the following in the same way:
cot© = ___  sec© = -
POST--TEST continued xxviii
Without the aid of printed tables complete the table below:
© sin9 cos© tan© cosec© sec© cot©
30° V>|3
45° 1/j2
60° ^ / 2 2/ji
Complete the table below by writing + or - as in the example
© in cp-adrant sin© cos© tan© cot© sec© cosec©
I + +
II -
III - -J-
IV - -
6. Complete the’following, as in the example:
a) cosec 0° = c) tan 270° = f) sec 360° =
b) cot 90° = 0 d) sin 180° = g) cot 90° =
e) cos 90° = h) cos 270° =
7. Using four figure tables of Natural Trigonometric Functions 
find the values of:
a) cos 27° 16*
b) sin
• • /
8. Using four figure tables of Natural Trigonometric Functions
find the values of © (0 ^  © < 90°) in each of the following 
cases:
a) Given that sin© = 0.4561
b) Given that cos© = 0.6341
POST-TEST continued xxx
9. Express as © + 2nir where 0 -s © <2tt -and n is an integer,
16i.e. n = O, ± 1, ±2, . ... and then express cos — in terms~ D
of C O S © .
10. Express 1020° as © + n x 360° where 0 ^ ©  <360° and n is 
an integer, i.e. n = 0, ±1, ±2, ... and then express 
sec 1020° in terms of sec©.
11. Complete the following as in the example:
a) cos (-37°) = cos 37°
*
b) sin (-83°) = 7
c) tan (-9) =
d) sec (-100°) =
POST-TEST continued 
the addition and/or subtraction formulae 'fco ;
a) cos 15
b) cos 20
c) cos (90° + ©)
d) sin (180° - ©)
e) cos (180° + ©)
Using four-figure tables of Natural Trigonometric Functions 
find the value of:
a) sin 241° 10s
b) cos 650°
Sketch the graph of sec© for 0 < © < 180° and describe the 
behaviour of sec© as © approaches 90° through values less 
than 90° and through values more than 90°.
POST-TEST continued
Find cose given that sin© = |  and Q is in the second quadrant 
Find tan© given that sec© = and © is in the third quadrant
Complete the following
cos 50° + cos 40° = 2 cos 45°
Find the unknown sides (to one decimal place) and angle of
the triangle in the figure below given that:
C -
B = 100°, C = 30° and c = (
Complete the following by filling in with > or <
sin© © tan©
(© is a small angle measured in radians)
ANSWERS TO THE POST-TEST xxxiii
sin©
sin©
cot© = sec© = ~
0 sin© C O S © tan© cosec© sec©
. /
cot©
30° 1/2 j3/a, V /3 2 2//3 -fa
45° 1/'l~2 V\T2 1 15 i0O ~^3/2.
X/2 \l~3 2/J3 2
xxxiv
ANSWERS TO THE POST-TEST 'continued
© in ^uadfant sin© cos© tan© cot© sec© cosec©
I + + j . + + +
II + - - -
III - - -f *1" - -
IV - ~r - - --
c)co e) 0 g) O
d) 0 f) 1 h) O
a) 0.8889 b) 0.9239
= tan© = —Z  y
= '~jp? tan© = —
9.
10.
11.
12.
13.
.14.
ANSWERS TO THE POST-TEST continued
16 6
COS — jr- TT = C O S  -jr* 7T
sec 1020° — sec 300°
b) -sin 83° c) -tan© d) sec 100°
a) l+>/"3 b) cos^0-sin^0
2 < 2
c) -sin© d) sin© e) -cos©
a) -0.8760 . b) 0.3420
xxxvi
ANSWERS TO THE POST-TEST,continued
The secant of an angle can be made larger than any chosen 
positive number by taxing the angle close enough to, yet 
less than 90°.
The secant of an angle can be made less than any chosen 
negative number by letting the angle exceed 90° ^y a 
sufficiently small amount-
ANSWERS TO TEE POST-TEST continued XXXVJLJL
15.
16.
17.
18.
19.. < ; <
If you want to revise again any of the frames of the programme 
go to the section "Objective-Pretest-Frame correspondence" you 
consulted after you answered the pre-test. The numbers of the 
questions, of the post-test correspond to the same numbers in the 
pre-test.
xxxviii
SUPPLEMENTARY PROBLEMS
1) Find the values of the trigonometric functions of ©
given that:
— 3a) tan© = /4 and 9 is in the second quadrant
b) cosQ = /6 and G is in the first quadrant
c) sec© = - '[5 and © is in the third quadrant
d) cosec© = /-J3 and © is in the fourth quadrant
2. Find, by using Tables of Natural Trigonometric’Functions, 
the following:
a) sin 855°10'
b) cos 19°45‘
c) cot 54°27'
d) tan 27°28' g) sin
e) cosec (-48°6') h) cos jpr
f) sin 580°43‘ i) sin ^ Tr
1 1
c o s ©  =  - 4
tan© = ^/4
cos 5°
a =9.2; b = 11.8; A =50°
Without using any Tables, find the values of sine, cosine 
and tangent of:
a) 150° b) -120° c) 210° d) -315°
Complete the following according to the formulae of sum 
and difference of sines and cosiness
a) sin 25° + sin 15° =
b) sin 16° - sin 6° =
c) cos .17° + cos 3° = ^
d) cos 10° - cos 2° =
e) cos 10° + cos 20° —
, xL
SUPPLEMENTARY PROBLEMS continued
5) Find, by using Tables of Natural Trigonometric Functions, 
the values of © given that: (0< ©< 360°)
a) sin© = -0.3035, © in the third quadrant
b) cos© = 0.8499, © in the fourth quadrant
c) tan© = -0.3680, © in the second quadrant
d) tan© = 0.9971, © in the first quadrant
3)
4)
XLi
• SUPPLEMENTARY PROBLEMS continued
6) Find the unknown sides and angles of the following
triangles (the same figure is valid for all)
C
Ow -
A
a) Given that c -25, A =35° and B =68°
b) Given that b = 480, c = 628 and C = 55°10-
c) Given that b = 2, c = 10 and B = 14°
d) Given that a = 132, b = 224 and C = 28°40’
e) Given that a = 25.2, b = 37.8,and c ■= 43.4
ANSWERS TO SUPPLEMENTARY PROBLEMS
XLii
1) sinQ cos© tan© cot© sec© cosec©
a) 3/5 -4/5. "3/4 "4/3 “5/4 5/3
b) 5/6
ITl/s 5/JIi 6/s 6/Jii
c) -2/fs " V js 2 1/2 - 5 S / 2 .
d) ~^/2 X/2 -fs ~v.fi 2 ,r2/4J
2) a) 0.7050 d) 0.5200 g) -0.7819
b) 0.9412 e) 1.3436 h) 0.7071
c) 0.7148 f) -0.6524 i) -0.5407
sine cosine tangent
a)
1 / 2
_h/2
b ) to " V 2 J 7 '
c) _1/2 -^/2 \l 3
d) ~ & / 2 ^ / 2 - 1
a) 2 sin 20° C O S 5°
b) 2 cos 1 1 ° sin 5°
c) 2 cos
0OH
cos 7°
d ) -2 sin 6° sin 4°
e) 2 cos 15° cos
0in
X]
ANSWERS TO SUPPLEMENTARY QUESTIONS continued
a) 6 = 197°40'
b) 9 = 328°12
c) 0 = 159°48'
d) 9 = 44°55’
a) a = 15, b = 24, C = 77°
b) a = 764, A = 86°, B = 38°50'
c) There is no solution because sin C > 1
d) c — 125, A = 30°30', B = 120°40*
A = 35°20'/ B = 60O10', C = 84°30'
AX»V
LIST OF FORMULAE
Definition of the trigonometric functions
tan© =sin© - ^ r cosG
x
cotG = — sec© = — x cosecG =y  y
0 is an angle of any magnitude and can be in any quadrant. 
RECIPROCAL RELATIONS /
1secG
tan© =
cos©
sinQ
cos©
cosec© =
cot© =
s-in©
cos©
sin©
cot© = tan©
XLvi
TRIGONOMETRIC FUNCTIONS OF ANGLES GREATER THAN 360° (2 v rad)
sin (0 + n X 360°) = sin© sin (0 + 2nrr) — sinG
cos (0 + n X 360°) = cos© cos (© + 2 m  ) - cos©
tan (o + n X 360°) = tan© tan (9 + 2 m  ) = tan©
cot (9 + n X 360°) - cot© cot (9 + 2m ) = cot©
sec (© -r n X 360°) = sec© sec (9 JL.i 2m ) — sec©
cosec (© + n x 360°) = cosec© cosec (9 +  2 n T r ) = cosecG
where © is measured in 
degrees
NEGATIVE ANGLES 
sin (-©) = -sin© 
cos (-©) = cos© 
tan (-©) = -tan©
where'© is measured in 
radians
cot {-©) 
sec (-0) 
cot (-9)
-cot© 
sec © 
-cot©
-cvx
ADDITION AND SUBTRACTION FORMULAE
sin (ct+e) 
cos (a+3) 
sin (a-p) 
cos (a-3)
DOUBLE ANGLE
sinacosg + cosasin3 
cosacosB - sinasinB 
sinacos3 - cosasinS 
cosacosB + sinasin3
tan. (a+3) = 1-tanatan3
sin 2© = 2 sin© cos© 
cos 2© 2 -  . 2 cos ©-sm ©
tan 2© = 2 tan© 1-tan ©
ANGLES WHOSE SUM IS 90°
sin (90°-9) = cos©
cos (90°-©) = sin©
tan (90°-©) = cot©
ANGLES WHOSE SUM IS 180°
CD10OCOH•dW = sin©
cos (180°-©) = -cos©
rt DJ 3 H 00 0
 O 1 0 •w* = -tan©
TRIGONOMETRIC IDENTITIES
sin^G + cos^G = 1 1
XLviii
ANGLES WHOSE DIFFERENCE IS 90°
sin (90°+©) = cos© 
cos (90°+©) = -sin© 
tan (90°+©) = -cot©
ANGLES WHOSE DIFFERENCE IS 180°
sin (180°+9)‘= -sin© 
cos (180°+©) = -cos© 
tan (180°+©) = tan©
2 2 1 + cot © = cosec ©
XLix
SUM AND DIFFERENCE OF SINES AND COSINES
sinA + sinB 
sinA - sinB 
cosA + coSB 
cosA - cosB
SINE RULE
a __ b 
sinA sinB
SMALL ANGLES
If 0 is a small angle measured in radians: 
si.nO < 0 < tan©
C
A A
O . A+B A~B2 s m  —~—  cos —=—
0 A+B . A-B 2 cos .-z'  s m  -v
o A+B ■ _  A-B
2  C O S  — ~—  C O S
- . A+B . A-B-2 s m  — s m
COSINE RULE
C
2a = b2 + 2C - 2bc cosA
sinC
to 2= a + 2c. - 2ac cosB
2
C
2= a + b2 - 2ab cosC
APPENDIX A
ADDITION AND SUBTRACTION FORMULAE
Let a and 3 be acute angles constructed so that <x+£<90 and 
draw them as in Figure 1 below
AP
OP
AD+DP
OPThen sin (a+3 ) =
but AD = CB because ADBC is a rectangle,
CB+DPtherefore sin (a ^  “ OP
CB . DP 
OP ^ OP
Lii
APPENDIX A continued
But, on the other hand:
CB can be written as CB = sin OB (for triangle OBC) and
DP can be written as DP = cos PB (for triangle PBD)
then:
,  ^ ~ sina.'OB , cosaPB . OB , • PBs m  ( csf p) = — Qjp- -r QP - - = 3ins —  -r coss —
but OB = cosg and PB = sing 
OP OP
therefore sin (a+g) = sinacosg cosasin g
APPENDIX A continued
Furthermore:
cos (a+B) = OA = OC^AC cos  ^ ) OP OP
but AG = DB because ADBC is a rectangle,
■/ ..%' OC-DB _ OC DB
therefore cos (a+3) = -— “ OP “ OP
But, on the other hand:
OC can be written as OC = cosaOB (for triangle OBC) and
OB can be written as DB = simPB (for triangle PBD)
then:
, iQ . cosaOB sim PB _______^ ^cos (a +3 ) = — “op—  - — Qp — cosacos0-sinasm£
It is possible to show that these formulae of sin (<*+3 ) and 
cos (a+3 ) are correct for any value of a and 3 , but we will 
not do it here.
Liv
APPENDIX A continued
To find the formula for tan (a+0 ) we proceed like this
tan (0 +8 ) = SinjB+S) 
cos(a+3)
tan (a+B) - sin«.cos8 + cosasinB
tan («l+?)
cosacosB-sinasinB
ery term by cosacosB y
sinacosB• + cosasinScosacosB cosacosB
cosacosB sinasinB
cosacosB cosacos3
4.  ^ t ^  tana+tanB
tan (0t+f) = iTt ^ t a n e
To obtain the subtraction formulae we evaluate sin (a-3), 
cos (a-3) and tan (a-3) by using the addition formulae* 
For example, for cos (a-3) we proceed like this: 
cos (a-3) = cos [a+(-3)] = cosacos (-3) - sinasin (-3) 
but cos(“3) = cos3 and sin (-3) = -sin3 (see frame 67) 
then
cos (a-3) = cosacos3-[-sinasin3] = cosacos3 '+ sinasinB
In the same way can be shown that
sin (a-3) = sinacos3 - cosasin3 and /
/ «\ tana-tan3 '
an (a ) 1+tana tan3
You can prove them as an exercise.
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APPENDIX B
SUM AND DIFFERENCE OF SINES AND COSINES
In frame 71 wTe have seen that
sin (a+3)- = sinacos3 + cosasin3
cos (a+3) = cosacos3 - sinasin3
sin (a-3) = sinacoso - cosas5.113
cos (a-3 ) = cosacoss + sinasin3
Evaluating sin (a+3) + sin (a-3) we obtain:
sin (a+3) + sin (a-3) = sinacos3 + cosctsinfj' + sinacos3 - cosasin3
therefore
sin (a+3) + sin (a-3) — 2 sinacosB
APPENDIX B continued
In a similar manner we obtain that
sin ( o+ $ - sin ( a  -3 ) =. 2cosa sin 3 
cos (a+3) + cos (a-3) = 2cosacos3 
cos (a+3) - cos (a-3) = -2sina sin3
Let a+3 = A and a-3 = B
then A+B = (a+3 ) + (a-3) = a 43 4a -3 = 2a
A-B = (a 43) - (a-3) = a 43-a 43 = 23
therefore A+B = 2a a- = A+B ,3 = A -B
2 ' 2
A-B = 23
APPENDIX B continued
Then the expressions we obtained before become:
■ 7\ . • o n A+B A—Bs m  A + s m  B = 2 s m  —r— cos -
 ^  ^ A+B . A—Bs m  A - s m  B = 2 cos ----- s m
„ .  ^ A+B A-Bcos A + cos B = 2 cos —z—  cos — —^
 ^ A+B . A-Bcos A - cos B = -2 s m  — s m  —7;—
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THE INEQUALITY sin© <9 <tan©
Let us consider the situation where an arc of a circle subtends 
an angle © (O < 0 <— ) at the centre of the circle (figure below).
• /
AT is the tangent at A to the circle with centre O and radius r.
From A OAT we obtain:
AT = OA tan© = r tan©
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APPENDIX C continued
On the other hand:
Area of AoAT = h OA AT (because Aoat is a right angled triangle) 
therefore.
2Area of AOAT = h r.rtan© = %r tan©
Also
Area of AAOB = %OBh = ^ r^h 
but h = OA sin9 = rsin© , .
APPENDIX C continued
and, provided 0 is measured in radians:
Area of sector AOB = ■nr'2' = %r2©Z IT
From the figure, we see that, so long as © is acutes
. Area AAOB <Area of Sector AOB <Area of aAOT
2 2 2 i.e. h r sin© < h r © < h r tan©
2as h r is positive, we can divide each term of the inequality
. 2 • , 
hy h r  , therefore t
sin© < © < tan©
, ■ L:cii
APPENDIX D
ADDITIONAL INFORMATION ABOUT THE BOOKLET
This programmed booklet is designed as a result of the
evaluation of an activity developed by the Department of
Mathematics of Southampton University for the incoming students
in Engineering at the beginning of the academic year 1976-1977.
The main purpose of this activity was to detect any weaknesses
*
of the students in their knowledge of mathematics by giving 
them a test comprising 20 multiple choice questions. The 
result of this evaluation showed that some material on 
trigonometry should be produced to help the students and this 
booklet is the result.
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The first version of the booklet was tried out with 30 students 
from three Secondary Schools a few weeks before they took the 
A-level examination and revised according to the results of 
that trial.
The diagram of the sequence of the frames in the programme is 
shown on the next pages.
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